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ABSTRACT
This study was designed to investigate issues connected with the teaching of 
subtraction during the primary school years of education in the United Kingdom. The 
central aim of the research was to show how problems associated with the setting out 
and solving of subtraction algorithms, together with the use of mathematical language, 
and the pupils’ capacity for memory were key issues and contributing factors to 
pupils’ consistent difficulties with subtraction.
The research was based on one central question that of: “Why are our pupils failing to 
understand subtractions, and what factors contribute to this failing?”
The study was conducted over a period of five years. The main subjects of the study 
were a group of 22 mixed ability pupils, who remained in the same school for that 
period, who were initially set the question 36 - 15, in the 1995, UK Mathematics 
achievement tests for 7 year olds. They reflected pupils from the 7-11 year age range 
(Years 2-6) within the primary phase of education. As this group of children 
progressed through the school their work became more complex and this thesis 
extended its scope into the question of subtraction performance. The passage of time 
also saw a change in the classroom numbers and, where possible, new school entrants 
were included in the research.
The data collected consisted of: pupil observation, pupil interviews, examination 
results from national standardised tests, algorithms formulated for this research and 
school repx)its. The data gathered by the study acknowledges that during their 
formative years of education, pupils lack the linguistic and conceptual knowledge 
necessary to understand the manipulation of the symbols in subtraction problems.
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The research highlights and contributes new knowledge to the issues of subtraction by 
identifying three significant elements, that of:
1. ‘Concrete apparatus’ to assist in learning subtraction.
2. The underpinning use of mathematical language in subtraction.
3. The mechanism of ‘Proactive Inhibition’ in the pupil’s ability to perform
subtraction.
In so doing, some of the problems and influences on the learning and teaching of 
subtraction with young pupils has been explored and used to show some of the factors 
that contribute to the continued underachievement of young primary school pupils in 
understanding subtraction.
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CHAPTER 1 - INTRODUCING THE AIMS AND PURPOSE OF THE THESIS
1.1 A LOOK AT THE PROBLEMS CHILDREN FACE WITH MATHEMATICS
John Holt, in the forward to his book “How Children Fail” makes the following 
comment:
“It was my job and my chosen task to help children learn things, and if 
they did not learn what I taught them, it was my job and task to try 
other ways of teaching them until I found a way that worked. I did not 
blame myself or feel guilt, just because my students were so often not 
learning what I was teaching but I held myself responsible. If my 
students weren’t learning what I was teaching it was my job to find out 
why.”
(Holt 1982)
This thesis puts into practice the words of Holt (1982) quoted above, and offers 
remedies for improving the standards of subtraction attained by UK Primary School 
Children.
As will be shown in the literature review of Chapter 3, problems that children have 
with their understanding of subtraction remain even today as a cause of concern for 
both teachers and children alike. If the problems that children have in understanding 
the subtraction process can be overcome at the early stages of the education process, 
then the mathematical future of so many of our children will be very much brighter.
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1.2 EARLY SCHOOL EXPERIENCES
Research by Hughes (1996) (page 37) into children’s ability into counting, has shown 
that by the time they start school the average four or five year old has already learnt to 
count up to five, experience has taught him/her to attach one of these lower numbers 
to a collection of up to five objects; His/her vocabulary is also developing and with it 
the knowledge that three is more than two but less than five. The infant teacher uses 
this early knowledge and tries to build upon it; sometimes in the context of song or
rhyme, eg, “five little dicky birds sitting in a line fly away Peter, fly away Paul”.
How many are now in the line?
Aubrey (1995), mentioned in Chapter 3, Section 2, found that reception class teachers
used objects for their pupils to count, workbooks where objects such as squares or
triangles may be coloured red and blue and questions relating to numerical values are
asked were also used. Evans (1992), referred to in Chapter 3, Section 10 found that
while many find counting and addition of early number easy, subtraction proves to be
the opposite; especially when it involves the learning of rules which often have little
meaning to the child when trying to apply them to the manipulation of number
symbols. The result of many early attempts at subtraction algorithms result in failure
when the child misinterprets these rules. An example of this is given by Rowland
(1990), his field notes recorded the following pupil response;
37
-19
22
and notes that many children follow this mistaken rule in this kind of calculation by 
subtracting smaller from larger.
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When first faced with these types of subtraction problem, research by Brown and Van 
Lehn (1982), mentioned in Chapter 2, Section 21, shows this to be a common pupil 
error. At this stage of their number development what seems to separate the different 
abilities is not the type of error, but rather the slow learners reluctance to master the 
procedure behind the arithmetical operation. These problems are compounded fiirther 
when alien words such as ‘minus’ and ‘deduct’ are introduced to the child. Earlier 
work carried out by Hart (1985) identified that:
“Word problems involving the use of addition and subtraction have 
traditionally proved more difficult than the computations where the 
problem situation has already been modelled for the child.”
p.53, Recent Advances in Classroom Research
Despite the findings of previous research into mathematical weaknesses, which are 
studied more fully in the literature review section of this thesis, significant 
improvements in the mathematical standard of pupils in the UK have yet to be made 
and cause Hughes et al (2000), who conducted a study, found that pupils in England 
were performing poorly compared to those from other countries. Written tests in 
mathematics carried out in 1997 were used to compare performance of 9 year old 
pupils in 26 different countries. The main conclusion was that pupils in England 
achieved relatively low scores in mathematics, below the international average in the 
test areas where the focus was on number, measurement and pattern. The debate into 
poor standards is continued by Rose and Nicholls (1997) who state:
“...the focus of schools is on deciding what children should learn and
what they should think We will argue that in a time of such rapid
change, the first priority is to teach our children how to learn and how 
to think.”
p.2, Accelerated Learning for the 21^ Century
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The use of ‘Memory’ and an Understanding of Intelligence Types are seen by Rose 
and Nicholls (1997) as two key components in teaching children how to learn and 
how to think. These two aspects of Memory and Intelligence types and their 
contribution to the understanding of subtraction are also examined by this thesis.
This thesis examines subtraction difficulties in all of their complexity and explores 
ways to improve mathematical standards. It opens with (i) below. The work of 
authors in the field of education is highlighted in àn attempt to widen the perspective 
on this topic; psychological aspects are also examined. From these differing 
perspectives and their claims for bringing about improved learning, the issue of the 
pupils proactive inhibition (ii) below is identified as one in which there is the greatest 
need for further research. Proactive inhibition is then explored in the light of the 
researchers own experience of teaching subtraction to primary school pupils. Based 
upon the findings of this research carried out within the primary phase of UK 
education, recommendations for future teaching strategies of subtraction are made.
(i) Concerns for the standards of mathematics in UK Primary Schools expressed 
by Her Majesty’s Chief Inspector of Schools in 1994.
(ii) Identified by Ausubel and Blake (1958), Lyndon (1989) and referred to in 
Section 2.3 as a mental mechanism which inhibits the learning of new material 
if it is in conflict with prior knowledge.
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CHAPTER 2 - YOUNG CHILDREN’S 
PROBLEMS IN LEARNING SUBTRACTION
2.1 SETTING THE CONTEXT OF THE RESEARCH
The fifth annual report on mathematics since its implementation as a National 
Curriculum subject is my starting point. Based on visits to UK schools by Her 
Majesty’s Inspectors during the year 1993-94, the report is giving a clear view of 
pupils understanding of mathematics:-
“Pupils’ understanding of mathematics is weak in half of all primary 
schools.”
Office of Her Majesty’s Inspectors (1994)
This report is based upon evidence gained from visits to Primary and Middle Schools 
in England and Wales, where over 2,000 lessons in Mathematics were observed.
Under the heading ‘Teaching and Learning’, the report states:
“The weaknesses highlighted arise from teachers spending a great deal 
of time and effort teaching numbers without having the theoretical 
understanding about how progress in numbers occurs. This means that 
many teachers are unable to distinguish between simple careless errors 
in computation and incorrect answers due to a lack of understanding.
 problems are most noticeable in the junior school where work was
insufficiently challenging and pupils were moved on to more difficult 
work before they have time to consolidate their learning.”
The report continued:
“Problems arise when the question is in context and the individual 
pupil has to decide which mathematical operation to use. Pupils learn 
tricks and games which yield the right answer in exercises but the 
repetitive nature of these exercises generate boredom and too little time 
is spent remedying weaknesses.”
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The report also noted that “Over zealous use of published schemes where teachers are 
scheme^driven should be changed to a situation where the scheme simply assists 
teachers.” It is suggested that for the primary phase of mathematics education - 
learning facts, practising skills and developing understanding, a different teaching 
technique is necessary.
2.2 MATHEMATICAL WEAKNESSES IN THE PRIMARY SCHOOL
The findings of the 1994 report are supported by earlier annual reports for 
Mathematics produced by Her Majesty’s Inspectors and provide an overview of 
mathematics teaching in the primary phase of UK education during the previous three 
years.
“The proportion of unsatisfactory or poor work in Years 2 and 3 was a 
cause for concern.”
Para 20, Report 2 (1991)
“It is still ^ matter for concern that around a third of the lessons were 
unsatisfactory.”
Para 3, Report 3 (1992) 
“Key Stage 2 remains an area of concern particularly in Years 3 and 5.”
Para 1, Report 4 (1993)
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Reasons given in reports for poor standards were teachers not making decisions about 
pupils’ learning progress.
“Many teachers believed mistakenly, that the commercial scheme 
adopted would automatically help them to deliver the National
Curriculum ....... Teachers did not teach often enough, or make
decisions about what pupils should or should not do next.”
Para 20
Mismatch of pupil ability to work was also criticised.
“Work was either too easy or too difficult.
Skills were practised in a mechanical way out of context and as a 
consequence pupils could not apply them.”
Para 29
“Too many pupils in Year 3 were continuing to work with well- 
established misconceptions that had not been picked up earlier or not 
been adequately addressed.”
Para 30
Problems with teaching attitudes were also cited:
“Lack of confidence in their own mathematical abilities appeared to be
an even more serious problem for many teachers  This was seen
especially at Key Stage 2. Key Stage 2 covers UK primary education 
for seven to eleven year old pupils.”
Para 50, Report 2 (1991)
Lack of pupil understanding was a constant problem:
“Where pupils were not able to perform skills accurately this was often 
due to a mixture of factors, such as poor understanding of earlier 
work, language difficulties or too little basic practical experience for 
the work they were doing.”
Para 3
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“The rigid adherence to one scheme did not adequately meet the range
of mathematical ability in the year group   such schools rarely dealt
adequately with pupils’ misconceptions and errors.”
Para 31
Teacher attitudes were raised again:
“Most teachers were still not confident mathematically.”
Para 63, Report 3 (1992)
So was pupil understanding:
“When learning was poor, the pupils missed the point of the questions 
in their text books.”
Para 12
“Practice needs to be carefiilly controlled and supplemented by:
(i) improved diagnosis of pupils’ individual difficulties;
(ii) a better appreciation of the role of language and oral work.
More attention needs to be given to teaching pupils how to use and 
apply the mathematical skills they have acquired.”
Para 76
The focus on improved teaching was a recurring theme:
“The quality of the teaching remains the single most important factor 
in the achievement of high standards.”
Para 81, Report 4 (1993)
An overriding implication in all of these reports on mathematics is that their main 
findings are still not being taken seriously. Problems being experienced by many 
pupils in their understanding of mathematics continue as a new century dawns.
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Brown (1999), in a study of numeracy teaching issues and educational change during 
recent years records:
‘There is, however, one constant theme which is that of poor standards 
in number skills
Brown (1999) p. 3
In an earlier article on the impact of Key Stage 2 Tests, Brown et al (1996) noted:
at Key Stage 2, more than half of the 11 year olds failed to reach 
the standard expected (Level 4) for their age in mathematics. The 
Secretary of State for Education and Employment described the results 
as, ‘frankly disappointing’.”
Brown et al (Oct 1996) p.6
Askew et al (1997), who investigated the mathematical understanding of 200 UK 
Primary pupils aged 7-11, opens the debate into poor mathematical standards by 
recording that many primary school teachers who held A level mathematics 
qualifications lacked a real understanding of basic ideas like rational numbers.
Aiming and Edwards (1999), in a study of pre school learning with pupils aged 3-5, 
state:
“Children learn a great deal about aspects of mathematics before they 
start formal school (Aubrey 1996). They therefore enter school with a 
great deal of knowledge on which teachers can build. Put then 
something seems to go wrong. Very few students specialise in 
mathematics beyond A level and a large number leave school disliking 
mathematics.”
Promoting Children’s Learning from Birth to Five, p.116
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Concerns for the pupils’ inadequate maths ability can be traced to earlier Government 
documents. Over 100 years ago. Her Majesty’s School Inspectors, in 1876 drew 
attention to the alleged poor standards of the day.
“In arithmetic, I regret to say worse results than ever before have been 
obtained - this is partly attributable, no doubt, to my having so framed 
my sums as to require rather more intelligence than before. The 
failures are almost invariably traceable to radical imperfect teaching.”
“The failures in arithmetic are mainly due to the scarcity of good 
teachers of it.”
Mentioned on Page xii. Mathematics Counts (Cockroft 1982)
The Office for Standards in Education in England and Wales (Ofsted) reports 
(1992/3/4/5) point to a continued failure at Key Stage 2 due to a number of factors. 
These included matching work to the pupil’s ability; using a variety of teaching 
strategies; developing a feel for number; concern for computational skills in 
subtraction; use of more practical work; and an appreciation of the role of language 
and oral work in mathematics. The purpose of this present research is to investigate 
concerns with the teaching and learning of subtraction, which is an area that presents 
particular difficulties in the learning of mathematics.
From the moment the child enters the primary school at the age of 4 or 5, he/she is 
placed on an educational conveyer belt. The process as far as secondary schooling 
finishes when the child reaches the age of 16-18 years. What goes on during the early 
years of a child’s education will determine the child’s future outlook and prospects.
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At the present time there is much insecurity in both the teaching and the learning of 
mathematics and the researcher is convinced that some of the insecurities that children 
show towards mathematics develop as a result of negative experiences during their 
early years. A view shared by Clemson and Clemson (1994) who use a recent survey 
in a national newspaper on attitudes towards mathematics to claim that some children 
just starting school have feelings like the following:
- mum and/or dad don’t like mathematics
- mathematics is hard
- mathematics is important
- mum and/or dad want me to be good at mathematics (despite thinking they
are no good at it themselves).
p.94, Mathematics in the Early Years
Uncertainty of what the child is capable of and the drive to achieve externally 
imposed standards in the form of National Curriculum^ level descriptors serve to 
compound this confusion.
The National Numeracy Strategy Framework was introduced hy the Labour 
Government o f the United Kingdom in 1999. It prescribes a detailed curriculum, year 
by year, for primary mathematics and specifies the type o f activities which should take 
place in each lesson, and for how long.
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Moyles (1998), who draws on previous research, states:
“......  a nationally prescribed curriculum apparently overly favouring
written activities threatens to overwhelm everyone concerned in a sea
of paper  It must be remembered and stressed that ‘proof, in
relation to quality learning from paper and pencil activities, has still to 
be given; indeed there is research indicating obverse effects on young 
children (Bennett et al 1984; Desforges and Cockburn 1988; Meadows 
and Cashdan 1988).... The National Curriculum is a power coercive 
model; it emphasises a mechanical view in which children and teachers 
are not valued for themselves but for what they produce.”
p. 3 and 4, The Excellence of Play
Dickson, Brown and Gibson (1984), who found that the average child takes around 
five years from the age of two to the age of seven to learn how to handle the numbers 
one, two, three up to nine consistently and apply them to a variety of everyday 
situations; and also that the period becomes even longer if the use of number 
operations is included.
Earlier work by Ginsburg (1977), who carried out a study of the gap between 
children’s understanding of written arithmetic and their understanding of more 
concrete situations; showed Jonathan, aged 4 years 6 months, two rows of candies, 
one designated his and the other as the interviewers.
The rows were identical in appearance.
Interviewer’s ^ 0 " ^  ^ 0 " ^
Jonathan’s
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Jonathan agreed that the rows were the same. The interviewer told Jonathan to watch 
while he added one to his own row and spread Jonathan’s row apart. When asked 
which row he would like to eat, Jonathan indicated that he would like to eat his own.
Interviewer’s
Jonathan’s ^ 0 " ^
Interviewer: That one? Why do you want to eat that one?
Jonathan: ‘Cause you put these out (meaning because you spread them out).
Interviewer: Can you count them for me?
Jonathan: 1,2,3,4.
Interviewer: So you have 4 and how many do I have?
Jonathan: 1,2, 3, 4, 5.
Interviewer: So who has more?
Jonathan: Me.
Interviewer: You? But this one has 4 and this one has 5.
Jonathan: You put yours like that and put mine right there.
Children’s Arithmetic (1977)
This shows that initially the child understood the cardinal aspect of number, but when 
one collection of sweets was spread out, the child used the perceptual property of 
length as a criteria for which collection contains more objects.
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2.3 PROACTIVE INHIBITION
Ausubel and Blake (1958), also Lyndon (1989), identify a mental mechanism known 
as proactive inhibition, which is triggered by conflicting associations that are learned 
prior to the learning of new ideas and concepts. Proactive inhibition (P.I.) inhibits the 
learning of new material if it is in conflict with this prior knowledge. Lyndon (1989) 
identifies eleven key elements connected with proactive inhibition; these are dealt 
with in more detail in the book review section. Because P.I. applies to much of this 
research, it has implications for these early pages which deal with mathematical 
learning difficulties and is outlined here as well as in the book review which follows. 
The key elements of Proactive Inhibition as identified by Lyndon (1989) are:
1. Consistent, habitual errors indicate the presence, not the 
absence of learning/knowledge.
2. What the individual knows is protected from change by the PI 
(proactive inhibition) mechanism.
3. PI is an involuntary mechanism over which we have little or no 
control.
4. Incorrect, as well as correct, knowledge is protected since PI 
cannot discriminate between what is ‘right’ and what is ‘wrong’.
5. PI does not prevent learning from occurring; it merely prevents 
the association of conflicting ideas.
6. PI will inhibit the recall of knowledge which disagrees or is in 
conflict with the prior knowledge that the person already 
possesses.
7. Considerable variation exists within the population in the level 
of PI one inherits (Stroop 1935).
8. The higher your level of PI, the more resistant you will be to 
conventional approaches to error correction.
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9. Performance also becomes cue-dependent and, in the absence of 
the educator, the student reverts to the erroneous behaviour 
pattern.
10. In this way, transfer of learning is inhibited and errors continue 
to resist correction.
11. The inhibitory effects of PI may be reduced by the use of the 
0/N method.
Lyndon (1989) then goes on to describe a sequence of six steps (known as the Old 
Way/New Way Methodology) which can be used to eradicate errors caused by 
proactive inhibition. Once again these details are dealt with more fully in Chapter 3 
of the literature review of this thesis.
Professor Christine Pascall, Director of the Centre for Research in Early Childhood, 
University College Worcester (1999) view is that what is presently being promoted 
about the way in which young children learn is at odds with new research which 
attaches greater importance to stimulation in early years that is crucial to social and 
emotional development. She cites research into three different curriculum study 
programmes. The first one was based on Plan, Do and Review, where the child has a 
high level of autonomy and was able to plan, self-organise and self-direct. The 
second was the British Nursery School Programme which was structured and play- 
orientated. These two programmes were compared to a third which was based on 
Drill and Skill, an adult directed programme where the children had a lot of direction 
and there was a lot of chanting and desk work.
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Pascall states:
“The children who formed the study group are now aged 27-28 years 
and the research has shown that the children who participated in the 
first two programmes were dramatically more successful learners in the 
long term than the narrowly focused Drill and Skill regime. Even more 
interesting is the fact that at ages seven to eight, the Drill and Skill 
group performed slightly better on academic tests and a note of caution 
is urged when reading the National Foundation for Educational 
Research on Literacy/Numeracy/Hour strategy which shows that the 
performance of children at this age is better. These short term gains 
are at the long term expense of the pupils, the evidence suggests that 
we are storing up potentially for a nose dive later.”
Pascall (National Education Conference 
Stoke Rochford 3"* - 4^ July 1999)
The views expressed are also in keeping with those of Skemp (1991) and Moyles 
(1998) mentioned earlier.
2.4 LEARNING EM THE CLASSROOM
Reynolds and Muijs (1999), in a study of contemporary policy issues in the teaching 
of mathematics, find:
“Children learn more in classes when they spend time being taught or 
supervised by their teacher rather than working on their own. This is 
mainly because teachers in these kinds of classes provide more 
thoughtful and thorough presentations, spend less time on classroom 
management, enhance children’s time on task and make more child
contracts............ However, this approach should not be equated to a
conventional lecturing and drill approach in which students remain 
passive.”
Reynolds and Muijs (1999) p. 18
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One characteristic of rote learning is that it is often used with whole classes or large 
numbers of children. Vygotsky’s Zone of Proximal Development (ZPD) (mentioned 
in more detail in the literature review) will be difficult to apply to the needs of the 
higher and lower bands of mathematical ability in a rote learning situation. With the 
twin dangers of stifling the higher ability child’s initiative to build further upon 
his/her knowledge and too little help being given to the lower ability child who has 
pieces of the learning jigsaw which he/she is not able to fit together.
According to Vygotsky, it is with these lower ability children that proactive inhibition 
is seen to have a more marked effect, since the pieces of knowledge such as ‘smaller 
fi’om larger’, ‘borrow ten’ etc, while true in some contexts of subtraction, never the 
less need to be manipulated in the light of new knowledge. If the ZPD does not allow 
for this new knowledge to be absorbed into the child’s thought processes, then 
proactive inhibition will only allow the pupil to act upon his/her prior knowledge 
when left to their own devices.
Hart (1989), reporting on the results of an investigation into Children’s Mathematical 
Frameworks of 8-13 year olds, found:
“A large number of children described the manipulation of numbers
incorrectly, eg take 7 from 9, rather than the other way round Few
children recognised the meaning of take 73 away from 97; the first 
number spoken was the one they wrote on the top line of the 
subtraction. We perhaps do not take sufficient note of the number of 
different ways we have of verbalising a unique symbolic statement in 
mathematics. Possibly we expect children to generalise from a narrow 
usage of language.”
Hart (1989) p.45
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Demands upon teaching time, brought about by an ever increasing number of 
curricular issues, have led to fewer opportunities for dialogue between teachers and 
pupils to explore methods of solving subtraction problems. Errors arising from the 
misuse of subtraction language, as stated earlier, are a major cause for concern and 
can arise from simple misconceptions on the part of the pupil and the teacher.
In relation to the children of 6 to 11 years who are the subject of this study, there is a 
diversity of knowledge and understanding. Some mathematical vocabulary will have 
developed, but it cannot be assumed that because a child uses a certain mathematical 
term he/she thoroughly understands it, for it must be used time and time again in 
different contexts before it becomes absorbed into his/her thinking. Of equal 
importance is the teacher’s role in using mathematical terms at all times and so widen 
the child’s vocabulary.
The issue of mathematics vocabulary in the context of language difficulties was 
highlighted by the comments made by Her Majesty’s Inspectors on the opening pages 
of this chapter. Amongst other factors which they thought contributed to poor 
standards of mathematical achievement in the primary school were; rigid adherence to 
commercially produced schemes of work, mechanical practising of out-of-context 
skills, and lack of pupil/teacher confidence.
These points together with others raised are important items for further study and are 
examined in the light of the literature review which follows.
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CHAPTER 3 - LITERATURE REVIEW
3.1 INTRODUCTION
Issues relating to the teaching of mathematics which were discussed in the previous 
chapter have shown that there are serious weaknesses in the teaching of tliis subject. 
A document produced by Alexander et al (1992) (known as the report of the three 
wise men), points to many contributing factors to poor standards in mathematical 
achievements by pupils in the UK. One reason cited is a heavy reliance on published 
schemes providing a not always appropriate prop.
In the UK school climate of the early 1990’s, planning for mathematics often 
amounted to little more than an attempt to list the contents to be covered. Her 
Majesty’s Inspectors’ report for Mathematics (1994) records that:
“ in most of the schools there was some inflexible planning, in that
the work already planned would be done whatever the assessment 
evidence.”
Para 39
This aspect of planning has now been addressed by the UK Government’s reforms of 
the National Curriculum for mathematics, but despite the discipline of planning across 
classes and year groups, the mathematical ability of UK pupils still gives cause for 
concern. Results from the National Tests for Mathematics at age 11 have shown an 
annual improvement, but are suspect. Brown et al (1996):
“Results were seen as unreliable because some primary schools had 
‘practised’ for the tests and others hadn’t.”
Brown et al (1996), p5
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Towards the end of the 1990’s, the mathematical ability of UK pupils still remained a 
cause of concern and led to the establishment of the UK National Numeracy Strategy 
Framework of 1999. A further work by Brown goes on to say:
“Thus under the first Labour Government for 18 years, we have the 
tightest ever control by Government on primary mathematics, with 
central prescription not only of National Curriculum and national tests, 
but also of teaching style......
It would be easy to predict either massive improvement in standards or 
great disaster from the latest swings of the pendulum. However, if the 
reality behind the headlines is examined, it seems likely that we shall 
see neither, although, as in earlier totalitarian regimes, targets will no 
doubt be perceived to be met.”
Brown (1999), p. 15
The author of this research shares the views of Brown, and is of the opinion that 
improvement in the mathematical standards of UK pupils can only occur when the 
causes of failure are fully understood, before the panacea of prescribed UK 
Government initiatives are applied. What is known is that low standards exist, why 
else would the National Numeracy Strategy (N.N.S.) of 1999 be set up. What is also 
known is that morale in UK teaching is low and many are seeking employment 
elsewhere.
‘New measures to combat teacher shortage in mathematics were 
announced yesterday ”
Today Programme BBC Radio 4(12 February 2001)
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Issues relating to mathematical weaknesses have been the subject of much discussion 
and research by various other authors, as well as those mentioned above. This chapter 
will now seek to explore some of the literature surrounding the debate into standards 
of mathematical achievement. In particular it will focus on the problems associated 
with mathematical language; the child’s development of the concept of number; 
recent innovations and change^ in the teaching in mathematics; pupil proactive 
inhibition and error correction and the use of memory.
3.2 TEACHING STYLES AND CLASSROOM ORGANISATION
Aubrey (1995), in an investigation of teachers’ mathematical subject knowledge, 
found that reception class teachers with a rich mathematical knowledge reflected this 
in the context and structure of lessons in clear and coherent instruction which 
provided varied representations (verbal, numerical, concrete or pictorial), with links 
made both to pupils' existing knowledge and across the content areas of the National 
Curriculum for Mathematics.
A later study by Aubrey (1996) found:
"The sources and development of teachers subject knowledge are 
subtle and complex and, as yet, by no means perfectly understood.
Whilst there is now a nationally prescribed school mathematics 
curriculum, there is less certainty about what constitutes an effective 
mathematics teacher education curriculum. In fact, we know 
considerably more about the way young children learn mathematics, 
than we know about how mathematics student teachers need to learn 
how much teaching mathematics and how much learning mathematics 
should be provided."
Aubrey (1996) p. 194
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Earlier in this article Aubrey gave the background to the mathematical input provided 
by teacher training to four teachers mentioned in her study. Teachers A and B who 
had been trained in the 1960's received little mathematics teaching on their course. 
Teacher C had trained for secondary education and had received no mathematical 
teaching on her course. Teacher D trained recently regarded that her course was 
practical and informative with relevant mathematical ideas identified.
Elsewhere in the article Aubrey (1996) p. 183, holds the view that teachers' 
pedagogical subject knowledge will be influenced by their beliefs about learning and 
teaching mathematics. Grossman et al (1989) and Brophy (1991) are cited as 
supporting her views that the tasks teachers set are a hmction of feelings and beliefs 
interacting with disciplinary knowledge.
3.3 MATHEMATICAL LANGUAGE ERRORS
The problems with mathematical terms, mentioned in the previous chapter may arise 
out of the child’s use of ordinary English. Pimm (1988), commenting on 
mathematical English and ordinary English, gives the following example where 
ordinary words are used with a specialised meaning:
“In response to ‘What is the difference between 30 and IT  answers 
often include ’30 is a big number and 7 is a small number’ or ’30 is 
even, while 7 is odd’.”
p. 140, Developing Mathematical Thinking
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Dickson, Brown and Gibson (1984) quote a model put forward by Newman (1977) for 
the classification of language problem solving errors which is as follows:
1. Reading Abilitv
Can the pupil read the question?
(i) Word recognition.
(ii) Symbol recognition.
2. Comprehension
Can the pupil understand the question?
(i) General comprehension.
(ii) Understanding of specific terms and symbols.
3. Transformation
Cqn the pupil select the mathematical processes which are required to obtain a 
solution?
4. Process Skills
Can the pupil perform the mathematical operations necessary for the task?
5. Encoding
Can the pupil write the answer in an acceptable form?
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Two other errors listed that can affect each of the above five categories are:
1. Motivation
The pupil could have correctly solved the problem had he/she tried.
2. Carelessness
The pupil could do all the steps but made a careless error which is unlikely to 
be repeated.
Another category of error is:
Question form
This is where the pupil makes an error because of the way the problem has been 
presented -  it may be ambiguous. Cambridge Mathematics Module 4, Book 2 (1989) 
p. 13 deals with place value and asks the pupil to complete questions of the following 
type:
65 □  + □
The intention of the author is for the pupil to record an answer of: 
6 0 + 5
But because this is not clearly stated, the pupil can be excused for recording: 
65 30 + 35
or any other combination which adds up to 65.
35
Further ambiguity is supplied by the use of the -*■ sign rather than the equals sign =.
Examples of this type can be found in many of today’s published schemes.
Ambiguous question mistakes are easy to make, both on the part of the publisher and 
the teacher and despite trialling these mistakes slip through the net.
Wood (1996) outlines the danger of using commercially published mathematics 
schemes.
“One of my earliest memories of working in a primary classroom is of 
a child who came to me with his textbook and said T can’t do this 
one. ’ I asked him to read the question to me, which he did, haltingly. I 
repeated the words he had read. He thanked me, returned to his seat 
and satisfactorily completed the question. Since then, I have noted 
similar behaviour on many occasions. It is more difficult to read and 
act on instructions than sintply to do what someone tells you.”
Wood then goes on to say:
“The widespread practice of leaving the vitally important task of 
teaching mathematics to young children to a book, instead of a trained 
teacher seems to be at least short sighted and possibly negligent.”
p. 144 Differentiation and Diversity in the Primary School
Wood’s (1996) list of the negative effects which arise if the scheme is allowed to do 
the teaching is to be found in Appendix No. 1.
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Time constraints on class teachers make it impractical to suggest that published 
schemes should not be used in the classroom, because they do provide a source of 
useful material which, in most cases, has been produced by experienced mathematics 
teachers. What is important is to resist the temptation of over reliance on published 
schemes and for the teacher to remain sympathetic towards the pupil’s response to 
ambiguous questions.
Examples of Newman’s five categories of language errors, taken from Dickson, 
Brown and Gibson (1984) are shown in the following samples:
3.3.1. READING ERROR
Jane, aged 12, when given a question on angles asked, ‘When it says here, which 
angel is a right angel, does it mean that the wings should go this way, or that way?’
3 .3.2. COMPREHENSION ERROR
Charles, aged 12 years, could read the words, but had difficulty with understanding 
the meaning of the following question:
‘Sam goes to bed at 10 minutes to 9. John goes to bed 15 minutes later than Sam. 
What time does John go to bed?’
He gave 15 as his answer because:
‘Tt says John goes to bed fifteen minutes later, so the answer must be fifteen.”
37
3 .3 .3. TRANSFORMATION ERROR
Given the problem ‘There are 12 children. I have 24 lollies and I want each child to 
have the same number of lollies. How many lollies will I give each child?’
John could read and understand the problem, but could not transform it into an 
appropriate procedure. He said;
“There are twelve children, and twenty-four lollies; 12 into 24 goes 2, so we have two 
twelves; you multiply these two twelves; 12 times 12 is 144.
3.3.4. PROCESS SKILL ERROR
For the question;
“Jim buys a box of flour costing £1.07. He pays the shopkeeper £2.00. How much 
change should he get?”
Elaine used a faulty algorithm to give an answer of £1.93.
3.3.5. ENCODING ERROR
On the same question, Kelvin was marked wrongly he just wrote down ‘93’, which 
was judged to be an unacceptable written form with the context of this question.
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The error types mentioned are a common place occurrence in today’s classroom and 
have given cause for concern over a number of years.
Dickson, Brown and Gibson (1984) cite a study by Newman (1977) where she 
investigates the types of error made by 917 twelve year old children from 31 different 
classes when performing a 40 item written test. Newman subsequently interviewed 
the 4 lowest pupils from each class (124 pupils in total) according to her error 
classification list. Question form was not added to this list because of the special care 
taken to compile it. In the interview, pupils would be asked to attempt for a second 
time items in which they unsuccessfully completed during the first test.
After this second test, all 124 pupils who took part were subjected to the following 
guideline:
1. Please read the question to me. If you don’t know a word leave it out.
2. Tell me what the questioh is asking you to do.
3. Tell me how you are going to find the answer.
4. Show me what to do to get the answer. Tell me what you are doing as you
work.
5. Write down the answer to the question.
Newman’s results showed that the 124 low attainers had made a total of 3,002 errors
on the original test and over 70% of these errors were repeated during the interviews.
Almost half of these errors occurred before reaching the stage where children had to
implement a process skill by performing a calculation. More than half of the items
did not require any transformation process since they were in a mathematical form
such as: 554
-108
and many of the errors involved the reading and comprehension of these symbols.
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Dickson, Brown and Gibson also give a table of 1981 errors made by 92 low 
achievers and 92 average achievers in the 13 year old age band. The table below was 
produced by Clements (1980) using Newman’s classification.
TABLE 3.1
A classification of 1981 errors made by 92 low achievers 
and 92 average achievers (Grade 7) 1977-1979
Error Category Low achievers Average achievers
No. of errors % age No. of errors % age
Reading 117 8 18 3
Comprehension 225 16 32 6
Transformation 401 28 150 28
Process Skills 351 24 126 23
Encoding 37 3 12 •2
Carelessness or Motivation 306 21 206 38
TOTAL 1,437 100 544 100
Commenting on the results, the authors state that although the average achievers are 
committing 9% of their errors at the reading and comprehension levels, the low 
attainers are making a much high proportion of their errors at these two initial stages 
in the problem solving process. This data seems to indicate that reading and 
comprehension difficulties with words and symbols play a crucial role in the 
children’s’ low attainment in mathematics.
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Skemp (1991), in a study of young children’s mathematics ability, puts forward the 
suggestion that:
“In the all important early years, we should stay with the spoken 
language much longer. The connections between thoughts and spoken 
words are initially much stronger than those between thoughts and 
written words, or thoughts and mathematical symbols. Spoken words 
are also much quicker and easier to produce, so especially in these 
early years we need to resist the pressures to have ‘something to show’ 
in the form of pages of written work. And we can see an additional 
value in mathematical discussion, in its use of the spoken word.”
p. 103 Mathematics in the Primary School
Skemp’s view is also shared by Winteridge (1989), who puts forward the view that 
mathematical language grows through continual nourishment in situations which 
capture the child’s interest. Subtraction may be introduced parallel with addition, but 
it will probably be the first inverse mathematical process met explicitly. Addition can 
easily be seen physically in terms of putting together discrete objects, lengths, or 
weights on a scale pan etc.
3.4 THE LANGUAGE OF SUBTRACTION
Subtraction however is more abstract, discrete objects can be ‘taken away’. A piece 
of string or ribbon can be cut off, weights can be taken out of a scale pan, but it is 
another process to measure what we have taken away. ‘How much heavier am I than 
you?’, demands that one weight is taken from another. This problem calls for 
subtraction of a weight that is not lost from the body, so here is a case of abstraction. 
‘How much more flour do I need?’, is a question which can be solved be adding on, 
but comes under the heading of subtraction.
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Winteridge states:
“It is dangerous and unwise to use this term (subtraction) before the 
recognition of the overall process has taken place. The danger lies in 
the likelihood of the term being firmly linked to just one aspect. It may 
be better to use the words that truly describe the process until the
inverse relationship with addition is realised in each case  Apart
from encouraging both wide use of language and discussion between 
children and between teacher and child, we must watch our own use of 
words. We must avoid limiting out language to stereotypes, but use 
correct mathematical terms as soon as this reduces ambiguities and 
contributes to clear thinking and expression.”
Winteridge (1989) p.50
Before introducing mathematical words, it is worth pausing to consider the pupil’s 
knowledge of these words and the confusion that this can cause to all age groups, not 
only in the primary school, but also in secondary education.
3.5 WORD MEANINGS
Otterburn and Nicholson (1976) studied the responses of 300 pupils on Certificate of 
Secondary Education (CSE) courses to probe their understanding of words used in 
mathematics. The study was conducted with children drawn from the middle 50% of 
the ability range. They were presented with a list of 36 words and were required to 
fill in four columns of information for each term, as in this example which was 
provided:
1 2 3 4
Word Yes/No Symbol Draw a diagram Describe in words
Plus Yes + Add, eg four plus five are nine
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Responses under the last three columns only were regarded as significant -  rather than 
a yes in column one. A selection from the results are given in Table 3.2 below:
TABLE 3.2
Pupils understanding of words 
commonly used in CSE Mathematics Course
Word Correct % Blank Confused
Minus 99.7 0.3 0
Rectangle 88 4 8
Area 72 11 17
Decimal Fraction 68 29 2
Perimeter 64 29 8
Volume 58 35 7
Average 43 37 19
Figures generally are to nearest whole number. The author points out that responses 
classified as blank do not necessarily mean the words are not understood, they may 
reflect the pupils inability to express their meaning.
The results given in Table 3.2 show that many mathematical terms commonly used in 
the primary classroom are not readily understood even by secondary school pupils. 
This highlights the findings of Clements Table 3.1 and the author of this thesis in 
Table 6.25, that many of the words used to describe a mathematical process are not 
properly understood by a significant number of pupils. If not remedied this will result 
in long term confusion and errors in pupils mathematical thinking.
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Dockrell and Shane (1993) in their survey of mathematical terms find that children 
often treat arithmetical operations purely as manipulations of symbols without relating 
the numbers to concepts of quantity to which the numbers refer. Arithmetic failure 
for many children lies not in the absence of basic skills, but in being able to relate 
these basic skills to the world.
Word problems are common in the mathematics curriculum. They are used with the 
intention of linking practice in arithmetical calculation to situations in which 
arithmetic might be applied. Difficulties can arise in the comprehension of the 
problem, the construction of a mathematical model, or in the execution of strategies in 
solving word problems. The complexity of the text of the word problems and the 
availability of a suitable basis for its mathematical representation are the major 
determinants of performance.
Children can lack the linguistic and conceptual knowledge necessary to understand 
the problem. This is evidenced by the fact that young children can often solve 
problems phrased in one way, but will fail to do so when the problem is phrased 
differently.
3.6 WORD MISCONCEPTIONS
Even if the problem is comprehended, children may not represent it in the appropriate 
mathematical form. Finally, the problem must be computed, but if the child has 
acquired a faulty procedure for carrying out any of the arithmetic operations, then this 
will lead to an incorrect solution.
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Hopkins et al (1996) commenting on fractions writes:
“It is disheartening when children who have in their books correct 
exercises completed several weeks ago can appear to have forgotten
large chunks of what they learnt  Studies of common errors and
misconceptions have provided useful information about how 
difficulties arise from the language and images used for fractions. 
Consider this scenario of a father having lunch with his children.
There are three fish fingers left:
Child: Can I have some more?
Father: OK then, you can have half.
Everyday use of language can be vague. In this situation would you 
expect the child to get half of a fish finger or one and a half fish 
fingers, that is half of the three fish fingers that are left? Many of the 
mistakes that children make occur because they are not sure what they 
are finding a fraction of.”
p.56 Mathematics in the Primary School
Keller (1971), who carried out a study on the acquisition of mathematical language 
reports that the very nature of language encourages in a sense misinterpretation and 
misunderstanding. It is possible to read something carefully and then re-read it and 
still be uncertain as to exactly what the reader has in mind. He uses humour to 
illustrate how the interpretation of mean can be twisted.
“A lady was stopped for speeding. The first step was a request from 
the officer to see her driving licence. The lady’s licence was a 
restricted one stating that she was required to wear glasses when 
driving. The officer not seeing any glasses asked where her glasses 
were. She replied, “But officer I have contacts”. To which the officer 
replied -  “I don’t care who you’re friends are. I’m giving you a ticket.”
The man enquired in the shoe shop if they had any loafers. To which 
the floorman answered -  “Yes, we have quite a number. I’ll see if I 
can get one to wait on you”.”
Keller (1971) page 66
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Keller goes on to say that the problem of words has become ^ major issue in 
mathematics, so much emphasis has been placed on words and the distinction between 
words at times, that the real reason for the emphasis -  better understanding -  has all 
too often been lost in the shuffle of words.
At the heart of good teaching is the concern with the problem of understanding. 
There is little virtue in merely understanding mathematics if it cannot be used to 
obtain correct answers as most students will use it as a tool; not as mathematics for 
mathematics sake.
To illustrate this Keller uses the following example:
“Last spring a graduate student, in engineering, needed to evaluate a 
double integral. The integral was of such a nature that it was not 
immediately evident how one could perform the integrations without 
resorting to approximation methods which he wished to avoid if 
possible. A little experimentation indicated that the integrand likely 
would simplify to a form that could be integrated if certain 
substitutions were made.
Substitution in a single definitive integral is quite simple, but this is not 
true for a multiple integral. Jacobians are involved along with other 
problems. Interestingly enough this student knew with precision the 
theorem he needed to use and might have been able to prove it, at least 
he seemed to understand the theorem. However, he did not know how 
to apply the theorem to the solution of the specific problem.
This example illustrates a real danger -  developing students who can 
prove interesting theorems, can even identify where the theorem 
applies, but cannot use it to solve a problem.”
Keller (1971)
Semantics and Mathematics in Mathematics is a Verb
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Difficulties with word problems can also arise because:
i) Some words are specific to mathematics.
ii) Some words have different meaning in mathematics and ordinary English.
iii) Some words mean the same for both mathematics and ordinary English.
Words such as congruent, rhombus, hypotenuse etc, are specific to mathematics and 
seldom used in everyday language. Such words present problems because they are 
only encountered in the mathematics lesson and although a meaning is attached to 
them, it is obscure and soon forgotten.
Ginsburg (1977), in a study of the learning process of children’s arithmetic, makes the 
point that:
“The artificial language of mathematics can present the child with 
considerable difficulties. ‘Plus’, ‘congruent’, ‘minus’ and the like are 
unfamiliar words that children frequently misunderstand. Defining the 
artificial words does not guarantee comprehension.”
Ginsburg uses the case of Patty, aged 9 years, to illustrate his point.
For ‘10 plus 1 ’ she wrote: 10
+ 1_  
20
When asked to draw marks on paper to find out what 10 and 1 made, she then said:
Patty: “Altogether it would be 11.”
Interviewer: “Ok, what about 10 plus 1, not altogether but plus?”
Patty: “Then you have to put 20.”
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Interviewer: “What if we write down on paper, here’s 20, now I write down another
1 and you want to find out how much the 20 and the 1 are altogether.”
Patty: “It’s 21.”
Interviewer: “Ok, now what would 20 plus 1 be?”
Patty: “20 plus 1?” She wrote: 20
+ 1_
30
Ginsburg concluded:
“For Patty, language was crucial. Given the word ‘plus’, she applied 
an incorrect addition method to both objects, and written numbers.
Given ‘altogether’ she used a sensible counting procedure, again for 
both objects and written numbers. ‘Altogether’ is a natural word for 
addition; Patty probably used it in everyday life to talk about adding 
things. Plus is a school word that Patty seems to have associated with 
a wrong algorithm that she did not understand.”
Ginsburg (1977)
The British government’s contribution to this debate about Mathematical Vocabulary 
has been to issue a book Head (1999) containing all the vocabulary children in 
primary schools need to learn in mathematics. This book also recommends the use of 
mathematical dictionaries suited for the age of the children, either published or ones 
made up by the children themselves, to which children as well as teachers can refer 
from time to time. The use of mathematical encyclopaedia is also advocated.
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3.7 MATHEMATICS AND ORDINARY ENGLISH USAGE
Some words used in everyday language have different meanings when used in 
mathematics. Krulik (1980) shows how the word ‘prime’ can be used.
Mathematical:
A prime number is a number that is divisible only by itself and one. 
Non-mathematical:
1. The most often viewed TV programme is always placed in
prime time to attract a large audience.
2. The water pump will not begin to work unless you prime it.
A frequent misunderstanding made by 7 year old pupils in the author of this 
research’s class was made when answering the following mathematical question for 
the first time.
“What is the difference between 20 and 11?”
The answer given by several pupils was: “20 is bigger than 11.”
Some words that we use have the same meaning for both Mathematics and Ordinary 
English. Rothery (1980) says that this also can be confusing to the child because 
some may think that an ordinary word takes on some mystical meaning when used in 
a mathematical setting. Pimm (1988) suggests that children may not comprehend the 
use of these words and problems may also stem from the meanings that we are trying 
to convey through our use of language.
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He states that;
“Many children’s difficulties with mathematics may be due more to the 
complexity of wording of written material, rather than the 
mathematical task being requested.... Listen with an open ear for what 
your children are trying to say. It is surprising how often there is a 
comprehensible basis for mistakes and misunderstandings and one 
which has a linguistic origin.”
Pimm (1988) p. 149
Winteridge (1989) advocates the use of models, pictures, diagrams, tables and 
patterns at all levels of mathematical activity as a means of simplifying a problem, to 
understand it, to represent it, to solve it or communicate it to others. The view held is 
that abstract concepts are made more accessible by representing them in concrete 
form; young children’s use of toys and own ‘models’ to promote speech, writing and 
understanding.
Skemp also agrees with Pimm (1988):
“In the all important years, we should stay with spoken language much 
longer. The connections between thoughts and spoken words are 
initially much stronger than those between thoughts and written words 
or thoughts and mathematical symbols.”
Skemp (1991) p. 103
Our final cause of conflict is the interpretation and use of mathematical symbols, 
Clemson (1994) warns :
“Whatever the symbol, it is capable of theoretical abstract 
manipulation. It is the case that expectations and pressures on teachers 
lead them to move to symbolic representation in mathematics as 
rapidly as possible.... too rapid a move to written symbolism is likely 
to be counter-productive for most children.”
Clemson (1994) p.9
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3.8 READING AND UNDERSTANDING SYMBOLS
Symbols play an important part in mathematics and have an important role in higher 
order thinking. But to the young child meeting them for the first time they can be a 
cause of great confusion.
One study by Nunes and Bryant (1996) with 5/6 year old UK children reveals over 
70% recorded 1008 when asked to record 108, and only 10% could record 129 
correctly. Some typical responses were 10029, 159 and 192. The same study also 
showed these same pupils had difficulty in reading number correctly, for example 
only 60% were able to read the number 15.
Skemp uses the following figure to illustrate the process of communicating a 
mathematical idea. In the diagram each point represents not a single dot but a 
schema, in the same way as a dot on a map can represent a whole city such as 
London, Rome, etc.
Symbol
Systems
Utterance
(Spoken, written, etc.)
Symbol
Systems
Making a 
Communication
Receiving a 
Communication
Conceptual 
structures 
What are to 
be communicated
Conceptual structures 
mathematical 
meaning of utterance
,  The path to be taken by a communication, if it is to be understood conceptually.
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Skemp suggests that within our minds thinking takes place at a surface structure ‘S’ 
and a deep structure ‘D’. The surface structure S is the level at which we write, talk 
and even do some of our thinking. The trouble is that the structure of S has the ability 
to confuse or assist the deeper structure D.
The following example is given by Skemp to illustrate the differences between a 
surface structure S and a deep structure D.
“Consider the symbol 572. At the surface structure S we have three 
digits in a simple order relationship. But at the deeper structure D it 
represents:
i) three numbers 5 7 2
ii) three powers often 10^  lOMo®
These correspond to the three locations of the numerals in order from 
right to left.
iii) three operations of multiplication:
the number 5 multiplied by the number 10^  (=100), 
the number 7 multiplied by the number 10^  (=10), 
the number 2 multiplied by the number 10° (= 1)
iv) addition of these three results.
Of these four sets of ideas at the D level, only the first is explicitly 
represented at the S level by the numeral 572. The second is implied 
by the spatial relationship, not by any visible mark on the paper. And
the third and fourth have no symbolic counterpart at all; they have to
be deduced from the fact that the numeral has more than one digit.”
Skemp (1991) p.96 Mathematics in the Primary School
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3.8.1 CHILDREN’S DIFFICULTIES WITH SYMBOLS
Shuard and Rothery (1984), in a study of the relationships between pupils and written 
mathematics material, lend weight to Skemp’s ideas of surface structure (S) and 
deeper structure (D) thinking. The following observation from their work shows pupil 
thought processes remaining on a surface structure (S).
“Children’s practical experience of putting sets together encourages 
them to think of 3 + 5 = 8 as ‘3 and 5 make 8’, they quite rightly (at 
first) regard the = sign as a signal to carry out the physical action of 
combining the sets, or its internalised equivalent. Thus,
3 + 0 = 9
does not make sense, and the children think that it must have been 
written in the wrong order. They think what was intended was:
3 + 9 = 0
so they are sure that 12 is the correct number to put in the box.”
p.43 Children Reading Mathematics
Another example given by Skemp (1991) is to say that the sensory input, usually a 
spoken word or a visual symbol is attracted to whatever schema is most active at the 
time. A person with only one schema would only have one way of understanding 
what he/she heard or saw written.
The child who writes 5 who only has one schema at a surface level would naturally
answer 5 in response to the request to write a larger number. He/she knows the term
larger as in larger writing, but has not taken the first step towards symbolic 
understanding of the fact that it can stand for something else as well as for itself.
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Skemp’s view is that since communication is by the utterance of symbols, all 
communication, whether oral or written, first goes into a symbol system in S. In order 
that the input is understood mathematically, it must be attracted to an appropriate 
conceptual structure in D. This requires that D is a stronger attracter than S. If it is 
not, S will capture the input or most of it, it also requires that the connections between 
the symbol system and conceptual structure are strong enough for the input to go 
easily from the first to the second. All communicated input has to go to S before it 
can be accessed by D from which there is no point of return.
For example, 5 7 2 must be interpreted, not as a five, seven and a two, but as a single 
number formed by the sum of 5 hundreds, plus 7 tens, plus two units. In the learning 
process it is vital for the deep conceptual structures to be formed during the child’s 
early years. If it is absent or too weak to attract the input away from S, then S will 
build up at the expense of D and guarantee long term learning problems. Skemp 
argues that the conceptual structures of mathematics are particularly coherent and 
internally consistent if these get well established much of the input to S will be 
attracted to D. Long term, what is learnt in this way is much easier to acquire and 
retain.
This argument is exemplified in the work conducted by Baroody and Ginsburg 
(1986). They state that:
“Sometimes children use school mathematics mechanically because 
they do not have the concepts necessary to understand the formalisms. 
However, sometimes they do so because formalisms are not connected 
with their conceptual knowledge.”
Baroody and Ginsburg (1986) p.99
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3.8.2. INTERPRETING THE OPERATION SIGNS
The Assessment of Performance Unit, in its 1980 report on the mathematical 
performance of 11 year olds in England and Wales, found that most children of this 
age could do mathematics involving the more fondamental concepts and skills to 
which they had been introduced. However, there was a sharp decline in performance 
as pupils’ understanding of the concepts is probed more deeply and as their basic 
knowledge has to be applied in more complex settings or unfamiliar contexts.
In one example a division of two numbers 84 ^  4 was answered correctly by 70% of
pupils, while the same calculation written in ratio or fraction form M  was only
4
answered correctly by 40%. Some pupils may not have appreciated that M  was an
4
instruction to do anything and of those who did, some tried to introduce a fraction into 
their answer.
Many found translating and manipulating symbols too abstract to deal with. While 
only very few could translate or manipulate mathematical symbols, more were able to 
describe in words relationships such as those between two sets of numbers as in the 
multiplication of fractions using ‘o f for the multiplication sign and division of 
fractions using how many halves in 2% for IVz Vz.
In the fraction questions, words made the situation more concrete. However, it was 
noted that in some situations such as ‘What is the sum o f  for the addition sign and 
‘What is 5 times as big as 2?’ in place of 5 x 2, there was a slight worsening of 
performance when the verbal forms were introduced. Most probably because familiar 
and well understood symbols were replaced by less well known words.
55
A more recent survey (1997) conducted by Ofsted, during visits to UK Primary and 
Middle Schools, shows that a gap between the performance of 11 year old children’s 
use of fundamental concepts and skills still exists, when these skills are probed more 
deeply.
“Sometimes both pupils and teachers were quick to resort to using 
addition and subtraction rather than multiplication and division. Pupils 
would rely on familiar counting strategies. For example when adding 
fractions with the same denominators they simply counted the 
numerators using a number line. They could not accurately record and 
interpret the solution obtained and were not confident in using the 
notation of fractions.”
Ofsted The Teaching of Number (1997) para 56
3.9 PROBLEM STRUCTURE AND SEMANTIC DEPENDENCE
One piece of research that has stood the test of time and has had a significant impact 
upon the debate into subtraction was carried out by Carpenter and Moser (1982), in 
pupil responses to a study of mathematical word problems, [verified by Ward (1992)]. 
They found that there was a relationship between the structure of subtraction 
problems and the process that children used to solve them. Their study on subtraction 
was based on the following four types of representation:
Separating
Tim had 11 candies. He gave 7 candies to Martha. How many candies did Tim have 
left?
Part-Part-Whole
There are 6 children on the playground. Four are boys and the rest are girls. How 
many girls are n the playground?
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Comparison
Joe has 3 balloons. His sister Connie has 5 balloons. How many more balloons does 
Connie have than Joe?
Joining
Kathy has 5 pencils. How many more pencils does she have to put with them so she 
has 7 pencils altogether?
Their results (Table 3.3 reproduced below), indicated that the dominant factor in 
determining the strategy used by the greater majority of children was the structure of 
the problem.
TABLE 3.3
Relationship between problem structure and dominant strategy for its solution
Problem Interviews
Percentage
Correct
Strategy (Percent Responding)
Separate
Subtractive 
Count Down 
From Add On
Additive 
Count Up 
From Given Match
Numerical
Recalled
Fact
Derived
Fact
1 42 56 1 1 0 0 1 1
Separating 2 61 68 1 1 3 0 1 2
3 74 64 9 1 6 0 4 6
1 39 5 0 31 9 3 1 1
Joining 2 57 2 0 43 12 1 2 4
3 76 3 0 47 18 2 8 6
1 38 13 0 4 6 18 1 1
Cortq) arisen 2 41 8 0 3 9 30 1 1
3 57 14 1 5 11 33 3 5
1 35 38 1 5 2 0 0 2
Part-Part-Whole 2 45 45 0 4 3 0 2 2
' 3 70 55 6 2 7 1 0 5
Source; data from Carpenter and Moser (1982) 
The Development of Addition and Subtraction Skills
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In order to solve problems such as these, children must first understand the problem; 
then plan a method for solving it, then carry out the plan. When the structure of the 
problem can be directly translated into arithmetical procedures then it is made easier 
for the child to solve. For the separating problem, almost all children used a 
subtractive strategy (separating or counting down from). The joining problem led to 
the majority using an additive strategy (adding on or counting up fi-om a given 
number).
The results for the comparison problem showed that a matching strategy was the most 
fi-equently used when physical objects were used in the problems solution. For the 
part-part-whole problem, the majority switched to a subtractive strategy.
The findings of Carpenter and Moser (1982) suggest that early in their development of 
subtraction concepts, children have a variety of strategies for solving different 
subtraction problems. Their hypothesis is that at first children do not recognise the 
interchangeability of these strategies. The data gathered suggests that younger 
children have several independent conceptions of subtraction, A completely 
developed single concept of subtraction should involve integration of all these 
interpretations but this does not come until after their ability to use more abstract 
versions of a given strategy has developed.
Although children may continue to use counting well into their middle school years, 
they will eventually use number facts and algorithms to solve the four types of simple 
word problems mentioned. The view is taken that the transition fi-om the informal 
modelling and counting strategies that children invent to solve basic subtraction 
problems to the use of memorised number facts and formal algorithms they learn at 
school is a critical stage in the child’s learning of mathematics. The older children’s
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difficulty in analysing and solving problems can be traced in part to the transition 
from using informal problem solving strategies to memorised number facts and formal 
algorithms.
Another significant contribution to the debate on the language of subtraction which is 
also often quoted by other researchers was carried out by Nesher (1982). Her research 
first posed the question, ‘Should we first start with numbers and their symbolic 
operation or with applications of addition and subtraction?’ The point was made that 
concrete materials were used for exemplification so the dispute was not one of 
concrete versus abstract, but rather an epistemological dispute concerning the starting 
point in the child’s acquisition of addition and subtraction. The research was carried 
out by first teaching the operations of addition and subtraction with number and then 
proceeding with the application of these operations in solving a series of addition and 
subtraction word problems.
Her findings suggest that there are structural variables inherent in the text of word 
problems that make them easy or difficult to understand. Every addition and 
subtraction word problem consists minimally of three underlying strings with special 
semantic dependencies among them. Two strings comprise the information 
component and the third one is the question component. Nesher’s (1982) findings 
show that addition word problems are easier for the child to solve than subtraction 
word problems; with a mean of 73.9 for addition word problems and 64.6 for 
subtraction word problems.
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Tahta (1991) uses the following conversation (with Patrick (?) aged four), to exercise 
a word of caution when forming judgements based upon the use of language:
A: How many is two and one more?
P: Four
A: Well, how many is two lollipops and one more?
P: Three
A. How many is two elephants and one more?
P: Three
A: So how many is two and one more?
P: Six
Tahta says that many may comment that Patrick has failed to make a crucial leap in 
his understanding of number. But what if Patrick reckons ‘four’ was the right answer 
to the first question? So that as this was not acceptable he might say anything next
time. Perhaps his four was ‘two and one more (two)’. We nor the researcher shall
never know what Patrick meant. We have been easily persuaded by researchers to 
think in terms of what children can or cannot do at certain stages; this all too easily 
leads us into preconceived explanations of events which could be interpreted in other 
ways.
Failure on the part of the pupil to understand subtraction and its relation to addition; 
the commutative law; different methods such as equal addition, decomposition, 
counting on or back used to solve subtraction; the use of symbolic representation can 
also give rise to difficulties in subtraction.
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3.10 IDENTIFYING PROBLEMS IN THE TEACHING OF SUBTRACTION
Problems associated with the teaching of subtraction have been documented by 
several researchers, and offer valuable insights which need considering in light of the 
current HMI reports.
Evans (1992), in a study of primary school subtraction, records that the majority of 
her primary school pupils eventually arrived at a stage where they were able to 
perform computation successfiilly by using apparatus at the concrete level to the point 
where they could also record it, but floundered when asked to record subtraction 
computation involving decomposition without using apparatus.
This led to her teaching subtraction by involving her pupils in the following role play 
over a one year period of time. Children would be taught in groups of six. Typically, 
four children would be seated side by side, seated at a desk is a child who is to act as 
banker and a sixth child to take the part of robber. The first child would pretend to 
live in a house which would only keep up to a maximum of nine units in it, the second 
child would pretend to live in the house next door which would only hold up to a 
maximum of nine tens, and so on. The children would be told that their row of houses 
would form part of a row of neighbours. Each child would then be given a specific 
number of pieces of apparatus to represent the digits of the larger of two numbers in a 
subtraction problem.
eg Th/Abdul H/Alison T/Peter U/Susan
2 4 3 1
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The fifth child (Paul) acts the part of the robber who is to take away a given number, 
in this case 556. The sixth child acts as a banker who has control of the Dienes 
apparatus. Language is used for free exchange, an example of this occurs when the 
banker is asked to exchange one ten for ten units which then allows the units house to 
give the robber the required amount of units.
The numbers involved in the subtraction problem were written on the board. The role 
play exercise was to provide children with experience of incidents which would stick 
in their mind and later be applied to the solution of a written subtraction problem.
Her evaluation of the role play project was that:
“All of the children loved learning in this way, but I also recall it as 
being the most successful teaching method that I have ever tried.”
Evans, in her background literature, highlights some problems I have observed in my 
classroom for a number of years (Ward 1992) and which need to be remedied. Many 
have shown signs of poor understanding of place value; inaccurate reading and 
recording of numbers; inability to convert hundred to tens, tens to ones.
The understanding of place value is crucial if they are to use the application of the 
decomposition method of subtraction correctly. The suggested role play is designed 
to give the child a memory aid which helps to facilitate their transference of place 
value and decomposition skills at the concrete stage to the abstract.
If, as it is claimed, this approach is successful it will be a useful classroom strategy in 
overcoming the lack of understanding of place value, not only in subtraction, but also 
in addition, multiplication and division.
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A further study that met a degree of success was carried out by Matthews (1983). In 
this experiment two screening questions were put to a group of 176 children in their 
last year in the infant school.
Question 1 - “Take 9 cubes... now give me 6. How many have you left?”
Question 2 - “Give yourself 9 cubes from the pile... now give me 3 from the pile, 
how many more have you than me?”
A child unable to answer either question would be placed at level 1; answering the 
first correctly but not the second would place him at level 2. Providing a correct 
answer to both questions would mean the pupil was at level 3.
Teaching programme A was devised to help level 1 and 2 children to level 3. This 
programme used classroom aids such as buttons, pencils etc and consisted of some 
simple counting activities and games designed to help the acquisition of the basic 
skills and concepts associated with subtraction.
Programme B was designed to see if those children who had answered questions 1 
and 2 correctly could go ahead and use symbolism to help them record the results of a 
problem that they had already solved with the help of concrete aids.
Six of the children were dropped from the experiment. Of the 170 left, 44 were found 
to be at level 3, 22 were taken through teaching programme B and the rest acted as the 
coptrol group. The remaining 126 children were at level 1 and 2 and of these 63 were 
taken through teaching programme A and the other 63 used as the control group.
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The results for programme A were that 66% were successful in the experimental 
group compared with 31% from the control group.
The teaching for programme B was designed to help children bridge the gap between 
finding the answer to a simple subtraction problem, using counting aids as required 
and writing it down in the form of a number sentence. The first parts of the questions 
were oral, the second parts involved recording figures and symbols the results of the 
first parts. The success rate for the second part was not as high as for the first.
The results showed that 80% of the experimental and 70% of the control group were 
able to answer part 1 of the post test correctly. For part 2 only 32% of the 
experimental group and 3% of the control group were able to succeed at the post test.
This indicates that quite a wide gap exists between being able to tackle a problem 
verbally with concrete aids on the one hand and writing it down as a number sentence 
on the other.
The conclusion of this research was that teachers should be encouraged to use 
programme A, but more importantly it highlights that pupils have difficulty with the 
verbal and written representation of subtraction. One can argue that such approaches 
can cause pupils confusion and that six to seven year old pupils should not be exposed 
to the welter of confusion that can arise from being given written, addition and 
subtraction problems. For a minority of pupils it is possible to help them to make 
vital steps towards an understanding of symbolic subtraction. The idea that anyone 
can, without further thought, teach children to understand arithmetic is foolish.
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The idea that confijsion can arise from the pupil’s exposure to written subtraction qt a 
too early age is echoed by others.
“Studies of error patterns in subtraction have provided evidence that, 
contrary to general belief, few errors are random or careless. In fact, 
many errors are conceptual and learned and consistent, with advancing 
years in school.”
Baxter and Dole (1990)
3.11 PROACTIVE INHIBITION AND LEARNING
These types of arguments suggest that one of the mental mechanisms that affects 
learning is proactive inhibition, it is produced by conflicting associations that are 
learned prior to the learning of the task to be recalled. A significant contribution to 
the notion of P.I. is that of Lyndon (1989), he gives possible reasons why pupils 
seemingly fail to grasp taught methods. He states that two mechanisms are involved 
in knowledge acquisition, storage and recall; they are Proactive Inhibition and 
Retroactive Inhibition, of these Proactive Inhibition (P.I.) is principally responsible 
for preventing transfer of knowledge.
Lyndon defines Proactive Inhibition as being a powerful, automatic and essential 
brain mechanism, without it we would be continually changing our knowledge base. 
Basically, it is a disbelief mechanism. One a student develops an "own way", being 
told he/she is actually wrong stimulates this disbelief mechanism. No one likes being 
told we are wrong when we know we are right.
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Lyndon (1989) identifies the key elements as follows:
1. Consistent, habitual errors indicate the presence, not the 
absence of learning/knowledge.
2. What the individual knows is protected from change by the 
PI (proactive inhibition) mechanism.
3. PI is an involuntary mechanism over which we have little or 
no control.
4. Incorrect, as well as correct, knowledge is protected since PI 
cannot discriminate between what is ‘right’ and what is 
‘wrong’.
5. PI does not prevent learning from occurring; it merely 
prevents the association of conflicting ideas.
6. PI will inhibit the recall of knowledge which disagrees or is 
in conflict with the prior knowledge that the person already 
possesses.
7. Considerable variation exists within the population in the 
level of PI one inherits (Stroop 1935).
8. The higher your level of PI, the more resistant you will be to 
conventional approaches to error correction.
9. Performance also becomes cue-dependent and, in the absence 
of the educator, the student reverts to the erroneous 
behaviour pattern.
10. In this way, transfer of learning is inhibited and errors 
continue to resist correction.
11. The inhibitory effects of PI may be reduced by the use of the 
0/N method.
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Lyndon (1989) uses this example to show that persistence of figure reversals by 
children may be due to mediation by proactive inhibition.
“It cannot be said that a child who writes for 2 does not know what 
he or she is being asked to write. The consistency in performance 
alone indicates that the pupil understand what is required. This is so 
despite the fact that the child is in error in producing his/her ‘own 
way’. Conventional remediation seeks to eliminate the error through 
practice and generalisation of the correct response. In most remedial 
settings children are quite capable of learning and reproducing what is 
required. This does nothing, however, to overcome the inherent 
conflict in knowing how to write and 2 for the same numeral. This 
is a basic fundamental problem for the child’s recall mechanisms. 
Which one of the competing presentations will the child use? The 
most usual consequence is that the brain proactively inhibits the correct 
alternative. The child’s prior knowledge is the basis of his/her 
independent performance. Conventional remediation methods actually 
cause the activation of the proactive inhibitory mechanism. The 
symptom of this is confusion, which in turn leads to slowness in 
performance, fiustration, and eventually avoidance behaviour....
Performance may also become dependent on cues. With the remedial 
teacher present or nearby the child will often produce the correct 
response. With the teacher being absent the child reverts to the prior 
[incorrect] knowledge.”
(page 35)
3.11.1 COMBATING PROACTIVE INHIBITION
Lyndon (1989) under the heading of Old Way/New Way Methodology, then outlines 
a sequence of four steps which he claims will eradicate systematic errors in the pupils 
misconception of a set task.
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The following example shows how the persistent spelling error ‘recieve for receive’ is 
remedied.
“Step 1, reactivation of the error memory, involves asking the student 
to spell the word in his/her own way.
In step 2, labelling and offering an alternative, the educator asks the 
student if that particular way of spelling ‘receive’ can be called the ‘old 
way’. When consent is given, the educator then asks permission to 
show the student a ‘new way’ of spelling ‘receive’. The difference 
between the two spellings is then carefully pointed out to the student.
Step 3, discrimination, involves asking the student to write the word in 
the old way, then in the new way, and then to contrast these two ways. 
This discrimination is repeated five times.
The final step 4, generalisation, has the student practising the ‘new’ 
spelling of ‘receive’ in the context of familiar knowledge by writing 
six sentences using the new spelling of the target word.
This sequence of four steps is called a learning trial and, depending on 
the complexity of the error being corrected, up to five such 10-minute 
trials spaced at fortnightly intervals may be necessary for complete 
reprogramming of the error pattern.”
Lyndon (1989) p.20
Hart, commenting on her observations of classes being taught subtraction wrote:
“  some children graduated from informal but successful methods to
failure (eg taking away the smaller digit irrespective of position when 
teaching took place. ”
Hart (1989)
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Underlying problems associated with National tests at 7 and 11 have been identified 
by Sutherland (1993), he states that:
“These put pressure on teachers to achieve average attainment levels 
with children with learning difficulties.... The competitive element of 
the testing may just accentuate their failure.”
This appears to corroborate Lyndon’s observations of PI, when he points to the 
dangers of using cue dependent methods to improve the slow learners response.
An earlier work on Proactive Inhibition by Postman and Gray (1977) supports 
Lyndon’s ideas for remediation. They add that what was learned earlier does not 
usually become incorrect when new information is acquired. Learning is however a 
process of accretion, where the old responses have to be recalled together with the 
new ones in the pupils transfer of knowledge phase.
3.12 TEACHING PERCEPTIONS
Sutherland (1993) extends his discussion by implying that there is a need for primary 
teachers to change their perception of the teaching of maths.
“The new perception should be of maths as a tool for life rather than 
simply as a process of getting the right answer.”
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This perception was explored by Thornton (1990) by comparing the subtraction 
abilities of two groups of average intelligence, first grade pupils after they had 
followed two different programmes of study. Her findings show that children who 
followed a programme of instruction favouring the strategy approach or procedures to 
derive answers to unknown facts, (the constructivist approach) performed 
significantly better than those who followed a course of instruction which emphasised 
drill as the dominant approach.
Her results show that pupils who followed the strategy approach were more willing to 
tackle subtraction problems. They were also better at using a variety of solution 
strategies to solve unknown subtraction facts and moved from counting to non­
counting solution strategies for subtraction number facts far more quickly. These 
children also mastered a greater percentage of subtraction facts during the school year.
Her research concludes with this sentence:
“A clear message from a growing body of research is consistent with 
recent recommendations from the National Council of Teachers of 
Mathematics that explicit time devoted to teaching and learning 
strategies for basic facts generally influences fact learning.”
Thornton (1990)
3.13 PSYCHOLOGICAL IMPLICATION TO SUBTRACTION
The discussion so far would suggest that a logic of action precedes a logic of thought. 
This is in accord with the ideas put forward by Piaget (1952) and others who 
subscribe to his viewpoint. The Piagetian stance is that through the experiences of
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making discoveries resulting from the child’s own actions and his/her attempt to 
express what he/she has discovered that mathematical understanding takes place. 
Merely carrying out operations mechanically will not lead to real mathematical 
understanding. The child’s development takes place through a progression of stages 
in their thinking, each stage occurs in a fixed order, which corresponds to broad 
changes in the structure or logic of their intelligence. Innate ability has a part to play 
in this rate of development but more important is the influence given by the kind and 
range of exploratory and constructional activities that have been made available to the 
child.
The stage covering the period when children first start school is the stage of intuitive 
thinking from 4 years to 7/8 years, when the child’s thinking is dominated by his/her 
perceptions which arise by the interpretations he/she gives to the experiences of 
seeing, feeling, moving etc. New information is compared with existing knowledge 
and it is slightly altered to take account of this new information. This phenomena is 
known as assimilation and accommodation. If the new information is too distant from 
what is already known there is a greater difficulty in learning it. Similarly mistaken 
perceptions cannot be easily reversed because they depend upon the child’s earlier 
experiences.
Piaget (1953) claims that it is a mistake to suppose that a child acquires the notion of 
number and mathematical concepts just from teaching. On the contrary they are 
developed independently and spontaneously. When adults try to impose mathematical 
concepts on the child prematurely, learning is merely verbal, true understanding only 
comes with mental growth. A child of five or six may readily be taught to name the 
numbers from 1 to 10. If 10 stones are laid in a row, the child may count them 
correctly, but if they are re-arranged in a more complex pattern, he/she can no longer
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count them with consistent accuracy. Although the child can count, he/she has not yet 
grasped the idea that numbers of objects in a group remain the same (conserved) no 
matter how they are shuffled or arranged.
Piaget (1953) investigates the child’s development of the concept of number further, 
by laying down a row of eight red counters equally spaced about an inch apart. When 
asked to take the same number of blue counters as are on the table from a box. Their 
reactions will depend on age and distinguish three stages of development.
On average a child of five or younger will lay out blue counters close together instead 
of spacing them to make a row exactly as long as the red row. The child believes that 
the number is the same if the length of the row is the same.
At the age of six on the average, children arrive at the second stage, they lay a blue 
counter opposite each number, but have not necessarily acquired the concept of 
number itself. If the red counters are spaced out more loosely, the six year old will 
think that the longer row now has more counters, even though the numbers are 
unchanged.
At age six and a half to seven, average children achieve the third stage, they know that 
the number remains the same, even though one row of counters may be closed up or 
pushed together.
Piaget’s findings were verified by Wohlwill and Lowe (1962), Beard (1963), Wallach 
and Sprott (1964). It must be remembered that even though the average age of a 
group of pupils may be seven and a half years, there still remains a wide range of 
mathematical ability within that group.
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Williams and Shuard (1982), in a study of the growth of mathematical ideas in the 
light of the findings of research workers, note the importance of the period of sensor- 
motor intelligence fi’om birth to W ill years, when a child learns to reverse an action 
such as picking up and putting down as a preliminary to later seeing that 3 + 2  = 5 
implies that 5 -2  = 3.
Piaget’s findings have been found to be controversial, and highly criticised. Much of 
what he said about children concentrated on what they could not do rather than what 
they could do. Donaldson (1978) points to a failure of communication on the part of 
the adult, leading to a misinterpretation of the question by the child. Gfoldschmied 
(1989) challenges Piaget’s view that genuine understanding between children does not 
take place until the age of 7 or 8 years. His research points to understanding and 
communication taking place between babies of 6 and 9 months of age. Cortazzi 
(1997) warns us to be careful over the use of language with young children who often 
use words differently from adults. This could lead one to think that pupils prior 
conceptions of subtraction requires consideration.
3.13.1 IMPLICATIONS OF PRIOR CONCEPTION
Ginsburg (1982) shows that children tend to interpret classroom mathematics in terms 
of their informal mathematics, rather than adopting taught procedures beyond their 
stage of conceptual understanding. While recognising the importance for children to 
learn formal mathematics as a tool for efficiently dealing with calculation processes 
dealing with large quantities, it must be acknowledged that failure to build formal
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instruction upon informal knowledge will lead children to rely on rote memorisation 
and mechanical use of new material. Russell and Ginsbury (1984) find when informal 
strengths are exploited, the chances of a successful learning outcome are increased 
and pupils are likely to have more confidence in their mathematical ability.
Vygotsky takes an opposing view to that of Piaget and gives two insights into the 
processes by which children learn. In the first he emphasises the importance of 
speech for intellectual development as a prerequisite for thought, young children find 
it helpful to talk themselves through difficult activities. Talking through develops into 
inner speech and becomes part of the inner thought process. What is initially 
communicative speech turns inwards to become the basis of internal speech. 
Throughout this process the child continues with its external and internal use of 
language to communicate thoughts to others and to themselves.
Secondly Vygotsky highlights the role of the educator. He writes:
“We propose that an essential feature of learning is that it creates the 
zone of proximal development; that is, learning awakens a variety of 
internal development processes that are able to operate only when the 
child is interacting with people in his environment and in co-operation 
with his peers. Once internalised, they become part of the child’s 
independent developmental achievement.”
(Page 90) Vygotsky (1978)
The illustration below shows how Vygotsky (1978) defines his term ‘the zone of 
proximal development’.
Two 10 year old children who share the same birthday are assessed in the classroom 
to be only capable of handling problems at an 8 year old level. It would seem logical 
that the mental development of these two children would proceed at the same pace.
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since at this point of time their age and intellect is the same. If, however, a course of 
instruction is embarked upon which provides them with a set of problem solving 
strategies which enables the first child to now solve problems up to a 12 year old level 
and the second child to solve problems up to a 9 year old level. The question must be 
asked “Were these phildren mentally the same?” The capacity of children with 
seemingly equal levels of mental development to learn under a teacher’s guidance can 
be shown to vary to a high degree. It becomes apparent that those children were not 
mentally the same age and that the subsequent course of their learning would 
obviously be different.
The difference between 12 years and 8 years of the first child’s problem solving 
ability or between 9 years and 8 years as in the case of the second child is termed by 
Vygotsky as the ‘zone of proximal development’; it is the gap that exists for children 
between what they can do alone and what they can do with help from a more 
knowledgeable peer or teacher. Brinton (1989), Edwards and Mercer (1989) defines 
the teachers role as one of enriching the classroom into an interactive learning 
community (between teachers or peers) and through language lead children into new 
zones of proximal development.
It is Vygotsky’s view that makes it important to explore the nature of learning 
potential in the zone and in particular to find out how an individual responds to 
adult/peer instruction, in order to facilitate further learning development.
Vygotsky believes that teachers should be teaching, not waiting for the child’s 
“readiness”, until he/she is ready for the next stage of development. Helping the child 
to ‘make sense’ and move on to the next zone of development is more important than 
finding tasks which are perfectly matched to the child’s mental ability.
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Vygotsky (1987) would argué that pupils learning must be orientated not towards the 
yesterday of development, but towards its tomorrow. What the child can do today 
with adult help he will be able to do independently tomorrow. Since each child is at a 
different stage of mathematical development, Vygotsky’s advice suggests that pupil 
learning requires carefully defined goals, structure and adult guidance.
Bennett et al (1984), in a study on the quality of pupil learning, found that primary 
schools had problems in terms of matching pupils to appropriate task levels for 
mathematics. In the first term of junior school, the proportion of matched tasks in 
number work was 30 per cent. Three quarters of the tasks given to high attainers were 
under estimates. The majority of low attainers were given tasks which were too 
difficult. Bennett gives the main reason for this as being one of teacher control, quick 
and visual sweeps of the classroom gave the impression of a class working cheerfully 
and industriously. From the teacher’s point of view, busy children equated with 
appropriate work demands. The danger of this is that cognitive confusion is masked 
from the teacher by the child’s industry. The child’s problems are confounded further 
when the teacher rewards individual endeavour and restricting his/her consideration of 
the child’s work to the product, not the process of that work.
Pollard (1985), in a study of classroom behaviour, is of the opinion that mismatch of 
tasks arise out of a ‘need to cope’ with the pressures and constraints that dealing with 
class sizes of 25 to 30 pupils pose. Pupils remaining busy is a regrettable but 
necessary reality for the teacher’s peace of mind and orderly well being of the 
classroom.
Bruner (1983) finds common ground with Vygotsky and uses the term “scaffolding” 
to describe the process by which the expert helps the learner to gain expertise.
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Initially much support is given, this is gradually reduced as the learner becomes more 
independent.
Instruction is a necessary requirement if a child’s spontaneous activities are to be 
transformed into symbolic, rational thinking. Piaget’s view that action is the starting 
place for the formation of abstract, symbolic thinking is accepted by Bruner, but he 
rejects Piaget’s notion that the child is unable to evolve a higher state of symbolic 
thinking before a particular developmental stage is reached. Bruner argues that if 
young children are given appropriate instruction they can learn how to perform and 
understand intellectually activities.
Wood’s (1988) contribution to the debate between Piagetian and Bruner schools of 
thought is based upon the C.S.M.S. (Concepts in Secondary Maths and Science, 
Chelsea College, University of London) research of 1981. He argues that it is 
impossible to present abstract maths to all types of children and expect them to get 
something out of it. Many will just switch off because the base on which to build the 
abstraction does not exist. Mathematics must be matched to each individual, teaching 
an entire class of mixed ability children is unprofitable. Whatever they have been told 
does not always get through. The reasons for this are either the children lack 
something, or the teaching methods used have not ‘bridged the gap’ between practical 
problem solving, intuitive understanding and symbolically evoked procedures.
Meadows (1993), in a study on children’s learning, puts forward the idea that two new 
general theories of early cognitive development needs to be considered, the first is 
defined as “scripts”, which support and structure cognition by providing a series of 
events that can be used for remembering, comparing and predicting what happens.
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Children use scripts to organise both their ideas about how their world works and their 
participation in it.
An earlier work Meadows and Cashdan (1988) gives an example from a study by 
Robin Fivush of how a five year old child used a script procedure to answer the 
question - What do you do in school?
“Play. Say hello to the teacher and you can do reading or something.
You can do anything you want to. Clean up, then you play some more 
and then clean up. And then you go to the gym or playground. And 
then you go home. You have your lunch and then you go home. And 
you go out of school, and you ride on the bus or train and go home.”
Fivush (1984) page 170
Adult speakers use a similar method when they list a set of key words to guide their 
thoughts when giving a lecture.
3.14 METACOGNITION
The second learning theory referred to by Meadows (1993) is “metacognition”. This 
includes being aware of your own cognition, knowing if you understand or not, 
having remembered or forgotten something at this particular moment of time. It also 
includes knowledge about ones own skills and being able to see if they match up the 
demands of a task. Its final element involves regulating cognition, by planning how 
to do a task, monitoring progress on it, checking solutions and seeking fiirther 
information.
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The example given concerns memorising a part of Hamlet.
“This is difficult because there are many words and you know that you 
find verbatim memory hard, though getting the gist of something is 
easy for you, so special strategies will have to be though of and they 
can’t include writing out the words on your shirt-sleeve because 
Hamlet will be dressed in black.”
Meadows (1993) page 79
This statement can be applied to subtraction where the pupil often experiences 
difficulty in remembering and applying a memorised set of procedure to solve a 
particular problem.
Fisher (1995) also maintains that metacognition skills help us to acquire and control 
our knowledge and thinking. The skills involve reflecting on ourselves as thinkers, he 
suggests that it is not doctors with most knowledge of medicine that make the best 
practitioners, it is those who know how and when to apply their knowledge. Children 
often make errors which they could correct if they used their knowledge. The wrong 
answer may be written for example in 602 - 25 = 477, but the child will know, if 
asked, that subtracting 25 from 602 should produce an answer closer to 600 than 500.
In following an abstract problem, children should be encouraged to verbalise what 
they are doing, to exercise their linguistic intelligence in monitoring their actions and 
to explain to themselves what they are doing. Fisher says the following questions will 
help the child gain metacognitive control:
• Have I thought it through? Stop and think. Think before you ink!
• Have I made a plan? P L A N  Prepare Learning Actions Now
• Do I know what to do? Re-read/re-tell the instructions. Check, double-check.
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• Is there anything more I need before I begin?
• What do I know which will help me? Everything is like something. What 
problem is this like?
Fisher (1995) p. 121
Fisher’s (1995) view is that the metacognitive skills of planning, predicting, checking 
and controlling are the skills typically lacking in children who are retarded in 
academic performance. A child can fail to understand in two ways. He/she may not 
achieve a coherent representation of the problem, parts may be missing from his/her 
mental picture. Or the child may understand it incorrectly, by forming the wrong 
mental model. Misunderstandings are pernicious for they produce the same
satisfaction as understandings do and so reinforce our errors. Helping children to 
cultivate their introspective self monitoring abilities provides some defence against 
this danger.
Brown (1995) shares the views of Fisher and states;
“One of the most powerful ideas of recent times has been that of 
metacognition. This means understanding how one’s memory and 
thinking processes operate, and how to get the best out of them. 
Teachers can assist learners by helping them develop effective ways of 
comprehending and memorising information.”
p. 30 An Introduction to Teaching
However, research evidence of this type seldom has any impact in the classroom. The 
reasons for this could be due to a lack of publicity; time constraints in thinking 
through and apply findings; or a reluctance on the part of the educator to absorb new 
ideas into his/her methods of teaching.
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3 .15 CLASSROOM TEACHER EXPERTISE
McNamara and Pettitt (1991) also put forward the idea that research has little to offer 
the teacher. The important factors are the teacher’s knowledge of methods of 
teaching subtraction together with his or her classroom expertise and personal 
qualities.
Their research examines the claim that a knowledge of error bugs (Romburg and 
Carpenter 1986) will be useful to teachers when teaching abstract procedures for 
solving subtraction problems. They put forward the argument that the research on 
subtraction ‘buggy errors’ did not consider that:
1. The child may not have understood place value and had no 
conception of borrowing.
2. The child may have been used to a different process for setting 
out, eg horizontal rather than vertical format.
3. The child may have copied down the problem incorrectly.
The article continues:
“It is not the teachers’ formal knowledge drawn from research 
evidence which may enable them to promote children’s learning of 
subtraction, it is rather their ability to deploy their personal qualities 
and tact skills (Polanyi, 1969) within the time and resource constraints 
of busy classrooms combined with their personal knowledge of the 
relevant mathematics......
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Just as the members of the Gardener’s Question Time panel may offer 
different advice on how to grow bigger and better begonias, teachers 
may offer different suggestions for dealing with a learning problem.
The first strategy we proposed may be objected to on the grounds that 
it is mechanistic and does not contribute to the child’s understanding.
But teachers have to make professional judgements: Will they
introduce a child to a practical exercise dealing with notions of 
exchange and equivalence so as to aid (hopefully) the child’s 
understanding or, say, persist with the algorithm in the expectation that 
the child will eventually realise why it 'works. Research cannot 
provide the answer; teachers must rely upon their personal knowledge 
of the child as to what is preferable in the particular case.”
McNamara and Pettitt (1991)
Boulton-Lewis (1993) in a study conducted in Australia argues against McNamara 
and Pettitt in that research does help the teacher to facilitate learning. Her research 
suggests a need to re-examine the representations and strategies introduced by 
teachers, in order to help children make their knowledge of numbers explicit, so that it 
can be used as a basis for further more meaningfiil learning for each child.
Her research sample consisted of 55 children. 18 in Year 1, 19 in Year 2 and 18 in 
Year 3. There were 26 girls and 29 boys representing a range of mathematical 
performances, taken from three different schools.
The Research Design was that each teacher was asked to identify those aspects of 
subtraction that she intended to teach. Interviews with each child at appropriate 
intervals were held to determine knowledge of content and use of representations and 
strategies. The teachers were interviewed again to confirm the representations and 
procedures they had actually used.
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The Test Items (Appendix No. 2) required subtraction of 1,0, the same numbers from 
same numbers less than 10, other combinations within 10, subtraction of otie digit 
from two digits with and without grouping and two digits with and without grouping. 
Materials such as Multibase Arithmetic Blocks in base 10, counters etc., were selected 
on the basis of what the teachers intended to use. The procedure involved explanation 
of the material and its use, and the child encouraged to talk. Tasks stopped after 
difficulty with three tasks in succession.
The State of Queensland where the research was carried out has recommended 
guidelines for the teaching of subtraction. The research found little evidence that 
these guidelines were being followed. Most of the time children were working 
individually in their seats finding answers to algorithms written on the blackboard 
hardly using analogues.
Boulton-Lewis’s results (Appendix No. 3) indicate that children across the three 
schools chose correctly or incorrectly to recall or solve the subtraction tasks orally and 
without analogues. In the few cases where they chose to use analogues the most usual 
strategy was forward counting.
In the few cases where they chose to use written algorithms they usually did not use 
analogues and mostly used buggy procedures. Their use of mental strategies was 
more successful and apparently not related to the use of written algorithms.
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Boulton-Lewis concludes her research with the following statement:
“It appears that some of the representations and procedures that 
teachers introduce, at least in the schools where we tested, with the 
intention of facilitating learning, actually make the task more difficult.
They certainly appear to rob the procedure of meaning and interest. It 
seems that when children choose their own strategies and 
representations they use those that are meaningful for them even when 
they impose an extra processing load or lead to incorrect results.”
Boulton-Lewis (1993)
These findings reported in the last sentence of this statement are in tune with 
Lyndon’s proactive inhibition where the child under pressure reverts to his own 
correct/incorrect knowledge. They also correspond to the finding of Cauley (1988) 
who in a study of subtraction algorithms carried out by 7 - 10 year olds found that 
many children who carry out written algorithms successfully do not demonstrate the 
corresponding conceptual knowledge.
Criticisms about classroom practice similar to those in Australia are put forward by 
Desforges and Cockburn (1987). In a study carried out in 1984 of infant classes, the 
indications were that far from encouraging and developing young children’s 
mathematical inventiveness, the vast majority of teachers have children playing a 
passive-receptive role as learners, by inducting them into routine of following through 
a commercial mathematics scheme. The lessons follow a pattern of the teacher 
reviewing previous work, explaining and demonstrating new procedures which then 
lead into practice exercises. The children work mechanically to reproduce teacher 
performances in order to make progress through their mathematics workbooks.
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Later in the book the following observations are noted:
“All the children knew exactly where their friends and rivals were in 
the schemes and most were anxious, if not to get ahead, at least to stay 
in contention with what they seemed to see as a competition.
Whilst mathematics educators worry about the preparation of children 
for the adult world, such a world had no reality to these youngsters.
They never saw adults doing mathematics and in any event they were 
far more concerned with the reality of their own world which, 
mathematically speaking, was the self-imposed business of getting on 
through the scheme. There were no ultimate prizes for this - or at least 
certainly none from the teachers. The race was the thing and providing 
you pushed on you were winning. In this light it is easier to understand 
the children’s unwillingness to rate discussion sessions and their lesser 
interest in them. Perhaps the children saw them as a distraction from 
the main agenda.”
Understanding the Mathematics Teacher - Palmer Press (1987)
3 .16 THE LONG TERM BENEFITS OF PRE-SCHOOL EDUCATION
Schweinhart and Weikart (1993), in a longitudinal study lasting nearly 30 years 
conducted in the USA, found that there was significant differences in outcomes for 
their control group of 58 children who had remained at home and 68 children who 
attended their half day educational programme between the ages of three and five.
By the age of 27, their half day pre-school group had:
Significantly higher monthly earnings (29 per cent versus 7 per cent earning more 
than $2,000 per month).
Significantly higher percentage of home ownership (36 per cent versus 13 per 
cent).
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Significantly higher level of schooling (71 per cent versus 54 per cent completing 
12th grade or higher).
Significantly fc'wer arrests by age 27 (7 per cent versus 35 per cent with five or 
more crimes).
The researchers found that although an initial IQ advantage for pre-school graduates 
had disappeared by entry to secondary school, the lasting change had been brought 
about because:
“The essential process connecting early childhood experience to 
patterns of improved success in school and the community seemed to 
be the development of habits, traits, and dispositions that allowed the 
child to interact positively with other people and with tasks. This 
process was based neither on permanently improved intellectual 
performance nor on academic knowledge.”
Schweinhart and Weikart, (1993, p.4)
Rutter (1985), on a pre-school study concludes:
“The long term educational benefits stem not from what children are 
specifically taught, but from effects on children’s attitudes to learning, 
on their self esteem, and on their task orientation.”
Stevenson, Lee, Chen and Lummis (1990), in a study of primary students in similar 
environments in China, Japan and the USA, found that mathematical achievement was 
lower in the USA than in China and Japan. Interviews held in these Asian countries 
showed that teachers and parents placed a greater emphasis than Americans in the 
child’s advancement through effort. American parents passed on to their children the 
belief that natural talent, rather than determined effort, was the key to mathematical 
success. This study shows how the social environment can shape educational 
achievement.
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These researchers argue that the child comes to school with differing backgrounds and 
attitudes which will shape their fixture progress. The child’s respective teachers have 
no control over the events which shape the pupil’s ability on the point of entry to 
his/her class. So the debate into the best methods of educating the child continue 
throughout his/her school years. Cox and Dyson (1969) and Cox (1992) advocate a 
return to traditional teaching methods and talk of classrooms where chaos reigns with 
children doing exactly what they like.
“The head justified his rejection of formal teaching in arithmetic by 
saying that in any betting shop you could see men working out their 
winnings at high speed because they wanted to know the results.
Those who wanted to learn mathematically would learn it for 
themselves.”
B. Cox p.220 The Great Betrayal
3.17 STYLES OF TEACHING
The use of progressive methods and child-centred experiences had previously been 
championed by the UK Government’s Plowden Report (1967). As Cox (1992), a 
former Chairman of the UK National Curriculum Group, rightly points out:
“Educational battles, however are never finally won; they continue 
from generation to generation.”
p.6 The Great Betrayal
Research evidence into the most effective teaching styles, carried out through visits to 
UK Primary Schools, DES (1978) found:
“In classes where a didactic approach was mainly used, better 
N.F.E.R. scores were achieved for reading and mathematics than in 
those using mainly exploratory approaches.”
para 7.27 DES 1978 Primary Education in England
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The ORACLE project (1980), which reported on the progress and performance of 
pupils in the UK primary classroom, supports this finding for mathematics, but not for 
reading.
TABLE 3.4
Summary of results for teaching style and achievement in basic skills
1 2 3 4 5
Test area Most successful 
style
Not significantly 
different frommost 
succès sfiil style
Significant at 5 per 
cent frommost 
successful style
Significant at 1 per 
cent frommost 
succès sfril style
Mathematics Class enquirers Infrequent
changers
Q-oup instructors Rotating changers 
Individual monitors 
Habitual changers
Language skills Class enquirers Group instructors
hifrequent
changers
Habitual changers Individual monitors 
Rotating changers
Reading Infrequent
changers
Individual monitors 
Class enquirers 
Grout) instructors
Habitual changers 
Rotating changers
“While the class enquirers were most successful in mathematics and 
language skills, it is the pupils of the infrequent changers who make 
the most gains in reading.”
ORACLE Project (1980)
Definition of some of the key teaching terms used by the project were:
Class enquirers
Those who maximised class teaching (on average for 30% of the time).
Group instructors
Those who maximised the use of grouping, but whose interaction with their groups 
was primarily didactic.
Infrequent changers
Those who moved from a change to a more individualised approach as the year 
progressed.
Frequent changers
Move from class to group to individual approach at regular intervals.
Turner arid Lyons (1993) research into teachers and subtraction problems finds that 
teachers categorised problems in terms of how they could be explained or solved 
rather than in terms of their underlying mathematical structure. In the study problems 
were not sorted in terms of underlying principles but instead many have categorised 
them in terms of how they could be taught. Most teachers are not mathematical 
experts but their expertise in teaching does lead to the initiation of some children, into 
a shared mathematical meaning. The meaning that is shared between teacher and 
pupil is not that of the mathematician, rather it is a view of mathematics as an area of 
study in which learning how to apply rules and procedures is paramount.
Howson (1983), carrying out research into the curriculum development of UK 
schools, evaluates what he considers to be the major approaches towards mathematics 
teaching during recent years. He lists them as:
(i) The Formative Approach (Piaget and others)
(ii) The Structuralist Approach (Bruner and others)
(iii) New Maths
(iv) Behaviourist
(v) Integrated-environmentalist.
His observations are summarised as follows:
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3.17.1 THE FORMATIVE APPROACH
He suggests that evidence shows that this approach has had little impact in the 
majority of classrooms because it presents to the teacher the problem of treating each 
pupil as a distinct personality, and has the added constraint of providing that 
individual with self-sufficient material designed to achieve the desired ends.
3.17.2 THE STRUCTURALIST
This approach, he writes, has much to offer, it is an approach which is by its nature 
long term. The basic processes and structures must be introduced and gradually 
reinforced over a period of many years. Much of the work motivated by this approach 
has taken place in the primary school, potentially valuable work on attribute blocks 
and function machines and has not been followed up in the secondary school.
3.17.3. NEW MATHS
This, he states, was founded on the belief that existing syllabi were mathematically 
inappropriate and that new content would not only result in the attainment of new and 
more relevant objectives, but could also assist in the achievement of old goals. For 
example, emphasis on the commutative, associative and distributive laws would help 
to remove misunderstandings in number work and algebra. Concepts such as sets, 
relations, matrices and functions would help to ‘unify’ mathematics. The writings of 
Papert (1980) and others in support of this approach, he argues overlooked the
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problems of motivation and conceptual difficulty. Any success that was achieved was 
gained at the expense of meaning; vocabulary and formal concepts were transmitted 
but lacking was the ability to enable students to relate these to the rest of mathematics. 
Often there were misjudgements concerning the time needed to be spent acquiring and 
practising techniques.
3.17.4 BEHAVIOURIST
The psychologists, Skinner, Gagné and Glaser, took the view that mathematics 
teaching could be fragmented into a sequence of small carefully structured tasks and a 
scheme of programmed learning operated on the outcome of the child’s performance 
of these tasks. The Schools Mathematics Project (S.M.P.) 7-13 workcard scheme is 
quoted as being an example of this approach. Its main drawbacks are that the student 
often learns how to progress through the system quickly rather than pausing to acquire 
a grasp of the underlying mathematics. There is also the temptation for success, 
which can be readily interpreted and measured in correct response rates, to be bought 
cheaply through an emphasis on technique acquisition and the limited use of technical 
vocabulary, together with the provision of verbal cues upon which students come to 
depend.
3.17.5 INTEGRATED-ENVIRONMENTALIST
Howson observes that this is an attempt to teach mathematics in a multi-disciplinary 
context using the environment as a motivating factor or source of ideas or inspiration. 
It is an approach which he believes can give purpose to mathematics teaching. Its
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failings are that it requires the teacher to provide suitable topics for the pupils to 
explore and has the problems of assessment in the later years of schooling.
The model of learning which we hold has implications for the ways in which we teach 
and the subsequent learning outcomes of our pupils. Attaching one of the above 
labels to the classroom styles observed is sometimes difficult, usually a number of 
influences can be discerned, but when possible will help to answer research questions 
concerned with identifying the ideal teaching approach.
3.18 IMPLICATION OF THE NATIONAL CURRICULUM
The reader may well ask what relevance a chapter on curriculum policy has on the 
subject of subtraction difficulties. The author of this thesis’s reply is to state that 
much of what is now taught in the classrooms of the United Kingdom and the way in 
which it is taught is now at the control of the United Kingdom’s central government 
and no longer shaped by the school or teachers within it.
Brown comments:
“The post-war progressive era of teacher and pupil autonomy is 
apparently over, and the education system is to be driven by national 
targets and norms, and regularly inspected like steel production in the 
Soviet state or rice production under Chairman Mao.”
Brown (1999) p. 15
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Raggatt and Weiner (1985) give an insight into how the mathematics curriculum has 
been shaped during the past few decades. Much of the activity in curriculum and 
assessment policy has been initiated by the Department of Education and Science 
(DES) now re-designated as the Department for Education and Employment (DFEE). 
In its concern to exercise more control over the curriculum, assessment has been used 
as one of its mechanisms for control.
In the early days, following the 1944 United Kingdom’s Education Act up to the 
1970’s, there existed a partnership between the DES, local education authorities and 
the teaching unions. One product of this partnership was that curriculum policy 
became a largely professional matter with the practical result that the curriculum was 
(apart from the influence of the examination boards) the responsibility of teachers. 
Primary school success was judged on the number of pupils that gained entry to the 
grammar schools by the 11+ test.
In the 1960’s in the United Kingdom (UK), there was a surge in curriculum 
innovations backed by substantial funding. Richmond (1978) states that prior to this 
period of time, the academic communities of the British Universities, rather than the 
national interests of the fields of work and further education of those unable to attend 
university, had dominated the United Kingdom’s education scene.
In 1964, the Schools Council was formed, but change was slow because the majority 
of its members were from the teacher unions and there was no obligation on the part 
of teachers to follow its advice. In this context curriculum matters were professional 
matters, upon which demographic changes, finance and other resources, relationships 
between education and other social services had little attention. This contrasts sharply 
with today, when these issues drive and shape curriculum policy.
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Change in the ideological temper also came towards the eW of the 1960’s with the 
resistance of a number of local education authorities to reorganise their secondary 
schools along comprehensive lines.
From 1945-1960, local education authorities in the UK organised their secondary 
schools (for pupils aged 11 years and over) on three different types which were 
Modem, Technical and Grammar Schools. The parents of children who achieved a 
required standard of intelligence could select which type of school they wished their 
child to be educated in. Pupils who ‘failed’ to reach this standard were automatically 
sent to Secondary Modem Schools.
The influence of the Manpower Services Commission as a major provider of 14+ 
education and training, with a belief in utilitarian education and the need to make 
schools more vocational; the Black Papers (1969) criticising the standards of 
education in UK schools and advocating a traditional approach; Circular 10/65, 
requesting that local authorities submit plans for comprehensive organisation, 
galvanised this issue along party lines and marked the retum of sectional interests and 
adversarial politics. Today education is at the centre of the political arena with all 
political parties claiming to know what is best.
During the 1960’s, education’s ability to improve social conditions had been oversold 
and evidence was mounting that, despite increased funding, significant numbers of the 
school population were underachieving. When there had been a plentiful supply of 
unskilled jobs into which these school leavers were absorbed into, this hardly 
mattered, but with the recessions brought about by the oil crisis of 1973 and the 
movement of manufacturing jobs to the cheap labour markets of the Far East, coupled
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with automation on the assembly lines, the number of young unemployed grew and 
the confidence in schooling fell. Industry and Commerce and Government were 
failing to produce the jobs, but schools were getting the blame. The Great 
Educational Debate of the UK in 1976 enabled the DES to erode the decentralised 
power of teachers and by its promotion of an economic ideology of education, win 
support and greater power for itself. So the move towards a more accountable system 
of education culminated in the setting up of the Office for Standards in Education 
(OFSTED).
This work opened with some written observations which were produced in Ofsted 
reports 1992-92 and 1993 following the implementation of the Mathematics National 
Curriculum. Now that it has been introduced it seems to be here to stay, its effect on 
mathematics teaching over the next decade or so will be profound. Researchers trying 
to improve the quality of mathematics or other aspects of education need an 
awareness of its strengths and weaknesses, and how it can aid or hinder progress in 
learning. So it seems fitting to include a closer look at some of the rationale behind 
the Mathematics National Curriculum at this point of the chapter before narrowing the 
field of research further.
A phrase often on the lips of educationalists is ‘politics should be left out of 
education’, but perhaps of the nature of its funding from central government this is 
clearly not the case. The term ‘payment by results’ of earlier years of UK education 
has now given way to ‘provides good value for money’. Strong ideologies of 
influential groups and individuals can both stifle or encourage educational thinking. 
Statistics and research can be manipulated and used as a tool when promoting a 
particular philosophy. If it is at all possible a better evaluation of a mathematical 
teaching viewpoint can be obtained by relating it to the proposer’s ideology.
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An example of this can be seen in the following extracts taken from ‘Better Schools’, 
which sets out the UK Government’s aims for education.
“The Government believes that the standards now generally attained by 
our pupils are neither as good as they can be, nor as good as they need 
be for the world of the twenty-first century. School education should 
do much more to promote enterprise and adaptability and to fit young 
people for working life in a technological age.... In about three 
quarters of all schools the curriculum is not well planned or effectively 
put into practice.”
DES 1985
This statement was a prelude to the introduction of the UK Mathematics National 
Curriculum and reflects the thinking or philosophy of key government ministers. It 
was more to do with a persons upbringing than sound educational logic. In a case 
study of Margaret Thatcher, a key figure behind the implementation of the 
Mathematics curriculum, Paul Ernest writes:
“Thatcher’s personal ideology, being the engine of her policy, has 
undoubtedly had a major impact on government legislation and
policy the right wing think-tanks and pressure groups are currently
very influential precisely because the views they publish resonate with
those of Thatcher Thatcher was greatly influenced by her father, a
grocery shop keeper, with values typical of the petit bourgeoisie. She 
adopted his Victorian values of hard work, self help, rigorous 
budgeting. .. She has a dualistic view of the world, a belief in right 
versus wrong, good versus evil coupled with a certain knowledge of 
her own absolutist and incontestable correctness. The us-right them 
wrong view is applied to academics and educationists, who are 
regarded as incorrect by questioning her dogma.”
Paul Ernest (1991)
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Table 3.5, Emest (1991), produced below provides an overview of the Five 
Educational Ideologies seeking to advance their viewpoints. Its cautious use should 
help provide sound judgements on education argument.
TABLE 3.5
Overview of the five educational ideologies
Sodal group Industrial trainer Tedmological
pragmatist
Old humanist Progressive educator Public educator
Political
Ideology
Radical rigjit, 
‘Now Right’
meritocratic,
conservative
conservative/
liberal
hberal Democratic socialist
View of 
Mathematics
Set of Tmths, 
and Rules
Unquestioned borfy 
of useful knowledge
Body o f stmctured 
pure knowledge
Process view: 
Personalized maths
Social constructivism
Moral values 
Justice, Liberty.
Authoritarian
‘■\dctorian’ values. 
Choice, Effort, Self- 
Hdp, Work, Moral 
Weakness, Us-good, 
Them-bad
Utilitarian,
Pragmatism, 
Expediaicy, 
‘wealth creation’. 
Technological 
development
‘Blind’ Justice,
Objectivity, Rule- 
' centred Stmcture, 
Hierarchy, 
Paternalistic 
‘Classical’ view
Poson-centred, Social
Caring, Empathy, Equahty, Fraternity, 
Human values,Social awareness.
Nurturing, Engagement and 
Matemalistic, Citizenship 
‘Romantic’ view
Theory of Society Rigid Hierarchy 
Market-place
Meritocratic
Hierarchy
Elitist,
Class stratified
Soft Hierarchy 
Wdfare State
Inequitable hierarchy 
needing reform
Theory of the Child Elementary School 
Tradition; Child ‘fallen 
angel’ and ‘empty 
vessel’
Child ‘empty vessel’ 
and‘blunt tool’ 
Future worker or 
manager
Dilute Elementary 
Sdiool view 
Character building 
Culture tames
Child-centred, 
Progressive view. 
Child: ‘growing 
flower’ and ‘innocent 
savage’
Sodal Conditions 
view: ‘day moulded 
by environment’ and 
‘sleeping giant’
Theory of AbUity Fixed and inherited 
Realized by effort
Inherited abihty Inherited cast of mind Varies, but needs 
cherishing
Cultural product Not 
fixed
Mathematical aims ‘Back-to-Basics’: 
numeracy and social 
training in obedience
UseM maths to 
appropriate level 
and Certification 
, (industry-centred)
Transmit b o ^  of 
mathematical 
knowledge 
(Maths-centred)
Creativity, Self- 
realization through 
mathematics 
(CMd-centred)
Critical awareness and 
democratic citizenship 
via mathematics
Theory o f Learning Hard work, effort, 
practice, rote
SHU acquisition 
practical experience
Understanding 
and application
Activity, Play, 
Exploration
Questioning, Decision 
makh%, N^otiation
Theory of
Teaching Mathematics
Authoritarian 
Transmission, Drill, 
n o ‘M is’
Skill instractor 
Motivate through 
work-relevance
Explain, Motivate 
Pass on stmcture
FacUitate personal 
exploration 
Prevent Failure
Discussion, Conflict 
(Questioning of content 
and pedagogy
Theory of Resources Chalk and Talk Only 
Anti-calculator
Hands-m and 
Microcomputers
Visual aids to motivate Rich envirorunent 
to explore
Socially relevant 
Aufliaitic
Theory of
Assessment in Maths
External testing of 
simple basics
Avoid cheating 
External tests and 
certification 
Skill profiling
Extanal examinations 
based on hierarchy
Teacher led internal 
assessment 
Avoid failure
Various modes. Use 
of social issues and 
content
Theory of Social 
Diversity
Differentiated 
schooling by Class 
Crypto-rads t, 
Monoculturalist
Vary curriculum by 
future occupations
Vary curriculum by 
ability only (maths 
neutral)
Humanize neutral 
maths for all: Use 
local culture
Accommodation of 
sodal and cultural 
diversity a necessity
Ernest (1991) p.137 The Philosophy of Mathematics Education
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Counter arguments to the governments belief that education should fit young people 
for working life are also cited by Emest.
“The technological pragmatist view takes knowledge, including 
mathematics, as given, and is unconcerned with the growth and 
development of mathematics as a discipline. The focus is instead on 
immediate applications of mathematics, and their short term pay
offs the concern with needs of industry alone may be narrow and
counter productive.... general knowledge and transferable skills suit 
industry better than narrow vocational skills. Education rather than 
training better serves society by potentiating its individual members 
and enabling them to better adapt to new demands and responsibilities.
Unless creative and aesthetic aims are included alongside the utilitarian 
aims of mathematics education, the teaching of the subject will be 
stilted. .. the overvaluing of technology means that attention and 
resources are diverted fi'om the human interaction of education, to 
technical wonders which, like programmed learning machines, may 
prove to be an educational cul de sac.”
Emest (1991)
This criticism is also expressed by Simmons and White (1991):
“Without the opportunity to teach creatively, not simply to the 
prescription of others, and without the support necessary to sustain 
personal growth, the level of professionalism in the system is certain to 
decline and with it the quality of education.”
Simmons and White (1991) (p. 89)
“We need to see through the rhetoric of the national curriculum. The 
idea is rightly popular in the abstract since it can seem to help every 
child to get the same worthwhile education. But those parents who 
support this version of it may find themselves buying not liberation for 
their children but imprisonment.”
Simmons and White (1991) p.96
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A view expressed by Richard Noss (1991), Chevellard (1989), and Keital (1989), is 
that the amount of mathematical knowledge needed by children will decrease for most 
as mathematics enters into daily use through technology. Fewer and fewer will need 
more. They share the opinion that today almost nobody uses mathematics beyond 
elementary arithmetic in their daily lives.
Kelly (1994) suggests that insufficient attention has been paid to the evidence we have 
of how pupils learn what motivates them and how they respond to certain teaching 
approaches. He quotes Rousseau who as long ago as 1762 said:
“The wisest writers devote themselves to what a man ought to know, 
without asking what a child is capable of learning.”
Through the work of child psychologists such as Piaget, Bruner and others, an attempt 
has been made to reach a more subtle view of the learning process, not as a 
mechanistic device for acquiring skills, knowledge and understanding but as a process 
of intellectual development. This has led to a concept of teaching not as a matter of 
merely offering the right stimuli to bring about the desired learning response, but as 
providing the environment and the experiences which will promote intellectual 
development in the widest sense. It is important to note that several aspects of these 
psychological studies which have relevance to how children learn have been largely 
ignored by those planning the National Curriculum.
Valuable insights into the setting up of the UK National Curriculum for Mathematics 
in 1989 are given by Duncan Graham, who as Chairman and Chief Executive from 
1988 to 1991, was the man charged with introducing the new mathematics curriculum 
into the 24,000 state schools in England and Wales. This post was held under the
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Directorship of the Secretary of State for Education. Graham (1993) examines the 
arguments and compromises to bring in the Mathematics Curriculum for England and 
Wales on time. Of the government's decision not to engage in educational research, 
he writes:
“There were two bones of contention, one in maths and one in science, 
and they both raised the problem that was to haunt the council 
continually: the balance between knowledge and understanding, with 
ministers concentrating on knowledge while the weight of professional 
opinion lay with understanding.”
page 36
Graham (pages 137 and 138) shows that the Government’s initiatives in education are 
political. They are dismissive of research evidence and parents concerns over class 
sizes, adequate resources and well maintained buildings. The fear of what researchers 
might uncover lies at the heart of the Government’s vulnerability in its thinking and 
hasty policy changes seen over recent years.
Graham also makes a strong case for achieving long term goals in this following 
paragraph:
“The council’s libraries contain a unique collection of examples of best 
practice which could easily make it a national resource, a centre of 
excellence. If the patchiness which still affects education in England is 
to be further diminished, then identifying, analysing and publicising 
good practice is crucial. Teachers do not have time to reinvent a 
thousand wheels a day, even if they found their personal involvement 
beneficial. Much more practicable would be partnership in pushing 
forward an agreed agenda ranging from pure research through detailed 
updating of attainment targets and programmes of study, to curriculum 
development. Accomplishing this should not require the creation of a 
vast empire at the Albion Wharf headquarters in York.”
p. 138 A Lesson For Us All - D Graham (1993)
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Events to date show that his remarks have been overlooked; perhaps falling as a 
victim to his own insights and being viewed with suspicion by his once political 
masters.
Marsh (1990) reminds us that the introduction of the National Curriculum will not, in 
itself, lead to any improvement in the quality of teaching or the depth of our 
children’s understanding. It is teachers who will continue to make schools what they 
are and will be judged by parents for their ability to educate their children, rather than 
how they teach the National Curriculum.
In our quest to raise standards, we are doing a serious misjustice to our pupils if they 
leave school wanting nothing to do with the subject because they are 'bored' by it or 
have been switched off by a teaching style which has led to an improvement in 
standard, but not in attitude or like. There is little merit in a pupil leaving with a high 
grade in mathematics who wants nothing more to do with that subject once he/she has 
left school.
The Today Programme, Radio 4, (12 April 2000), highlighted a growing concern 
amongst parents and educationalists that in order to confirm to the government's drive 
to show that education standards are rising through the use of publicised test results; 
schools were concentrating their efforts on narrow bands of curriculum knowledge 
and using teaching methods associated vdth exam coaching and the use of memory, at 
the expense of activities which bring about improvement by applying remedial 
remedies to the particular weakness. One commentator on the programme a few days 
earlier (10 April 2000) said that the yearly improvements shown by the published 
league tables led him to believe that the schools would soon be turning out near
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geniuses, however his experience of children's capabilities revealed this not to be the 
case.
The United Kingdom’s Education Secretary on hearing these concerns raised on the 
programme (12 April 2000) promised to give the matter of coaching and undue 
emphasis on exam led teaching carefiil thought and there may indeed be a move 
towards a teaching style which builds upon the pupil's deeper internalised knowledge 
structures, rather than the use of applied memorised procedures.
Skemp (1991) introduced the two terms of relational and instrumental mathematics. 
Instrumental teaching relies upon a set of remembered rules. The trouble is that these 
rules become half remembered and lead to errors. The advantage of this method of 
teaching was its short term success. Rules could be applied and the correct response 
obtained, syllabi could be covered more quickly. Relational teaching explores the 
rational behind the mathematics and has understanding as its goal. Its disadvantage is 
that it takes time and expertise on the part of the teacher.
Sadly the Mathematics curriculum puts pressure upon the classroom teacher to steer 
towards instrumental rather than relational understanding.
If children believe that mathematics is a collection of rules, then their learning could 
be influenced by their search for rules to memorise and apply. If teachers think of 
mathematics as a rigid, formal system they may remain ignorant of alternative 
concepts or ways of perceiving mathematical ideas.
102
As Glaserfeld (1987) states:
“Knowledge is actively constructed by the cognising subject, not 
passively received from the environment.”
quoted in J Kilpatrick (1987) - What Constructivism might be in 
Mathematics Education in PME-XI proceedings, Montreal
The challenge facing mathematics teachers, particularly those engaged in the teaching 
of subtraction, is to find effective bridging experiences that will fill the gap between 
mental strategies, use of concrete material and formal written algorithms in an attempt 
to bring about understanding that teachers and researchers view as having a central 
place in the mathematics curriculum.
3.19 REWARDS
The question of motivation by the giving of intrinsic rewards such as stars is also an 
issue for consideration in this chapter. The work of Donaldson (1978) gives two 
grave risks attended by giving rewards for success. The first obvious risk is for the 
child who does not get the stars to consider him/her self as a failure. The second risk 
is to “winners” and “losers” alike is that if an activity is rewarded by some intrinsic 
prize or token, external to the activity itself, then that activity is less likely to be 
engaged in a free and voluntary manner when the rewards are absent and less likely to 
be enjoyed. Her research evidence for this statement is provided by M R Lepper 
(1973) in a study carried out with children at nursery school. Some children were 
given materials and told they would get a prize for drawing and were duly rewarded.
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Other children were given the same materials, but were neither promised or in receipt 
of any reward. The question posed was would the groups differ in the amount of time 
that they spent on drawing when an opportunity was given to use the same materials 
some days later in a situation where lots of other toys were available to them? The 
researcher found that children who had been previously rewarded, rather than 
spending more time, spent less time on their drawings than the other group.
Donaldson (1978) also raises the question that, “If you tell a child he/she is doing 
well, are you also rewarding him/her and running the same risks of prize giving?” For 
an answer to this question she examines the research evidence of R Anderson, S T 
Manoogian and J S Reznick (1976), who carried out a study similar to the one by 
Lepper, with the exception that there were two extra conditions. In the first one, 
children were praised for their drawings. They confirmed Lepper’s finding that 
material rewards were related to a decrease on the activity later; however the verbal 
encouragement had the opposite effect. This reinforcing the need for children to 
know how they are doing, sometimes they can meet this need themselves through 
discovery learning when, for instance, they may be balancing a pile of blocks, but 
there are learning occasions when a child need to be told “Good, you’ve got that 
right!” or “No, that’s wrong try again”. If the child is told “That’s good”, whether 
he/she has done well or not, the information content is destroyed. The art of good 
teaching is to give genuine information and encourage at the same time.
In the second condition which Anderson and her colleagues applied to their research, 
the experimenter began by declaring an interest in “how boys and girls draw pictures” 
-  and thereafter firmly refused to manifest this interest in any way. The child was 
given no recognition or validation of his/her picture; children given this treatment 
showed the greatest drop in the time that they spent later in drawing.
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3.20 LEARNING STYLES
Much of our curriculum planning revolves around ‘what a child should learn’, rather 
than ‘how does a child learn’. What children should know and learning outcomes are 
prominent features of National Curriculum Programmes of Study. A viewpoint 
expressed by Gardner (1983), who came up with his theory of Multiple Intelligences, 
is that the curriculum should be designed around the need to educate eight forms of 
intelligence:
1. linguistic -  dealing with language and words;
2. logical/mathematical -  abstraction and numbers;
3. musical/auditory -  rhythm and sound;
4. visual/spatial -  patterning and imagery, knowing the environment;
5. kinaesthetic -  physical skills, reflexes and timing;
6. interpersonal -  sensitivity to others and their needs;
7. intrapersonal -  self knowledge and inner focusing; and
8. intuitive/spiritual -  flow state and feelings.
Gardner argues that our education system is too focused on the linguistic and 
logical/mathematical forms of intelligence. The system that we follow favours those 
who learn more effectively through the auditory mode where they like to hear what 
they learn and often prefer direct forms of teaching given by verbal instruction.
According to Gardner, our present system fails the visual learner, who likes to learn 
by seeing and responds best to tasks which involve demonstrations and illustrations. 
It also fails those who learn by kinaesthetics who prefer to be physically involved
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with what they are doing by handling, constructing models and manipulating 
materials.
The debate about intelligence types is ongoing. The Daily Mirror Newspaper, 
Wednesday, 24 November 1999, in an article by Mark Oliver on page 6, gives an 
interest interpretation on Gardner's eight types of intelligence:
“Logical Mathematical
The traditional academic form of intelligence, highly present in leading 
academics and science.
Examples: Albert Einstein, Isaac Newton, Stephen Hawking.
Linguistic
Mastery of words and languages -  prevalent in writers and poets.
Examples: Will Shakespeare, Charles Dickens, Martin Amis,
Salman Rushdie, Harry Potter creator J K Rowling.
Musical
Capacity to create music, play an instrument, or the ability to sign to a 
high level of excellence.
Examples: Composer Wolfgang Amadeus Mozart, pop star George
Michael.
Spatial
Ability to visualise the world accurately with a great degree of 
perspective clarity.
Examples: Artist Rembrandt, top architect Sir Norman Foster,
leading British painter David Hockney.
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Bodily-Kinaesthetic
Exercising control over the body in sports, acting or dancing.
Examples: Actor Lawrence Olivier, footballer David Beckham,
boxing champion Lennox Lewis.
Personal Tvpe 1 DhtrapersonaB
Having a deep self-awareness about your moods, feelings and mental 
state. Psychiatrists are usually very good at this.
Examples: Shrink to the stars, Beechy Colclough.
Personal Tvpe 2 HnterpersonaB
Charisma -  adept at recognising the state of mind of those people you 
are communicating with.
Examples: Prime Minister Tony Blaire, chat-show king Michael
Parkinson.
Naturalist
Awareness of the natural word, animals, plants and anything living. In 
tune with nature.
Examples: The “Godfather” of biology Charles Darwin, TV
botanist David Bellamy.”
The article also cites The American Psychologist Daniel Goleman’s claim for the 
existence for a further category:
‘Existential Intelligence’ for deep thinkers about the world.
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The idea that this debate will be ongoing in academic circles during the next few years 
when it states that:
“Alan Smithers, Professor of Education at Liverpool University, 
believes IQ tests are still best at predicting potential. But Gardner says 
biological research backs up this theory and wants traditional teaching 
methods to change so that each child is taught in the way that suits 
their intelligence.”
M. Oliver (24/11/99)
As stated earlier and can be seen from the research already examined, mathematics is 
a subject which fills cases in a library; subtraction is a branch of it which fills shelves. 
This dissertation confines itself to a study of the Development of Mathematical 
Concepts, specifically subtraction, in the hope that it will fill one of the shelf s gaps, it 
now moves on to consider some of the issues raised so far.
3 .21 CONCLUSION TO LITERATURE REVIEW
The literature review has thrown up a number of important issues. The first is that 
highlighted by the UK Cockroft report, which states that within a class there can be a 
wide range of mathematical ability. Catering for this range of ability within a class is 
not an easy task for the teacher, opinions from the psychologist’s vary. Piaget 
suggests that there is little point in trying to teach a child a concept until he/she has 
reached the appropriate conceptual stage. Vygotsky on the other hand says that the 
child can, with adult help, pass from one stage of development to another. Brunner 
supports this viewpoint with his idea of scaffolding.
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Skemp says that pupils difficulties with mathematics may be due to the way they 
internalise their thinking. There is, he states, two structures through which thoughts 
can be internalised, a surface structure and a deep structure. For real mathematical 
understanding concepts must be internalised by the deeper structure. If the surface 
structure is more dominant then the output will be no more than the manipulation of 
symbols. The deeper level helps then to build up an increasing variety of meaning for 
the same symbols and abstractness of the mathematical relations they are expected to 
learn, and in turn helps the surface structure absorb new ideas. The book review 
suggests that there is a real danger of achieving short term success by rote rather than 
relational teaching. Skemp argues that there is a case to be made for both types of 
teaching and the secret of success is knowing which type to use.
Staying with the subject of learning by rote and relationships, much of the work done 
in our classroom is examination led. The most common way to teach pupils how to 
perform subtraction algorithms is to teach them to obey a set of rules such as ‘smaller 
from larger’, ‘borrowing’, ‘ten to the top, one to the bottom’, etc. The trouble is that 
these rules are often half-remembered and often misapplied, this in turn leads to 
confused thinking and negative attitudes towards mathematics. Sometimes the rules 
are applied in a consistent manner as in the case of smaller from larger wrongly 
applied to each column.
In question i) 27
-12
15
the right answer is forthcoming, ,
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But in the case of:
question ii) 22
-11
15
applying the same procedure of smaller column figure from larger leads to an 
incorrect answer. Work by Brown and Van Lehn (1982) has identified a large number 
of ‘bugs’ which can be seen in attempts to solve subtraction algorithms, as a result of 
rules which have been misunderstood and wrongly applied. Carpenter and Moser 
(1982), Nesher (1982), Ward (1992) found that the language used to express 
subtraction word problems could make them easier or more difficult to solve. Lyndon 
(1989) gave insights into how pupil errors in subtraction could be remedied by use of 
his old way/new way method of correcting these errors.
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CHAPTER 4 - QUESTIONS ARISING FROM THE LITERATURE REVIEW
4.1 A LOOK AT SOME OF THE PROBLEMS
The literature review has widened the debate on problems that children have with 
subtraction by identifying a number of unanswered questions concerning (i) the socio, 
economic background of children and their ability to perform mathematics; (ii) pupil 
intelligence; (iii) the effects of memory and memory aids; (iv) motivation; (v) types of 
preferred pupil learning styles. These questions have been left for others to answer in 
the greater detail which they deserve; however glimpses of these factors where they 
crop us in the researcher’s work are given, so that others who follow may open their 
doors and explore them in more detail.
Key questions raised by the literature review about pupil performance in subtraction 
over a long period of time, concerning the type of errors made and the most effective 
ways of combating these errors, led the author to finther consider the work of Lyndon 
(1989), who has captured the author of this work’s interest by echoing many of his 
thoughts and primary classroom experiences. This is the main reason why a large part 
of the data collection which follows is based upon Lyndon’s work.
Lyndon points to a mechanism called proactive inhibition which works internally to 
protect the individual from change. This mechanism protects what we know to be 
right and inhibits conflicting knowledge. Problems occur when false knowledge has 
been learnt and is assumed to be correct, this too is protected from change by 
proactive inhibition. This can be seen in the performance of subtraction algorithms 
when the pupil mistakenly takes smaller from larger, as shown in this example:
234
147
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Intervention by the teacher leads to the correct procedure being following in the short 
term, but in the long term pupils revert to their incorrect methods.
I l l
The work of Skemp mentioned earlier points to the danger of the surfacq structure 
being dominant to the exclusion of the deeper structure which has the ability to 
enhance our Mure knowledge of these aspects of the research to give meaning to the 
complexities of mathematics. Lyndon’s research correctly applied to Skemp’s 
premise may unlock the door of the imprisoned deeper structure and by so doing may 
restore it to its correct function of enhancing surface thought structures and lead to a 
clearer understanding of the pupil’s ability to perform subtraction.
The main thrust on subtraction questions in this work will be with algorithms rather 
than word problems. Algorithms have been chosen because there is less danger in 
recognising a subtraction error involving the use of numerals than there would be 
when translating written words into numbers and subtraction language. It has already 
been stated that failure to perform subtraction word problems correctly may be due to 
a misinterpretation of the language used rather than the lack of ability to manipulate 
numbers set out in the form of a subtraction algorithm.
The underlying question of this research is ‘Why are children failing to understand 
subtraction?’ On entering school, most pupils have basic grasp of addition and 
subtraction involving early counting numbers. These children eagerly participate in 
number rhymes such as ‘Fly away Peter, fly away Paul’ and singing ‘Ten green 
bottles sitting on the wall’. At the start of their school careers there seems to be very 
little difference between their ability to answer questions relating to early addition or 
subtraction.
Hopkins et al (1996) says that the child’s failure to understand subtraction is due to 
inappropriate teaching methods. His opinion is that children should not be introduced 
to the sophisticated standard vertical written methods of computation until they have 
some basic mental skills, number knowledge and understanding.
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He argues:
“Children who learn simple vertical algorithms first, tend to generalise 
inappropriate methods - for instance by subtracting the smaller unit 
from the larger, no matter where its position, because this has always 
been the case in easy examples:
89
36
When children meet the harder examples:
83
-59
36
they continue to take the smaller number away from the larger, because 
this is what they have been doing in all the previous examples.
It could be argued that using the written algorithm for easy two digit 
subtraction like 89 - 53 is like using a sledge hammer to crack a npt, 
since these can be done in the head, as indeed we should be expecting 
the children to do. It would make more sense to introduce a written 
method only when there is a need for it, ie when the calculation 
becomes difficult to do mentally.”
p.44 Mathematics in the Primary School
4.2 IMPORTANT QUESTIONS
The literature review has dwelt on a number of issues relating to the teaching of 
mathematics, in doing so it has focused in on the teaching of subtraction within the 
UK and raised the question, ‘Why are children failing to understand subtraction?’ 
This is seen as a mathematical stumbling block.
Answering this question is not a straightforward task, because like a diamond it has 
many facets which are worthy of exploration. To explore all aspects of this question
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on subtraction would make the writing of this thesis an unending task, so the 
researcher has confined his lines of enquiry to the following five sub-questions:
(i) What was the pupil’s response to a subtraction question (36 - 15) set for 
the Key Stage 1, Mathematics Paper in 1995?
The responses will be studied to determine the pupil’s ability in answering the 
subtraction questions set and also monitor whether the pupil is consistent in 
providing the correct answers over a one year time period. In relation to this 
question, strategies used by the pupils in solving 36-15  will be explored and 
their response over this period of time will be monitored.
(ii) Are difficulties caused through the setting out of subtraction algorithms?
Does the way they are expressed in a horizontal or vertical form aid or hinder 
calculation? Children taught to rely on a set procedure for solving numerical 
algorithms often make mistakes when recording answers for:
10
-7
written in a vertical form. This question seeks to discover whether the same 
mistakes are made when 10 - 7 is set in its horizontal form. It will also 
attempt to explore pupil responses to questions of greater difficulty, such as 
40 - 38; 530 - 315 written in horizontal and vertical forms.
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(iii) What problems do pupils experience with subtraction algorithms during 
their primary school years; are there common errors in their answers to 
these questions?
Brown and Van Lehn (1982) have identified mistakes that children make when 
carrying out subtraction, they have attached the label ‘subtraction bugs’ to 
these errors. Question 4 will focus on the types of errors that children in the 
study make and seek to determine whether they are routinely and fi-equently 
made.
An instance already noted by this research, that errors in calculation occur 
when pupils take smaller from larger, as in the case of this example:
26
-19
13
Here the pupil subtracts the smaller top figure 6 from the larger figure 9, and 
in recording the answer of 3 fails to appreciate the form of the question, which 
is twenty-six take away nineteen requires a transfer of one ten from the figure 
twenty to the units column, so that the question is re-ordered to read:
Lyndon’s work will be applied to a sample group in order to determine the 
effectiveness of eradication of these errors by the application of his Old/New 
Way Methodology.
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(iv) What problems are associated with the use of mathematical language?
Askew and Williams (1995) state that learning is more effective when 
common misconceptions are addressed, exposed and discussed in teaching. 
Otterburn and Nicholson (1976) identify a number of commonly used words in 
mathematics which are not readily understood by the children asked to 
interpret them. This aspect of the child’s understanding of mathematical terms 
will be explored in relationship to the understanding shown by pupils who 
form the study group. Do problems with understanding identified in 1976 by 
Otterburn and Nicholson still exist in the late 1990’s? A related problem of 
ease of understanding written question in terms of the ways in which they are 
expressed identified by Carpenter and Moser (1982) will also be investigated 
to see if there are any links between semantic dependence of the written 
question form and subtraction failure.
(v) What is the effectiveness of (a) memory aids and (b) intelligence types in 
the teaching of subtraction?
Many teachers resort to the use of these aids to enable pupils under their care 
to follow a set procedure for the solving of subtraction. Unfortunately, errors 
are made when these set procedures are only partly remembered or 
, misapplied. This study will look at memory aids and examine their use in 
subtraction and also seek to determine the ability of pupils with known types 
of intelligence to solve subtraction problems.
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CHAPTER 5 - METHODOLOGY 
5 .1 QUESTIONS AND LINES OF ENQUIRY
The main thrust of this research covers a five year study of UK pupils’ ability in 
mathematics and is focussed on subtraction. The literature study, together with 
observations in this author’s classroom have raised the question that is the subject of 
the thesis, ‘Why are children failing to understand subtraction?’.
An answer to this question is sought through the following five lines of enquiry:
(i) What was the pupils response to a subtraction question (36 - 15) set for the 
Key Stage 1, Mathematics Paper in 1995?
(ii) Are difficulties caused through the setting out of subtraction algorithms?
(iii) What problems do pupils experience with subtraction algorithms during their 
primary school years?
(iv) What problems are associated with the use of mathematical language?
(v) What is the effectiveness of memory aids in the teaching of subtraction?
In particular Lyndon’s work (1989) will be applied to questions (i), (ii) and (iii).
In seeking answers to these questions, the main aims of this longitudinal research are:
1. To investigate the pupil’s progress in subtraction during the four years that 
they spend in Key Stage 2, from the ages of seven to eleven. The bulk of this 
research work focuses on the child’s ability to cope with the pressures 
presented by their classroom experiences during these formative years.
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2. In light of the evidence gained, obtain a realistic picture of the primary 
classroom situation regarding the formulation of the concept of subtraction by 
studying perspectives gained from the pupils, teachers and other educationalist 
viewpoints.
3. To identify and explore strategies, which if proven could lead to more 
effective methods of teaching and learning of the subtraction process.
In order to meet these aims the chapter is divided into sub-sections, which outline the 
path along which they will be conducted.
Answers to the main question of this research are sought through five subsidiary 
questions along the lines outlines. To state the expanded rationale behind each line of 
questioning would be repetitive and run the risk of boring the reader. For these 
reasons the in-depth detail behind the data collection methods used by this research 
follow under a further sub-heading.
The Research Questions
The underlying question of this thesis is ‘Why are children failing to understand 
subtraction?’ The answer to this question is sought through the exploration of five 
subsidiary questions outlined earlier and repeated below with the research 
methodology used to provide their answers.
5.1.1. WHAT WAS THE PUPILS RESPONSE TO A SUBTRACTION QUESTION 
(36 -15) SET FOR THE KEY STAGE 1, MATHEMATICS PAPER IN 1995?
This question was initially chosen because it would enable the researcher to compare 
the performance of the study group with that of other seven year olds in England and
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Wales from data published in subsequent reports on the Key Stage 1 and Key Stage 2 
Tests and Tasks produced by the UK School Curriculum and Assessment Authority 
(SCAA) in November 1995, give an overall picture of how the nation’s children 
performed in the mathematics tests; pupils in this study will be examined under the 
light of these findings. Of importance to this research on subtraction is the SCAA 
Report on Key Stage 2 (1995), which highlighted that children working within 
mathematics levels 1 and 2, generally performed better on the addition items in the 
tasks, with many more mistakes being made on the subtraction.
The question 36 - 15, posed to pupils at later dates (January 1996 and May 1996) 
would allow the researcher to study the pupils’ response over a one year period and 
chart their progress; during this time period they would be exposed to a wide range of 
mathematics teaching.
Further analysing of this question in June 1996 and November 1998 would enable the 
researcher to gain insights into their chosen methods for solving this type of question. 
The question (36-15) first appeared as number 18 in the UK 1995 Key Stage 1 Tests 
for Mathematics. Items appearing in the test were formally trialled in the UK during 
the year 1994 by the UK National Foundation for Educational Research (NFER), 
under contract to the Schools Curriculum and Assessment Authority (SCAA), with 
nationally representative samples of schools, including all types of schools and 
geographical regions were used. These trials involved over 6,000 children and 
provided information on the manageability of the material, the difficulty and 
reliability of questions and on the accessibility of the questions for children.
Methodology Used
The study group consisted of 22 mixed ability (7 year old) pupils and first met this 
question (No. 18, 36 - 15) in their UK Key Stage 1 Mathematics test held in May 
1995. During this initial and subsequent tests the use of apparatus in the form of 
number lines, counters and base ten blocks was allowed and provided for each child.
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In May 1995, due to a falling school roll, the pupils were taught in two different 
mixed aged classrooms. The tests were given to groups of 4-6 children at a time, 
extra desks were brought into the classrooms and the pupils in the group spaced at 
right angles or opposite one another, to reduce the risk of cheating. The remainder of 
the class were given work which made no demands on the teachers and allowed them 
to concentrate on the test group. This procedure was repeated for subsequent tests 
held during the next years and ensured that the pupils had enough mathematical 
apparatus and worked in a group atmosphere with which they were familiar. The use 
of classroom assistants gave extra supervision and support when required, with 
reading the questions set.
For the subsequent tests of January and May 1996, the pupils were taught in the same 
classroom, a representative sample of 14 questions (Appendix No. 4) was taken from 
the May 1995 test paper. The question 36-15 was common to each of these papers 
and, for reasons of validity, was not given in isolation, some may recognise the 
question and memorise the answer, also exam conditions would be common to all 
three responses. Once the papers were completed, the results were not made known 
to the pupils, but were noted by the researcher.
The main disadvantage of test information is that while it gives an indication of 
intellectual ability, it often does not show how the pupil arrived at the answer. The 
process by which a child arrives at an answer, be it correct or incorrect, can be rich in 
information about a child’s ability or limitations. An incorrect answer could be the 
result of:
i) a careless error;
ii) lapse of memory;
iii) the child having no experience of the concept of the process;
iv) a lack of understanding;
v) the following of wrong arithmetical procedure; or
vi) proactive inhibition.
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In a follow up in June 1996, interviews with this group of pupils were conducted 
along the following lines. Each pupil was given a pencil and an A4 size sheet of 
paper with the question 36-15  written on it. Interviews were held on a one to one 
basis in the mathematics area outside of the classroom. Holding the interviews here 
meant that the pupil and researcher would not be interrupted by other members of the 
class and the pupil had ready access to mathematics apparatus should he/she require 
it. The purpose of the interviews was to note the pupil’s response and chosen method 
in solving the problem.
Purposeful observation, together with interview material and other data was recorded 
as the study progresses in a research diary. Hopkins (1988), in a study of classroom 
research methods, lists the main advantages of this method as being:
• very simple to keep; no outsider needed
• provides good on-going continuous record
• first hand information can be studied in teachers own time
• acts as aide memoir
• helps to relate incidents, explore emerging trends.
The disadvantages are listed as:
• need to fall back on aids, such as question analysis sheets, tapes and transcripts for 
specific information.
• conversation impossible to record by field notes
• works with a small group, but not with a full class
• initially time consuming
• can be highly subjective
In order to counter the criticism regarding the impossibility of recording
conversations, a personal pocket recorder was used to record conversations between 
pupil and teacher or between pupils. The school has the use of a video camera
recorder, but for the purposes of this study was not used for fear of distorted results
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arising from some children acting up to, or being embarrassed by, the presence of the 
camera.
Whenever possible the observational notes were written up on the same day, in order 
to maintain clarity. Coded symbols indicated whether accounts are paraphrased, 
exact, remembered or impressionistic, so reducing the possibility of distortion or bias 
by the interviewer of the pupil.
Once a response had been written and recorded and the preferred method used noted, 
the pupil was asked if he/she could think of another way of solving the problem 36 - 
15? This question was repeated and the pupil’s responses were listed in order of 
preference until he/she ran out of suggestions. The pupil was asked to use each 
strategy when it was given, to provide a solution to the problem, once again, the 
responses were noted.
Later interviews were conducted along these lines and were held when the pupils 
involved were in their final year of UK Primary School Education (November 1998). 
Exploration with the problem 36 - 15 set out in a horizontal form led the researcher to 
raise the question:
5.1.2. ARE DIFFICULTIES CAUSED THROUGH THE SETTING OUT OF 
SUBTRACTION ALGORITHMS?
Enquiry into this question was conducted during a period of supply teaching, when 
the researcher was covering for absent colleagues at School D and School A in the 
month of December 1999. The background of these schools is mentioned in the 
following pages of this chapter.
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Extending the research into setting out of subtraction into these two schools enabled 
the samples to be drawn from different geographical areas and reduced the risk of 
‘over exposure’ to subtraction at any one school chosen for the research.
The research method used in both of these schools was to ask the pupils in each 
school (28 from Year 4 at School D and 25 from Year 5 at School A), to complete the 
three papers (Appendix No. 5A, 5B and 5C), which were given on three separate 
occasions. Adult help in the form of a classroom assistant was made available in each 
of the two schools, once again seating was arranged to reduce the risk of cheating, 
questions would be read, but no further help was given and not time limits were 
imposed for the completion of the papers. The papers were later marked and the 
results, together with pupil observations made during the tests, were followed up with 
one to one pupil interviews which were held during the researcher’s free time, 
following the interview protocol mentioned for the previous question.
Another element in this research was to monitor the childrens’ work as they 
progressed through the school mathematics scheme. Part of the teaching process in 
monitoring their progress is to enter into a dialogue which seeks to answer as well as 
ask questions.
It is important to stress at this point that preconceptions in the form of theories or 
hypotheses must not be allowed to interfere with the data collection process (or its 
evaluation). The researcher tries to approach the topic with a degree of openness, 
preconceived ideas, if not detached from the researcher’s thoughts, cah lead to biased 
findings. Rogers (1986), in an examination of classroom research studies, provides an 
example of bias which participant teacher researchers need to safeguard against:
“The teacher observes her class and notices that one pupil has put 
down his pen and is gazing out of the window. What she has seen is 
perfectly clear, but what does she make of it? The pupil could have 
finished the work set and be quietly waiting for fiirther instructions. 
He could be carefully thinking over a problem he has encountered in 
his work and still be actually working hard or he could have decided 
that the work was either too difficult or too boring (or both!) and
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started to day-dream over his favourite pop star or girl-friend. If the 
teacher knew absolutely nothing of the pupil, or his class, she would be 
unable to select any of these or other interpretations as being more 
probable than any of the others. Rarely, though, would this be the 
case. Teachers will know their pupils, if not through their own past 
dealings wit them, then by reputation. The interpretation placed upon 
the behaviour of the pupil will be influenced by the teacher’s 
expectations.”
Rogers (1986)
Borg (1981) gives a Anther insight into the problem of bias:
“Eagerness of the respondent to please the interviewer, a vague 
antagonism that sometimes arises between interviewer and respondent, 
or the tendency of the interview to seek out the answers that support 
his preconceived notions are but few of the factors that they contribute 
to biasing of data obtained from the interview.”
Borg (1981)
Marshall and Rossman (1996) list some strategies for balancing bias in interpretation:
“A research partner who plays devil’s advocate; and critically 
questions the researcher’s analyses.
A constant search for negative instances.
Checking and re-checking the data and purposeful examination of 
possible rival hypotheses.
Devising test to check analyses and applying the tests to the data, 
asking questions of the data.”
The researcher must only observe things that actually happen, also listen carefully to 
what is said and discussed in a reflective and thoughtful manner. The very tone in 
which a question is expressed can in itself lead to a biased answer, even if careful 
thought has been given to the words it is composed of.
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A problem with subtraction was noted when the researcher was monitoring 
mathematics work and examining pupil exercise book at his own school and at other 
schools. These books showed pupils habitually taking the smaller top figure fi'om the 
larger bottom figure in each column of two or three figure subtraction algorithms. 
This prompted the question:
5.1.3. WHAT PROBLEMS DO PUPILS EXPERIENCE WITH SUBTRACTION 
ALGORITHMS DURING THEIR PRIMARY SCHOOL YEARS?
Investigating the answer to this question involved careful examination of pupil 
exercise books, tests involving subtraction algorithms (Appendix No. 5A) and one to 
one interviews with pupils, parents and teachers. The structures of the interviews 
conducted by the researcher are recorded in the next chapter. The study was 
conducted during 1996-99 with a group of 28 mixed ability pupils, comprising of the 
22 mentioned earlier in connection with question (i), together with 6 new school 
entrants. It took place when these 28 pupils had entered their fourth year of primary 
education (age 9 years) and continued until the left for secondary schooling at the age 
of 11.
Lyndon’s old way/new way method for remedification was also applied to this 
question and the pupils were sub-divided into three groups, each containing nine 
pupils. For ease of comparison, one pupil fi'om the class of 28 was not included in 
this part of the investigation. The groups were chosen by first giving all 28 pupils a 
mathematics test (NFER - Nelson 1984).
The evidence gained from National Curriculum Key Stage Tests are consolidated and 
where possible compared to results obtained from tests produced by the National 
Foundation for Education Research (NFER). The school’s mathematics and 
assessment policies require its pupils to complete NFER Mathematics Tests at ages 8, 
9,10 and 11 years. The results are used to monitor performance throughout the pupils
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time at school. The test used are part of the Mathematics 8-12 series, which were 
standardised in 1983 and 1984, on a representative sample of 4,000 children. They 
cover years 3-7 of a pupil’s schooling and reflect curriculum content in terms of 
mathematical topics and teaching objectives. As well as giving an overall indication 
of intellectual ability, they also give indicators to how the sample performed on each 
question. Once again, use of these tests will help to monitor attainment at a class, as 
well as a national level.
The test results were used to rank the pupils according to their mathematics 
intelligence quotient; the letters A, B, C, were placed in descending order alongside 
the respective names to ensure that each group contained the same ability spread. The 
fifteenth pupil was taken out of the list, so that the groups could be evenly divided 
into spreads of mathematical ability.
Group A were later subjected to remedial teaching, based on Lyndon’s old way/new 
way methodology (detailed in the next chapter). Group B were given conventional 
remedial help by the researcher, and Group C received no remedial help, other than 
that given in the classroom. Subsequent performance in subtraction test results and 
school work achieved by each group was used as a basis for comparison.
A fiirther problem with subtraction also observed in pupil exercise books involved the 
use of language. It was an issue also raised on page 17 of the 1995 UK SCAA Report 
on Mathematics at Key Stage 2 that children working on levels 3-5 were often not 
familiar with the mathematical language necessary to understand and answer the 
question.
Errors in the use of mathematical language are even perpetrated by those responsible 
for producing the National tests. For example question 3 on the Key Stage One Test 
for Mathematics (1995) is set out as follows:
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Match each sum to its answer:
17-2
13-9
14-6
18-11
15
In this question the word sum is used to draw attention to the numerals within the 
hexagonal shapes which are being used to denote subtraction problems. By definition 
the word sum means the total amount resulting from the addition of two or more 
items.
Often the way in which a problem was addressed and the words used to describe the 
subtraction process determined the outcome, this raised the question:
5.1.4. WHAT PROBLEMS ARE ASSOCIATED WITH THE USE OF 
MATHEMATICAL LANGUAGE?
Answers to this question were sought through a subtraction paper (Appendix No. 6) 
involving the use of six verbal dependencies, which was taken by Year 3 pupils who
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were the subject of question (i) together with three new school entrants. A paper 
(Appendix No. 7) to test the pupils’ understanding of mathematical vocabulary was 
taken when the participants of question (i), together with seven new class members, 
had entered Year 4 of their UK Primary School education.
A close examination of pupil work was ongoing throughout this study and not 
confined to one specific study group as the reader will later discover, but explored 
with a range of primary age and ability pupils. The paper show in Appendix No. 7, 
based upon a design previously used by Otterbum and Nicholson (1976), also 
included words such as cylinder and cuboid, which have no specific connection with 
subtraction, these were introduced to avoid a paper bias towards subtraction.
A child who responded with yes in the first column was not deemed to understand the 
word unless he/she could adequately explain it in the next three columns. No time 
limit was set for the completion of questions, although most had finished in 30 
minutes; if requested the words were read to the pupils. The procedure for setting out 
their answers alongside the word ‘add’ was outlined on the blackboard prior to the 
commencement of the test. Responses to the paper (Appendix No. 7), together with 
other observations are noted in the next chapter.
The final question of this research involved the use of (a) memory and (b) pupil 
intelligence types. Observation of lessons often revealed the teacher verbalising a set 
procedure for pupils to follow when faced with difficult subtraction algorithms. 
Further observation of subsequent pupil work showed an initially high percentage of 
correct answers, which then decayed with the passage of time. Observation of these 
lessons also revealed that the pupils who had good linguistic ability tended to do 
better than their counterparts, so one final question was raised:
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5.1.5. WHAT IS THE EFFECTIVENESS OF (A) MEMORY AIDS AND (B) 
PUPIL INTELLIGENCE TYPES IN THE TEACHING OF SUBTRACTION?
Aspect (a) of the research question involved a mixed ability group of 10 year old 
pupils who had not previously been exposed to questions (i - iv). Fourteen of them 
were taught the following poem and shown how to apply it when solving subtraction 
algorithms.
‘Tf top take bottom you cannot do 
Taking a ten from the top left will help you.”
Several weeks later they were asked to complete the subtraction paper shown in 
Appendix No. 8 and interviewed on a one to one basis to determine whether they 
could remember the poem.
Another test on memory on pupils, who had earlier been subjected to question (iii), 
involved 19 pupils, aged ten years, from the group of 28 pupils (family holidays and 
absence through sickness reduced the number of pupils present on the days when the 
tests were conducted). In separate individual interviews these pupils were given two 
minutes to memorise a list of 12 words (Appendix No. 9). Two points were given if 
the word was later placed in the correct order, one point was given if it was correctly 
remembered but wrongly positioned. The results were then compared with those from 
a subtraction test (Appendix No. 8) given at the same time.
The work on intelligence types (v) b, matched to subtraction ability, also involved the 
group of 28 mixed ability pupils mentioned earlier when they were in their final year 
of UK Primary School (11 years of age). These pupils were seen individually and 
asked to place the seven cards shown in Appendix No. 10 in order of preference. 
Their choices were then used to interpret their intelligence type. Further work was 
carried out with a group of 27 mixed ability, eight year old, pupils to determine their 
dominant type of intelligence and was compared with the eleven year old group. The 
ability of the Year 3 pupils to perform subtraction at this stage of their UK primary
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education was not sufficient to draw firm conclusions with regard to their intelligence 
type.
The timetable shown in Table 5.1 gives details of the interviews and administrations 
which were relevant to the study. During the course of the study, the numbers in the 
school fluctuated due to a number of factors, such as pupils moving home, sickness, 
holidays and outings. The researcher, in an endeavour to get nearer the truth, 
involved as many pupils as possible in the research. The bulk of the research was 
carried out initially with 22, Year 2, pupils who attended the school for most of the 
period of time from May 1995 until July 1999. However, while research into sub­
question (i) (pupils response to 36 - 15) was being carried out during May 1995 to 
November 1996, several new pupils moved into this age group. These pupils were 
disallowed to sub-question (i), but allowed to take part in later investigations into 
mathematical word meanings as a way of increasing the sample for that particular 
aspect of the research. While it would have proved desirably to continue to 
administer research exercises to pupils even when they had transferred to other 
schools, this proved impractical, because of possible embarrassment to the pupils 
concerned, permission would have to be sought, also the distances involved would 
prolong the researcher’s absence fi’om his own school. Schools where the researcher 
was employed during a period of supply cover (September 1999 to April 2000) served 
to obtain a global picture for some aspects of this research.
TABLE 5.1
Timetable for observation and testing in this study
Nov 1994 
onwards 
April 2000
Participant and systematic observation of pupils and teachers in 
researchers initial - school and other UK Primary Schools. 
Interviews with parents, teachers and pupils.
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May 1995 First administration of UK Key Stage 1 Mathematics Test taken 
by core group of 22, 7 year old, pupils who form the longitudinal 
part of this study.
Jan 1996 Second administration of subtraction question 36 - 15 and others 
taken from Key Stage 1 Mathematics Test (Appendix No. 4) 
given to the 22 longitudinal study pupils mentioned previously.
March 196 Administration of Semantic Dependence subtraction paper 
(Appendix No. 6) with Year 3 pupils.
May 1996 Third administration of subtraction question 36-15 and others as 
above (Jan 1996).
June 1996 One to one interviews held with the longitudinal group of 22 
pupils (now aged 8 years) to determine their chosen methods for 
solving 36-15.
Early Nov 1996 Repeat of above.
Late Nov 1996 School roll has now increased and the study proceeds with the 
administration of a Mathematical Word Meaning Test (Appendix 
No. 7), given to the longitudinal core group of 22 pupils 
previously mentioned, together with 7 new entrants to their year 
group (total 29, Year 4, pupils aged 9 years).
June 1997 NFER - Nelson Mathematics Test for 9 year old pupils. 
Administered to 28 pupils (from the 29 above) present on the day 
of the test.
Nov 1997 Subtraction Test Paper (Appendix No. 8) administered to 22 
pupils previously mentioned as forming the longitudinal core 
group and 6 new entrants (one had left) to their year group of 10 
year olds.
27 pupils from the 29, then placed into three groups of 9 pupils 
and subjected to the following:
Group A - Old/New Way Teaching 
Group B - Conventional Remedial Teaching 
Group C - Non-intervention.
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Nov 1997 
onwards 
July 1998
Remedial work on subtraction involving Lyndon’s Old/New Way 
Methodology and Conventional Remedial Methods conducted 
with pupils from Groups A and B.
March 1998 Subtraction Test Paper (Appendix No. 8) administered to the 28 
pupils above.
Junç 1998 NFER - Nelson Mathematics Test administered to 28 pupils 
above, now aged 10 years.
July 1998 Subtraction Test paper (Appendix No. 8) administered to the 
same group of 28 pupils mentioned above.
Oct 1998 Mathematics work involving the use of memorised poem to 
facilitate the process of subtraction by decomposition with a 
group of 17, 10 year old, pupils not previously involved with this 
research into subtraction difficulties.
Nov 1998 Further one to one interviews with pupils from the initial 
longitudinal study group (May 1995), who are now in their final 
year of UK Primary School education, to determine their 
preferred method for solving 36-15.
March 1999 Interviews with 24 pupils present from the class group containing 
pupils from the initial study (May 1995) now in their final year 
(age 11) of UK Primary Education to determine their Learning 
Intelligence Type.
Interviews to determine Learning Intelligence Type also 
conducted with 27 pupils from a mixed ability class of 8 year old 
pupils.
May 1999 Key Stage 2 Mathematics Test for UK children aged 11 years, 
administered to the 22 pupils from the initial longitudinal study 
group, together with 7 others who now form this age group.
Nov 1999 Administration of Tests involving subtraction (Appendix No. 5 A) 
with 24, Year 6 and 28, Year 3, pupils from School C.
Dec 1999 Administration of Subtraction paper (Appendix No. 8) with 25 
pupils, aged 10 years, from School A and 28 pupils, aged 9 years, 
from School D.
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5.2 A REVIEW OF THE NATURE OF THE DAT A
AND METHODOLOGY USED IN ITS COLLECTION
This investigation is based upon evidence gained during the final decade of the 
twentieth céntury. During the last 30 years, fashions in UK education have undergone 
a continuous change along with teaching methods. The binary cards of the early 
seventies had given way to the electronic calculator by the early eighties, which in 
turn has been superseded by the personal computers of the nineteen nineties. Insights 
based upon the researcher’s earlier experiences as a classroom practitioner have only 
been included in this work if they have stood the test of time and are relevant to 
today’s situations.
The main part of the longitudinal study is uses evidence gathered from the last five 
years spent at the author’s previous school. Stability of staff and pupil roll at this 
school meant that as the years passed, teachers progressed up the pay spine and an 
increasing amount of the school’s budget went towards staffing costs. This lack of 
movement by teachers impacted on the school’s budget to such an extent to enable the 
researcher to take voluntary redundancy and by doing so gain much needed time to 
write this document and follow through some items of research while supply teaching 
at other schools in the local education authority.
The main components for research gathering in this methodology were:
i) Observations of children working in primary classes at the researcher’s own 
school during the longitudinal years and other schools while on periods of 
supply cover.
ii) Observation through later examination of childrens work produced during 
mathematics lessons given by the researcher and other class teachers ongoing 
through period of study.
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iii) Interviews conducted with teachers and other adults working within the
classroom.
iv) Interviews and ongoing discussions with teachers and classroom assistants
during intervening months and years.
v) Interviews and discussions with pupils from all of the year groups studied
carried out on a one to one, group or whole class basis.
vi) Interviews and discussions carried out with the same pupils over a period of
several months and a number of years.
vii) Interviews with parents at open evenings.
viii) Examination of schemes of work and school syllabi for mathematics.
ix) Evidence gained from league tables, school reports and other documents.
x) Transcript of tape recordings taken during teacher-pupil and pupil-pupil
discussions.
The research was carried out in as unobtrusive manner as possible, in order to give a
true picture of what actually takes place in the minds of all those at work in the
classrooms of today.
5.2.1. THE SAMPLES USED IN THE STUDY
As previously stated, this UK longitudinal study was carried out in the researcher’s 
school, frill details of this and other schools are given in the appropriate pages of this 
study, but by way of a reminder are briefly given below;
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The longitudinal study school is located in a village situated in a socially and 
economically deprived area of Kent. Other schools mentioned during periods of 
supply were placed in inner town areas and the pupils reflected the socio-economic 
groupings of that area. School A had a high proportion of immigrant children from a 
range of 27 ethnic backgrounds. School B was situated in a more affluent area of a 
new housing estate. School C was situated close to an army barracks and had a high 
turnover of pupils. School D was situated in buildings dating from 1926 and earlier 
and served the needs of pupils turned away from neighbouring oversubscribed 
schools. School E consisted of a crowded main building and several mobile 
classrooms, it served the needs of a socially deprived area with a high proportion of 
one parent families.
The people within the school reflected the school ethos and, for example, the class at 
School E had experienced a high number of supply teachers due to long term sickness 
and as a result the pupils within that class were often restless and found it difficult to 
form relationships with each other and with their supply cover. There was little 
continuity in their work and evidence gained from this school reflected this instability. 
Whereas School B revealed all pupils to be smartly dressed in school uniform, willing 
to learn and respond to teacher’s direction with few discipline problems and a sense of 
academic purpose.
The longitudinal study initially followed the progress of a mixed ability class of 22, 
Year 2, pupils through to Year 6, its findings were examined with different year 
groups attending this and other schools; where appropriate, some questions were 
opened up to include pupils who joined the school during this period of study. The 
topic studied mainly dealt with the subject of subtraction. Whenever possible 
research was confined to the matters arising from the pupils recorded responses to the 
schemes of work.
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5.2.2. THE NATURE OF THE DATA ANALYSIS USED
The work that the pupils presented during this study was examined to pin-point errors 
in thinking or strategy, these were then recorded to see if there was an underlying 
weakness resulting from the way subtraction was taught or way in which it was 
interpreted by the children in this study. Their strategies for spbtraction were 
analysed to find out if key shifts in the ways in which this subject was performed by 
the pupils and to find out if they had a preference for a dominant method.
Points of confusion resulting from the different ways in which problems were set out 
and the language used to describe the subtraction process were explored by 
conducting one to one interviews in an effort to gauge the child’s thought processes. 
The work set in the form of numerical subtraction algorithms was as far as possible 
kept constant and questions asked were designed to explore the child’s strategy for 
tackling these questions over the intervening years. Lessons learnt from these 
interviews were followed up by trialling similar age groups at the school and other 
schools in an attempt to discover if this pupil’s subtraction strength/weakness was a 
common trend or confined to one particular school.
The data collected was then published by means of tables, graphs or written word 
accounts. Where the results of errors in thinking were unclear this was stated. Other 
areas such as memory and types of learning intelligence that were thought to have a 
bearing on subtraction were also examined through related work and interview 
protocol.
5.2.3. RATIONALE BEHIND THIS RESEARCH METHODOLOGY
The research takes the form of a longitudinal study based on observational and 
quantitative methods that tracks the progress and development of a group of children 
over a five year period of time; from the age of 6-11 years using pre-determined 
observational protocols.
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Marshall and Rossman (1996) cite observations as a fundamental and critical method 
in all quantitative inquiry; in classroom studies it is a valid research tool. Through 
observations, which can range from highly structured, detailed rotations guided by 
check lists to more holistic descriptions of events and behaviour, the researcher is able 
to formulate hypothesis. Observation also plays an important but demanding role in 
interviews when the researcher notes body language, and accent on certain words 
when recording written responses.
As postholder for the mathematics curriculum, the researcher was able to: observe 
teaching, liase with colleagues, and have access to work and records during the four 
year period which helped to follow their progress through the school. One value of 
this kind of study is the undoubted importance in knowing what the child is likely to 
become in the future or in knowing what earlier lines of development have 
contributed to his/her present ability.
The object of this research is to explore the Development of a Child’s Subtraction 
Concepts, its ultimate aim is to develop strategies that will help children to develop 
subtraction expertise within the classroom. McNamara and Pettitt (1991), suggest that 
educational research has little impact in the classroom because teachers rely heavily 
on their own methods of delivering the curriculum. So a further objective of this 
work is to counter this statement by exploring the impact that educational research can 
have in the author’s classroom. It is hoped that this research will enable others to 
identify with the author’s successes and failures and through the lessons learned, have 
the desire to examine their own strategies for the teaching of subtraction.
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Carr and Kemmis (1986), in the following statement remind us of the skills involved 
in managing classroom relationships, in diagnosing learning difficulties, in knowing 
when to call a halt of press on with an activity. These skills should also be part of the 
effective teacher’s judgement process when evaluating the effect of action research 
within their classrooms.
“A primary task for any research activity concerned to adopt a 
scientific approach to educational problems is to emancipate teachers 
from their dependence on habit and tradition by providing them with 
the skills and resources that will enable them to reflect upon and 
examine critically the inadequacies of different conceptions of 
education practice... This does not mean that ‘practical’ ways of 
thinking must be abandoned in favour of some ‘theoretical’ mode of 
thought. What is being abandoned is an unreflective attitude so that a 
more critical, scientific attitude can be adopted towards established 
educational creeds. Hence, science does not replace existing theories 
of educational practice so much as improve them, by subjecting the 
beliefs and justifications which sustain them to criticism. For it is only 
by so challenging current educational certainties that the interpretations 
and judgments of educators will become more coherent and less 
dependent on the prejudices and dogma that permeate unreflective 
educational thinking.”
Carr and Kemmis (1986) p. 124
The ever changing demands of Government Education Policy have resulted in 
‘innovation fatigue’, few teachers have the time or energy to experiment with new 
methods resulting from educational research, when faced with the task of 
implementing policies where ownership is forced by legislation rather than 
participation. Another growing crisis in today’s schools is the problem of disruptive 
pupils.
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Philip May writes;
“School teaching has never been the easiest of callings in today’s 
unsettled and disruptive times, when moral is low and traditional 
standards are called into question everywhere, its harder than ever.
And the biggest cause of teacher stress, teacher tiredness, teacher 
burnout? It’s the problem of discipline.”
Confidence in the Classroom p.79-80 (1988)
In this post National Curriculum era the cry from those in charge of the purse strings 
is ‘Back to Basics’. The danger is that a demoralised teaching force will conform to 
this cry and the joy on the part of learner and teacher will soon disappear. Another 
criticism often expressed by harried teachers, when observing new teaching methods 
on television recordings or school broadcasts, is the low teacher pupil ratio. The 
researcher or teacher is seen against the backcloth luxury of only having a handful of 
pupils in his/her class. A sceptical teacher dealing with a class size of 30+ pupils may 
be forgiven for expressing enthusiasm for a smaller class rather than the teaching 
approach being advocated.
As a class teacher conducting this research into subtraction, the author of this thesis is 
also faced with the constraints outlined above, as such the research methods chosen 
will not impinge upon the researcher’s teaching commitments by diverting attention 
away from the needs of the class; schools exist for the education of children, they do 
not exist to provide subjects for educational thesis. The methods employed, must 
however, be reliable.
Having this in mind, the research tools used for this study have been constructed to 
take account of what was taking place in the primary classroom, it has not detracted 
from the school’s mathematics policy document, neither has it caused conflict with
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other areas of the curriculum by diverting attention and time away from them. In 
brief, the research revolves around the pupils and their normal day to day activities in 
the classroom. Its purpose has been to aid their learning rather than hinder, and as far 
as practical they have not been aware of the research taking place. This should prove 
to be a strength rather than a weakness because responses to research data collecting 
will be natural, and thus avoid the dangers of abnormal behaviour by the participants.
A criticism of modem educational research is that it is conducted by ‘outsiders’, 
people who have little experience of day to day routines of the classroom, as such 
they are often viewed with scepticism and perhaps a degree of envy by practitioners 
faced with the demands of teaching and improving their pupils quality of learning. 
Often this research fails in its subsequent classroom import.
Hopkins (1993) claims this is because:
“The most unfortunate aspect of traditional educational research is that
it is extremely difficult to apply its findings to classroom practice........
teachers quite rightly (in most cases) regard educational research as 
something irrelevant to their lives and see little interaction between thç 
world of educational researcher and the world of the teacher ”
A Teacher’s Guide to Classroom Research
Elliott writing about action research and teachers suggests:
“Teachers may be unaware of their actions and of the beliefs and 
assumptions (theories) that underpin them. Understanding comes 
through the analysis of evidence about the practice and the generation 
of new knowledge via the formation and testing of action hypotheses in 
the light of such analyses.”
Elliott (1994) p. 137
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While accepting the claim that educational research will only be valid if it is under 
control of teachers and grounded in the reality of classroom culture, the author of this 
thesis recognises that ‘outsiders’ do have an important role to play in educational 
research and supports the viewpoint of Hammersley (1993), who says that the 
argument that only those actually involved in a social situation can truly understand it 
is founded on the idea that direct experience of, or closeness to, a phenomenon gives 
one valid knowledge of it. Is an argument that has been used by participant observers 
in claiming the superiority of their methods, over quantitative work. Such claims 
open up to the criticism that because they are not as close to the situation they study as 
are the participants, their knowledge is less likely to be valid than participants’ 
knowledge.
Hammersley’s view is that while closeness to and involvement with the phenomena 
being investigated can be of value, the epistemological assumption that seems to 
underlie this argument that knowledge comes from reality is unsound. Hammersley 
goes on to give the case for the practitioners methodological arguments as being based 
on:
“1. That teachers have access to their own intentions and motives,
thoughts and feelings, in a way that an observer does not, and 
so have a deeper understanding of their own behaviour than an 
outsider could ever have.
2. That the teacher-researcher will usually have long-term 
experience of the setting being studied, and will therefore know 
its history first hand, as well as other information that may be 
required to understand what is going on. It would take an 
outsider a long time to acquire such knowledge; indeed, this 
may never be possible.
3. That the teacher already has relationships with others in the 
setting and can use these in order to collect further data. Once 
again, an outsider would need to spend a considerable time in 
the field building up such relationships.
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4. That because teachers are key actors in the settings studied in 
educational research, they are in a position to test theoretical 
ideas in a way that a mere observer can never do.”
M Hammersley (1993)
To each of the advantages listed above Hammersley gives a countervailing 
disadvantage.
“1. People can be wrong even about their own intentions and 
motives; self-knowledge is not immediately given and therefore 
valid. Furthermore, people can deceive themselves about their 
intentions, motives, etc. Indeed, they may often have an 
interest in such self-deception where an outsider has less reason 
to prefer one account over another. Also, understanding often 
requires seeing a phenomenon in its wider context, and this 
may be particularly difficult for those closely involved in it. It 
is for this reasons that ethnographers stress the importance of 
maintaining some (at least intellectual) distance from the 
activities they observe.
2. The information that practitioners have about the situations 
they operate in is a product of experience deriving from a 
particular role (or a limited number of roles) that will have 
given access to some sorts of information but not to others. In 
particular, their understanding of the perspectives of other 
categories and groups of people involved in the setting may be 
superficial or distorted. An outside researcher may be able to 
tap a wider range of sources of information than an insider, and 
will usually be more able to process that information for the 
specific purposes of inquiry, and (to some extent at least) in an 
explicit way that allows for checking by others. The 
knowledge teachers have will have been processed implicitly 
and to a large extent on the basis of practitioner concerns, and 
may involve misconceptions that serve, or are relevant to, those 
concerns.
3. Again, the relationships available to the practitioner will 
exclude as well as include, and may not include what is 
necessary for research purposes. Furthermore, some of those 
relationships may place constraints on the inquiry (for example 
on what can be observed, what questions can be asked, what 
conclusions can be published, etc.) that an outside researcher 
would be able to avoid. For example, a teacher doing research 
in the school in which he or she works is likely to operate under
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more serious threat of control by senior management or 
governors than is an outside researcher. This may even extend 
to what lines of investigation can and cannot be pursued.
4. What is required to test theoretical ideas may well conflict with 
what is needed for good practice. (To deny this is to conflate 
what is true with what works in a particular situation.) The 
practitioner may therefore be faced with a dilemma, and as a 
result may not be able to test his or her ideas. In any case, 
quasi-experimentation is only one possible research strategy, 
one with characteristic disadvantages (notably potentially high 
reactivity) as well as advantages.”
M Hammersley (1993) p.218
In conclusion, he reinforces that in his opinion being an established participant in a 
situation does not provide access to valid knowledge that is not available to an outside 
researcher. There are no overwhelming advantages to being an insider or outsider, 
each position has its own advantages and disadvantages, depending on the particular 
circumstances and purpose of the research.
The researcher of this study earns a living as a teacher and so through these pages 
takes on a main role as a participant observer and in doing so continues the 
‘observation debate’ fiirther in this chapter.
The credibility and value of this chosen research amongst other practitioners should 
be enhanced because it has been conducted by a practising teacher within his own and 
other schools, while aware of this need for a ‘judicious combination of involvement 
and estrangement’, together with a sympathetic approach toward the research 
methodology as given by Hammersley. The methods used were designed to access 
information with economic use of time, while allowing contractual teaching duties to 
be fulfilled.
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An important criteria built into this research is the regard for pupil and colleague 
anonymity, as a safeguard children and adults will be referred to by numerals or 
letters of the alphabet or substituted names. The pupils who contribute to this 
research are required by law to take the Key Stage One and Key Stage Two Tests in 
Mathematics. Their performance in these tests will give insights into their abilities 
with respect to County and National levels, as such indicating whether the pupils 
under investigation are significantly different from the National average. A closer 
look at these test papers is made, in order to seek out points of concern.
5.3 RESEARCH RELATIONSHIPS
Robert Janes (1958) shows how his data changed over the years of his contacts with 
the community he was observing. He defined his status as moving through five 
sequential changes:
i) Newcomer
ii) Provisional member
iii) Categorical member
iv) Personalised member (rapport with)
v) Imminent immigrant
It can be seen from this that the research finding must take into account the changing 
relationships between the teacher and the pupils - a key element in this study.
144
Cohen and Manion (1989) identify two principal types of observation - participant 
observation and non-participant observation. The participant observer engages in the 
very activities under observation. The non-participant observer is illustrated as in the 
case of the researcher who sits in the background recording classroom interactions.
Experience shows that pupil distraction can be as a result of many factors amongst 
which are:
i) Ulterior Motive
Conveying the wrong response in order to gain the researcher’s support in 
resolving the answer to a problem or as an excuse for not producing sufficient 
quantity of work during a lesson.
ii) Lack of Participation
Giving inhibited response to questions because of the presence of another 
member who many dominate the group, or cause embarrassment by another 
correct or incorrect answer.
iii) Poor Communicative Skills
Resulting in the inability to express thoughts in an articulate manner.
iv) Behavioural Factors
The pupil may be ill, or emotionally upset.
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Although dated, Howard Becker (1958), explains how the participant observer can 
provide sound, reliable data:
“Participant observation makes it possible to check description against 
fact and, noting discrepancies, become aware of systematic distortions 
made by the person under study.”
Problems of Inference and Proof in Participant Observation, 
American Sociological Review 23 (1958) p.655-661
Distortions may be seen not as an undesirable and unfortunate aspect of data 
collection that presents itself as a problem, but another dimension of the question 
being studied. The ulterior motives of an informant who distorts information given to 
the researcher will hopefully, by the analytic data collecting methods, be revealed as 
the study progresses.
Cohen and Manion (1989) raise questions about external and internal validity in 
observation-based research. How do we know that the results of one piece of research 
are applicable to other (external validation) situations? How do we know that the 
results of this one piece of research represents the genuine (internal validation) 
product? In answering these questions the researcher is referred to a number of 
techniques (quota sampling, snowball sampling, the search for exceptions) that are 
used as checks on the interpretations of the meaning and representation of the 
observed events.
Cohen and Manion (1989) explaining how King (1979) based a study upon 
unstructured observations in an infant classroom, shows how quota sampling, 
snowball sampling and the search for exceptions procedures were used in participant 
observation.
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5.4 QUOTA SAMPLING
Involved interviewing certain individuals from particular categories that the 
researcher had delineated. This example shows how most of the things that happened 
in the classes he observed were arranged to happen or allowed to happen by the 
teachers. The structure of the teachers’ ideologies which guide their classroom 
behaviour is gradually discerned.
Developmentalism.
Small boy picks up work card from tray.
Teacher, You’re too young to do those sums.
Individualism',
Teacher, If your approach doesn’t suit a particular child then change it - the 
approach, not the child.
Play as learning'.
Teacher, Most of what adults would regard as play is, in reality, of the deepest 
significance in the child’s intellectual development.
Childhood innocence ',
A girl complains to the teacher: ‘Gary keeps flicking paint on my picture.’
Teacher, I’m sure he didn’t mean it.
Snowball sampling involves recording a particular incident and then looking for 
another example of it, then another, and another, and so on. King used this technique 
in looking at the various methods of social control used by infant teachers in the three 
schools under study. Thus, he was able to interpret five distinct teacher voices',
‘Now we are going to do something exciting’ voice.
‘Slightly aggrieved, sad’ voice.
‘I’m being very patient with you’ voice.
‘Oh, nevermind, don’t let’s have a fuss’ voice.
‘Listen to me. I’m saying something important’ voice.
The search for exceptions is a way of falsifying working hypotheses or reformulating 
them. King’s search for the general rules governing behaviour of infant teachers 
towards pupils led him to suspect the occasional incidence of certain children being 
permitted a special status by their teachers. His subsequent search for exceptions led 
him to delineate a group whom he termed, 'permitted eccentric children from  
professional homes ’.
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One boy came to school for several days in a kilt. It was not his, he 
was not even Scottish.
Strange child - her father’s a psychologist.
Cohen and Manion’s (1990) model guide for Steps in Participant Observation show 
how developmentalism and snowball sampling are incorporated into the research 
process:
1. A rough definition of the phenomenon is formulated.
2. A hypothetical explanation of that phenomenon is formulated.
3. One case is studied in the light of the hypothesis, with the 
object of determining whether or not the hypothesis fits the 
facts in that case.
4. If the hypothesis does not fit the facts, either the hypothesis is 
reformulated or the phenomenon to be explained is redefined so 
that the case is excluded.
5. Practical certainty may be attained after a small number of 
cases has been examined, but the discovery of negative cases 
disproves the explanation and requires a reformulation.
6. This procedure of examining cases, redefining the 
phenomenon, and reformulating the hypothesis is continued 
until a universal relationship is established, each negative case 
calling for a redefinition of a reformulation.
Hitchcock and Hughes (1989) list three questions that should be in the minds of 
educational researchers. The first concerns validitv: to what extent are the materials 
collected true? Do they represent an accurate picture of the question under study? 
The second question concerns reliabilitv: if the research was to be repeated by
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someone else using different data collecting techniques, would the same findings 
result? Is the data a product of the research technique employed? The third question 
is one of renresentiveness. are the situations, individuals or groups as a whole typical 
and a fair representation of the choice of situations, subjects and groups?
Research methods employed centre around the issues of truth and accuracy, it is 
possible that the nature of the research encountered can influence the informant to 
give an un-natural response, Donaldson (1978) p. 18-30 provides an example of this 
when she challenges Piaget’s research findings on the child’s ability to ‘de-centre’.
This is distinguished fiirther by use of the terms internal validitv and external validitv. 
Internal validity concerns itself with the extent to which the researchers’ presence and 
choice of informants affects the kinds of data that are subsequently generated. 
External validity is concerned with the extent to which data and materials obtained by 
the field worker can be applied to other school and classroom situations.
Highlighted below are some of the factors which Cohen and Manion (1989) cite as 
jeopardising validity.
5.5 THREATS TO INTERNAL VALIDITY
History
Frequently in educational research, events other than the experimental 
treatments occur during the time between pretest and post-test 
observations. Such events produce effects that can mistakenly be 
attributed to differences in treatment.
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Maturation
Between any two observations subjects change in a variety of ways. 
Such changes can produced differences that are independent of the 
experimental treatments. The problem of maturation is more acute in 
protracted educational studies than in brief laboratory experiments.
Statistical Regression
Like maturation effects, regression effects increase systematically with 
the time interval between pre- and post-tests. Statistical regression 
occurs in educational (and other) research due to the unreliability of 
measuring instruments and to extraneous factors unique to each 
experimental group. Regression means, simply, that subjects scoring 
highest on a pretest are likely to score relatively lower on a post-test; 
conversely, those scoring lowest on a pretest are likely to score 
relatively higher on a post-test. Regression effects can lead the 
educational researcher mistakenly to attribute post-test gains and losses 
to low scoring and high scoring respectively.
Testing
Pretest at the beginning of experiments can produce effects other than 
those due to the experimental treatments. Such effects can include 
sensitising subjects to the true purposes of the experiment and practice 
effects which produce higher scores on post-test measures.
Instrumentation
Unreliable tests or instruments can introduce serious errors into 
experiments. With human observers or judges, error can result from 
changes in their skills and levels of concentration over the course of 
the experiment.
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Experimental Mortality
The loss of subjects through dropout often occurs in long-running 
experiments and may result in confounding the effects of the 
experimental variables, for whereas initially the groups may have been 
randomly selected, the residue that stays the course is likely to be 
different from the unbiased sample that began it.
5.6 THREATS TO EXTERNAL VALIDITY
Failure to Describe Independent Variables Explicitly
Unless independent variables are adequately described by the 
researcher, ftiture replications of the experimental conditions are 
virtually impossible.
Lack o f Representativeness o f Available and Target Populations
Whilst those p^icipating in the experiment may be representative of 
an available population, they may not be representative of the 
population to which the experimenter seeks to generalise his findings.
Hawthorne Effect
Medical research has long recognised the psychological effects that 
arise out of mere participation in drug experiments, and placebos and 
double-blind designs are commonly employed to counteract the biasing 
effects of participation. Similarly, so-called Hawthorne effects 
threaten to contaminate experimental treatments in educational 
research when subjects realise their role as guinea pigs.
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Sensitisation to Experimental Conditions
As with threats to internal validity, pretests may cause changes in the 
subjects’ sensitivity to the experimental variables and thus cloud the 
true effects of the experimental treatment.
Research can be internally valid within its own confines, but for its results to be usefixl 
it must also be externally valid.
5.7 DATA GATHERING CHECKS
In order to counter threats to the validity of research findings it is important to 
develop checks on the data gathered. The teacher will perhaps first of all use his/her 
intuitive knowledge and classroom expertise to identify discrepancies and potential 
errors in the material collected. Another validity check could be carried out by the 
process of ‘triangulation’. Denzin (1970) distinguishes between ‘within methods’ 
triangulation and ‘between methods’ triangulation. The replication of a study using 
the same techniques as a way of checking on the reliability of the study and the nature 
of the theories generated is denoted by the use of the term ‘within triangulation’. The 
use of more than one method of data collection within the same study is referred to as 
‘between method of triangulation’. Denzin extends this view of triangulation to take 
in several other types. Cohen and Manion (1989) identify their characteristics as:
1. Time triangulation: this type attempts to take into
consideration the factors of change and process by utilising 
cross-sectional and longitudinal designs.
2. Space triangulation: this type attempts to overcome the
parochialism of studies conducted in the same country or within 
the same subculture by making use of cross-cultural techniques.
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3. Combined levels o f triangulation: this type uses more than one 
level of analysis from the three principal levels used in the 
social sciences, namely, the individual level, the interactive 
level (group), and the level of collectivities (organisational, 
cultural or societal).
4. Theoretical triangulation: this type draws upon alternative or 
competing theories in preference to utilising one viewpoint 
only.
5. Investigator triangulation: this type engages more than one 
observer.
6. Methodological triangulation: this type uses either (a) the
same method on different occasions, or (b) different n^ethods 
on the same object of study.
They later state that of the six categories of triangulation listed above, something like 
four have been used in education. These are:
“Time triangulation with its longitudinal and cross-sectional studies; 
space triangulation as on the occasions when a number of schools in 
an area or across the country are investigated in some way; investigator 
triangulation as when a team of inspectors visits and reports on a 
school or sample of schools, and methodological triangulation. Of 
these four, methodological triangulation is the one used most 
frequently and the one that possibly has the most to offer.”
The steps below outline the type of information gathering procedure that have been 
applied to this research, for example:
Objective: To investigate specific difficulties pupils have with the use of subtraction 
language.
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Methods to be used:
1. Measures of achievement in reading, ordinary written language and 
subtraction language.
2. Analysis and classification of pupils’ written and practical work.
3. Classroom observations.
4. Examination of records (including medical for hearing, sight).
5. Tests of childrens attitudes to mathematics work.
6. Interviews with children.
7. Interviews with adults involved with the pupils education.
As previously stated, triangulation is used to improve the validity of the research. To 
ensure that triangulation is used, the data gathering process will make use of the 
following table:
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The choice of using ‘observation’ as a research tool in this and other studies finds 
favour with Walker (1986) who acclaims its flexibility It allows you to observe, 
interview, converse, search documents, collect measures or simply ‘hang out’. It can 
also be used to gauge the feelings of those engaged in the research situation. The 
value of interpreting what may be felt as a personal response into social terms is often 
overlooked and not acknowledged as a research technique; when often it can give a 
starting point to further investigation. The very tone of a reply can give deeper 
insights into the question.
Walker also adds credibility to the methodology of my research when he reminds the 
reader that educational research is, in itself, an educational activity and an educational 
process. It will often include its subject in its audience. If learning is to be built into 
the research, tasks should be chosen and researched by people who do not know the 
answers to the problems under investigation but are prepared to learn by involving 
their subjects too. The public perception of a researcher into the field of education is 
one of an expert who has reached the pinnacle of achievement in his/her field of 
knowledge, who by the manipulation of figures states a particular case. Often this can 
be abused as in the case of league tables and people seeking to gain or hold on to 
political power.
The Guardian newspaper, 26th January 1996 reports the Government’s concern for 
the poor results obtained by pupils taking the Key Stage 2 1995 tests in English and 
Mathematics. The research figures give weight to this concern, they point to and 
highlight the problem areas. But what they fail to do, however, is to look for the root 
causes and address those problems which inhibit the pupils learning. This research is 
one individual’s attempt to seek out the answers to some of the questions behind the
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failing statistics and hopefiilly aid those charged with the task of educating today’s 
children. Its aim is to overcome some of the difficulties encountered with the process 
of subtraction; the research methods advocated in this chapter are, in the opinion of its 
author, the correct and most suited ones, for this type of research investigation.
5.8 CONCLUSION
This chapter has explored the use of research methodology, it seems fitting to close by 
outlining how the task of data gathering will be set about.
It is worth re-stating that the object of this research is to determine why pupils are 
failing to understand and the Role of Language in the Development of a Child’s 
Subtraction Concepts is one question addressed in this quest. In seeking to find 
answers to this question it will be necessary to examine areas of subtraction which at 
first glance appear to have no connection with the role of language. For example the 
question, ‘How do children interpret the operation sign of - ?’, may not seem to have 
relevance to language, until the child attaches a wrong meaning to it by, for example, 
in fractions saying:
5 = 1 rather than 1 L  or simply by reading it as addition 5 + 4 = 9. 
4 4
The other point to be raised is that built into this research is the need for flexibility 
and the freedom to explore other issues as they arise. Initial work has raised a number 
of further questions which need further enquiry. One refers to the child’s attention to 
task, ‘Is a slow learner a slow worker?’. Another raises the question of listening and
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hearing, often it is not necessarily a case of not knowing the answer but rather the 
thought that they were being asked something else.
At the beginning twenty-two, mixed ability, boys and girls were involved in this 
study, it started when they were seven years of age and finished when they were 
eleven year olds and had reached the end of their primary school education. 
Organisation of the school placed them into two different classes to start with. 
Teacher styles of their respective classes differed, so this raised the question, ‘Does 
children’s mathematical performance improve with different styles of class 
leadership?’ For part of the study the majority of the pupils was under my class 
leadership, that enabled a closer look at their performance on a day to day basis and 
avoided the necessity for liaison through respective colleagues. In order to gain some 
understanding of their subtraction ability, their progress was monitored by using four 
areas of research:
1. Achievement Tests
2. Interviews
3. Observation
4. The use of records and documentation.
5.8.1. ACHIEVEMENT TESTS
Initially the pupils were required by the UK Government to take a National Test in 
Mathematics during the school year, when they reached their seventh birthday. The 
responses to this test give an insight into their subtraction ability. Questions 
(Appendix No. 4) involving subtraction, particularly Q7, 36-15 were taken from the
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original 1995 Key Stage 1 Mathematics Test and given to the same group of pupils 
during the following year.
The pupil responses to the questions shown in Appendix No. 4 gave an insight into 
their subtraction ability. Further insights were obtained from close inspection of 
mathematics based upon the class teachers scheme of work. Added to this the pupils 
were asked to complete questions involving verbal dependencies in line with the work 
of Carpenter and Moser (1979) and Nesher (1982) outlined earlier. (Appendix No. 6). 
Papers setting out numerical subtraction problems in vertical and horizontal form 
were also given to indicate the pupils numerical subtraction ability and difficulties 
with question layout (Appendices 5A, 5B and 5C). Help was given if requested with 
the reading of the verbal dependence paper (Appendix No. 6). Information collected 
from these sources was used to monitor pupil progress and ability in mathematics 
work involving the use of subtraction and used as evidence to support claims made in 
the concluding chapter of this thesis.
5.8.2. INTERVIEWS
Alongside the ongoing research work, interviews were conducted with pupils, 
teachers, classroom assistants and, whenever possible, parent of the children involved 
on a one to one or a group basis. During the course of this study feedback was given 
from an Ofsted inspection. The nature of the interviews with pupils was to perceive 
their understanding into problem areas and to answer questions such as ‘Was failure 
to provide a correct answer due to lack of understanding or misreading of works?’ 
Interviews with teachers were designed to give insights into mathematical teaching 
styles, methods and competency on the part of teachers and pupils.
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5.8.3. OBSERVATION
This was be in the form of participant or non-participant observer. A change in 
curriculum responsibilities to mathematics co-ordinator gave access to classroom 
observation throughout the school, because written into the mathematics policy is the 
resource implication of time allowance to monitor pupils continuity and progress. 
Observation as Walker (1986) mentioned earlier will also give opportunities to 
converse, interview, search documents, collect data and, most importantly, gauge the 
feelings of those involved in the research situation.
5.8.4. RECORDS AND DOCUMENTATION
These were provided from a number of sources and included the notes kept by the 
school’s special needs teacher who has an involvement with producing regular audits 
of pupils’ work and liaison with parents and outside bodies.
As part of the assessment policy pupils are given a N.F.E.R. Mathematics Test at the 
end of each school year. SAT’s result at Key Stage 1 and 2 were also be examined. 
Other documentation and records available for study included tests in written English 
and Reading. End of term reports and work carried out in exercise books are also 
examined in the course of this study. Other valuable sources of documentation are 
provided by Kent Curriculum Services who monitor Key Stage 1 and Key Stage 2 
results for the county. Reports by Ofsted and S.C.A.A. give overall National figures 
of achievement for comparison with the study group of pupils SAT’s tests. H.M.I.
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Reports highlighting causes of concern and are used as a comparison for findings 
from this research.
Mention has previously been made of Hitchcock and Hughes (1989) concerning 
validity, reliability and representation. This research bears these points in mind.
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CHAPTER 6 - DATA COLLECTION AND ANALYSIS
6.1 INTRODUCTION TO CHAPTER
Due to the nature and complexity of this longitudinal study, discussion of the data will 
be under distinct sub-sections which relate to the order in which the research 
questions were raised and in turn are linked to a specific time span of its early and 
later years of the research data gathering process. By organising the chapter in this 
way, the author is able to pursue questions raised during the data gathering process 
and re-examine issues raised with pupils from other year groups. Sub headings, given 
to each section, serve to aid study references and act as a guide for the reader as 
he/she follows the research pathway.
6.2. THE SCHOOL BACKGROUND
The data reported in this study has been gathered from a longitudinal study of a mixed 
ability class of pupils over a period of five years. At the outset the study group 
comprised a whole year group of 22 pupils, aged 7+. The numbers in this study group 
fluctuated over this period of time as families moved into and away from the area. 
With such a small study group it was not always possible to try follow up research 
into aspects of their learning, because of curricula time constraints, conflicting areas 
of investigation and previous experience of teaching methods; and so the study was 
expanded to other groups of pupils within the 6-11 year age range.
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The school in which the study took place is attended by 180 pupils aged 5-11, it is 
located in a village situated close to a power station and a container port in a poor 
economic area of Southern England. A significant number of its pupils (75% Autumn 
1998) were in receipt of free school meals, it also had a high number on its special 
needs register (33% September 1998).
6.3 AN OUTLINE OF THE STUDY
The study consisted of interviews with teachers and pupils, class problem solving 
activities related to subtraction and individualised subtraction tests. Interviews with 
pupils were conducted by the researcher who was a member of the school’s staff 
during both teaching and non contact time. Each interview was held on a one-to-one 
basis and conducted at regular intervals during the four year study period; a pre­
designed interview protocol was followed. Further insights were gained by the 
researcher’s structured observations of teaching inputs and pupil participation.
The study set out to find the answer to the major research question, ‘Whv were pupils 
failing to understand subtraction?’
Howson and Wilson (1986) draw attention to three levels on which the content of the 
school mathematics curriculum can be viewed;
a) the intended curriculum : what is prescribed in national and examination 
syllabuses;
b) the implemented curriculum : what teachers teach;
c) the attained curriculum : what students learn.
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The Guardian Newspaper commenting on the forthcoming White Paper for Education 
highlights the wide gap that exists between the intended curriculum and the learnt 
curriculum;
“By the year 2002, 75 per cent of 11 year olds to reach the expected 
standard (level 4) in mathematics (up from less than 60 per cent in 
1996).”
Crusade in the classroom (8 July 1997)
This gap between the intended curriculum and the learnt curriculum is to be observed 
today in the thousands of the classrooms throughout the world, with the teacher 
seeking to draw these gaps together. What follows will be worth all the hours of 
effort if it proves of use to those with the unenviable task of bringing this about.
The first subsidiary question in connection with pupils difficulty with subtraction 
asked;
6.5(i) What was the pupils response to a subtraction question (36-15) set for the Key 
Stage 1 Mathematics Paper in 1995?
The study was designed to follow the mathematical progress of the 22 pupils with 
specific reference to subtraction, and in particular the problem of 36 - 15 =. This 
question was chosen as it appeared in the UK Key Stage 1, 1995, Mathematics SAT’s 
tests, (question 18) and the majority of 7 year old pupils had answered the problem 
incorrectly.
Also 36-15 was not done as a formal algorithm by the four pupils who gave a correct 
answer, their chosen method had been to use another strategy, such as lines on paper 
which were counted and crossed off to give the answer. Using 36-15 as a set problem
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enabled the researcher to gain valuable insights into the child’s early strategies for 
solving subtraction number problems.
The pupils were given this question three times over the period of a year, in order to 
track their response and ability to solve the problem correctly. Table 4 and Figure 1 
represent the response made by the pupils.
TABLE 6.1
Puoils resDonses to 36 - 15 = over a period of one year
May 1995 January 1996 May 1996
Correct 4 4 10
Wrong 5 17 12
No attempt 13 1 0
Graph to show results obtained by 22, Year 3, pupils of mixed ability boys and girls.
18:
FIGURE 6.1
141
12?
iol
May 1995 January 1996 May 1996
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In May 1995, the teacher with responsibility for the pupils of this study decided that 
the Key Stage 1 Mathematics Test would be given to groups of 4-6 children at a time, 
while the remainder of the class were engaged in tasks which would allow her to 
focus her attention on those involved with the tests and (in accordance with the 
guidelines set out in the administrative handbook), intervene when help was requested 
in reading the questions. This strategy also ensured that pupils involved in the testing 
process also had access to mathematical equipment, which would otherwise have been 
in short supply.
Questions from the 1995 Key Stage 1 Mathematics Paper involving subtraction were 
photocopied. Appendix No. 4 contains the questions chosen and shows one pupil’s 
recorded response, and the test procedure outlined above was repeated in January 
1996 and May 1996 by the researcher. Further insights into the pupils’ thought 
processes were achieved by follow up one to one interviews held in June 1996 and 
November 1998.
6.4 EXAMINATION OF THE EVIDENCE GAINED 
DURING THE EARLY YEARS OF THE STUDY
Examining the Evidence
A closer look at the results showed that 14 pupils out of the 22 surveyed were not 
consistent in their responses. No pupil managed to obtain the correct answer to the 
question 36-15 posed in all three tests; those recording the correct response in May 
1995 did not manage to do so in January 1996. The pattern of response for these 22 
pupils is shown in Table 6.2.
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TABLE 6.2
Indivdual pupil responses to 36 -15 = over a period of one year
Pupil May 1995 January 1996 May 1996
B V X V
C X X
D X V X
E X X
F X X
G X X
H — X V
1 X X V
J X X V
L V X V
M X X
N — X V
0 X X V
P V V
R X X
T - X
U — X X
V V Xw — X X
Y ~ V V
DD X X
EE X X V
Key: -  no a tte m p t  
X w rong  
V correc t
May 1995 Key Stage 1, Mathematics Paper
Jan 1996 ) Modified (Appendix No.4» ) to contain fewer questions
May 1996 ) from the May 1995 Key Stage 1, Mathematics Paper
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Analysis of these findings highlight that in May 1995 pupils used a range of apparatus 
which included counters and number lines (rulers were used on pupil initiative). A 
move fi"om the concrete to the formal operation stage during the intervening months 
could be a possible explanation for the four subsequent response errors made by 
pupils B, F, L and R observed in the January 1996 results.
For example, pupil L obtained the correct answer in May 1995 by using apparatus; in 
Jan 1996 he wrote 36 - 15 = 19. The paper gives no clue to his thinking, but he had 
by then been introduced to the decomposition method of subtraction which leads to 
the assumption that, 5 take 6 - you can not do, so take a ten from the 3 and you get 9, 
which then leaves 2 take away 1, which leaves 1, so the answer is 19. In May 1996 he 
recorded: 36 -15 = 21
The teachers observed in this study, as mentioned earlier, used a formal teaching style 
for mathematics, which reports from the DES (1978) and the ORACLE project (1980) 
quoted in the literature review found to produce the best N.F.E.R. results for 
mathematics in the UK. Despite receiving the formal style of teaching, the pupils 
studied still found difficulties with subtraction problems.
6.5 AN INDIVIDUAL PUPIL’S RESPONSE TO 36- 15
In the case of Pupil L (Table 6.2), learning was taking place, he progressed from the 
use of counters and used taught knowledge, at this stage an error was learnt, namely 
the wrong use of the taught algorithm method. Subsequently, he was able to apply a 
prior knowledge (counting), in order to arrive at a correct solution.
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The method pupil L used in January 1996 was different to the method used in May 
1996. In a subsequent interview in June 1996, pupil L was asked once again to solve 
the problem 36-15 and recorded an answer of 20. The purpose of the interview was 
to gain an insight into the dominant method used, it proceeded as follows:
Teacher: Can you think of another way of solving this problem?
Pupil: Use 36 counters and take 15 away to get the answer. First records an
answer of 22, then after checking changes it to 21.
Teacher: Are there any more ways of solving this problem?
Pupil: Records 40 - 11 = 23 29
Teacher: Why have you written this?
Pupil: Because it is easier to do than 36 -15. Answers are different because
the sum is done a different way.
Teacher: Are there any other ways that you can think of?
Pupil: You can use a ruler to count back on, go to 36 and go back 15. He had
to put 6 more numbers on paper because the ruler only went up to 30. 
He wrote 36 - 15 = 22 x then 36 - 15 = 21 after looking at his first 
answer which had involved the use of counters.
Teacher: Can you do it in your head?
Pupil: Can’t do it.
Teacher: How about using your fingers?
Pupil: Not enough fingers.
Teacher: Can you solve it by setting it out as a tens and units problem?
Pupil: Easier set out as ten and units. He records:
TU
36
zl5
21
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Lyndon states that:
“Performance also becomes cue-dependent and in the absence of the 
educator, the student reverts to the erroneous behaviour pattern and in 
this way, transfer of learning is inhibited and errors contmue to resist
correction”
Acting as a non-participant observer (at School A, February 2000), the researcher 
recorded a number of lessons involving whole class numeracy teaching when the 
eleven year old pupils were told to apply certain rules for solving a particular form of 
mathematics problem. One such lesson took the following form:
Teacher: If you are given.... (writes on the blackboard)
12 =  _  
16 4
See what number will go in the top, as well as the bottom. Look for
the clue (points to the figure 4), we call this  (waits for pupils to
respond). Yes, an equivalent fraction. What must we remember to do. 
(Waits for response). Divide the top number and bottom number by 
the same number.
The lesson then continued in the same manner with a list of rules for recognising and 
dealing with improper fractions and percentages.
This tendency to reduce mathematics teaching to a list of procedures and rules to be 
followed and remembered in order to obtain a correct answer was also observed with 
this longitudinal study group. During Years 2 and 3 of their primary education, 
respective class teachers (particularly during Year 3) have, on a number of occasions.
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taught these pupils how to set out subtraction algorithms and solve them by using 
pencil and paper methods. Proactive Inhibition took over pupil L’s response and 
raises the question, ‘Were other pupils in the study affected by P.I.?’
6.6 PUPILS PREFERRED METHODS FOR SOLVING SUBTRACTION
The study in June 1996 continued by posing the same questions to the other pupils in 
the group. Interviews were held outside the classroom on a one-to-one basis. Table
6.3 records their responses.
TABLE 6.3
Order of choice of dominant methods used by 22 mixed ability.
Year 3 pupils to solve subtraction problem 36 - 15 =
1 denotes first preferred choice; 2 their second choice; 3 their third etc.
* denotes error in working
P u p il G e n d e r C o u n te rs
E qual
A ddition
N o .lln e
(R uler) M ental F in g e rs A lgorithm O th er S p ec ify
B 9 2 3 1 4
C 9 2 1 3 4 lines on paper
D
E
F
9 2 3 1* 5 4 coat pegs on wall
b 2 1
9 2 1 coat pegs on wall
G 9 2 1 3
H 9 1 2 3 4
1 9 4 2 1 3 5 lines on paper
J b 1 2 3 4
L
m '
~ N ~
b 1* 2* 3 4
____9 ___
9
2 3 5 1 4
1 4 2 3 5 6 7 lines, ntfm bers, coat pegs
O
P
R
9
“ b '
2 1
5 4 3 2 1
b 1 3 2 4
T b 1 3
U b 1 2 3
V b 1 2
wrote out num bers & counted  
back
w 9 1 2 3 lines on paper
Y b 1 2
DD b 1 4 . 2 3
EE b 3 2 4 , 1
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TABLE 6.4
The pupils first choice method to solve the subtraction problem 36 -15 =
MEBtoD
Number of Pupils 
using as their first 
preferred method
Counters
Equal
Addition No. line Mental Fingers Algorithm Other
11 2 1 4 3 1
Of the sample interviewed on a one to one basis only one other pupil recorded an 
error in her chosen method. Her responses are recorded below:
1. 36 - 15 = 15 using fingers, (error)
2. 36 - 15 = 21 using counters
3. 36-15 = 21 using ruler
4. 36 - 15 = 21 using coat pegs on wall
5. 36 written algorithm
-15
21
The sample did not contain a significant number to evaluate difference in preferred 
methods of boys or girls. Surprisingly it showed that one month later 20 pupils, when 
interviewed on a one to one basis, were now able to consistently rècord the correct 
answer by using their chosen methods.
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The method favoured by most of the sample was to solve the problem by using 
counters or cubes. Only one pupil showed that it was possible to use three ten rods to 
represent 30 and six single cubes; the others counted out 36 single cubes, in some 
cases placing them in a line, breaking off 15 singles and counting the number left; 
perhaps this was a way of internalising the numbers.
Fingers were used in a variety of ways;
Pupil B: I use my fingers to count down 15 from 36.
Pupil D: I count 10 three times then 6 kept in my head and counted off 15.
Pupil P: Take one finger away from 3 and 5 away from 6 gives 2 and 1,21.
Pupil DD: I count up to ten three times and then 6 more, the counting down 15 is
using my brain a bit.
Only three pupils out of the study (two boys and a girl) chose to use the written 
algorithm as their first choice for solving the problem. This method appeared low on 
the list for most of those studied. This seems to imply that proactive inhibition is 
protecting the majority of individuals from changing to the written algorithm method 
taught by the teacher; in most cases it also prevented the association of conflicting 
ideas. When pupils made errors in one of their chosen methods (apart from the two 
previously mentioned), six were observed to have corrected their answers to record 
21. For example Pupil W, ‘T took 15 from 36 but got 20,1 got it right on the second 
go”. Pupil W resolves the conflict between his respective answers by re-checking his 
calculations.
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6.7 PUPIL INHIBITION AND ITS EFFECT UPON LEARNING
Table 6.2 shows that four pupils obtained a correct answer to the subtraction problem 
in May 1995 yet, despite their teachers efforts, failed to obtain the same correct 
answer eight months later. Of the ten pupils who gave a wrong answer or did not 
respond to the question, only four subsequently recorded a correct answer, and of 
these four, only two were able to still record the correct answer four months later.
Mathematics teaching was ongoing through these periods of time. Lyndon’s 
comment (Key Element 3 in list given earlier) about the variation within the 
population of P.I. can be seen to apply to this study, with many pupils preferring to 
use their own chosen methods.
Also Lyndon’s statement that P.I. will inhibit the recall of knowledge which is in 
conflict with prior knowledge is also evident in this study. Pupil L’s transcript given 
earlier shows a striking example of this when he is prepared to accept two conflicting 
answers to the problem 36 - 15 =. The use of counters gives a correct answer, but 
when he records 40- 11=23 29 Pupil L cannot fully verbalise his thought processes.
Once assumption by the author is that in June 1996 Pupil L has a part knowledge of 
the equal addition method for solving subtraction algorithms. If both numbers in the 
problem 36 - 15 are increased by the same amount, then the answer will still remain 
the same.
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32.
This knowledge is often seen applied in problems such as by adding 10 to each 
number the problem is made simpler, e.g. in the first line ten units added to the units 
figure in the second line one ten is added to the ten figure the problem then reads:
In the case of 36 - 15, if both numbers are increased by 4 as seemingly intended by 
Pupil L, the answer will still remain the same, (36 + 4) - (15 + 4) = 21. This 
knowledge had been internalised by pupil L, increasing both numbers by equal 
addition was not taught at school.
Pupil L records: 40 - 11, instead of 40 - 19, which implies knowledge correctly 
applied by adding 4 to 36, but wrongly applied to 15 by subtracting 4 instead of 
adding 4, shows an inhibitive failure to spot his error by comparing it to 36 - 15 = 21. 
A further complication is that he provides the correct answer to the problem 40-11  
which was not set.
The pupils from this survey that still attended the school were followed up in 
November 1998 in a one-to-one interview protocol and the question put to them was: 
“Can you give me an answer to this question 36-15 ?”. The problem was written for 
them on a piece of paper.
The table over charts their responses:
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TABLE 6.5
Year 6 pupils first choice method to solve 36 -15 =
Pupil Nov. 1998 Preferred Method - Notes
B / Mental
C / Mental
D / Mental
E / Mental
F / Mental
G Left
H / Mental
1 / Mental
J / Mental
L / Mental
M / Mental (corrected first answer of 25 when explaining process)
N / Counters
O / Mental
P / Mental
R / Mental
T / Fingers
U Left -
V / Mental (corrected first answer of 25 when explaining process)
W Left
Y Left
DD / Fingers
EE / Mental
TABLE 6.6
Number of Year 6 pupils using their first preferred method (1998)
to solve 36 - 15 =
Counters Fingers Mental
1 15
Perhaps, not surprisingly, two and a half years later in the follow up survey, all of 
those interviewed were able to provide the correct answer. When asked to explain 
their thought processes; it is however worth noting that procedural errors occurred in 
the initial responses of pupils M and V.
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Pupil M
Take 10 away from 36 = 26 
Take 5 away from 26 = 21 
Add 4 = 25
This calculation was performed in her head and her method explained to the 
researcher. When questioned about the addition of 4, she could not explain and self 
corrected herself to give the correct answer of 21.
Pupil V
Works out this calculation in her head. 36 - 15 = 25.
When asked to explain her thoughts states, “6 take away 5 is 1,3 take away 1 is 2. 
The answer is 21.” She realises that her first answer was wrong and corrects it.
Worthy of note is the fact that most pupils had over the years gained confidence and 
changed their preferred methods to solving in their head. However, two preferred 
using fingers and one counters. Table 6.7 charts their progress:
TABLE 6.7
Pupils preferred method to solve 36-15 over a IVi year time period
PUPIL June 1996 November 1998
N Counters Counters
T Counters Fingers
DD Counters Fingers
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Pupil N had not changed her preferred method. Pupils T and DD were now using 
their second choice methods. Lyndon’s key elements 2, 3 and 5 (what the individual 
knows is being protected from change by conflicting ideas) seem to apply to these 
three pupils in varying degrees. It must be noted that in the absence of counters. Pupil 
N was still able to manipulate numbers in her head and provide correct answers in her 
head. Pupils T and DD were also able to produce correct answers and had combined 
their use of fingers and thought processes.
The Report on the 1995 Key Stage 1 Test in Mathematics (page 29) suggests that 
children:
be given opportunities to develop strategies for working things out in different 
ways and record in a variety of ways.
use number apparatus effectively and choose when it is and when it is not 
necessary in order to help solve problems.
check what they do and correct if necessary.
Working on these aspects, it concludes, will help to ensure that children will be able 
to meet the requirements of the 1996 mathematics curriculum. The arguments of this 
thesis is that adhering to these statements alone will not bring about the desired 
improvement in the pupil mathematical ability, nor can it be assumed that pupils 
obtaining a correct answer in May 1996 on Table 6.2 will necessarily obtain the 
correct answer at a later date! The need is to bring about improvements by finding 
out how mathematical errors are learned and devising teaching programmes to 
eradicate these errors. In this study, the learning of pupils recorded in Table 6.2 
seems to come and go, generally indicating inconsistency in their approach to 
subtraction.
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6.8 DIFFICULTIES EXPERIENCED WITH PROBLEM LAYOUT
Another inconsistency noted by the researcher was revealed in an examination of 
pupil exercise books, these showed that correct answers to subtraction problems were 
dependant on the way in which they were set out. Pupils between the ages of 7-9 
years were more likely to record a correct answer to subtraction questions involving 
numbers up to twenty if they were set out in a horizontal, rather than a vertical, form. 
This led the researcher to ask the question;
(ii) Are difficulties caused through the setting out of subtraction algorithms?
The truth of this statement on setting out was tested by the researcher while teaching a 
class of 28, Year 4, mixed ability pupils attending an urban school in a deprived area 
of Kent (School D) and 25, Year 5, mixed ability pupils from a multi-ethnic 
background attending a school close to a town centre (School A).
Pupils in both classes were given 3 papers to complete Appendix No. 5, A, B and C. 
Paper A taken from Hesse, also used in the longitudinal study was designed to check 
their ability to perform subtraction algorithms written in a vertical form. Paper B 
gave the same numerical subtraction algorithms set out horizontally, this was to check 
for discrepancies that may occur from the format of their setting out. Paper C 
introduced terms commonly used when teaching mathematics to this age group.
Apart from 70 minus 13 included to test the effect of higher figures, the numbers used 
were purposely kept low for ease of calculation and also in order to give a clearer 
understanding of how the mathematical terms were being interpreted by the pupils.
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Those pupils who could not read the words used in Paper C were told what the words 
said, but their meaning was not given. To give a clearer insight into the pupil’s 
reading ability words as well as symbolic representation were used to express number 
values.
Earlier in this work it has been noted that pupils seemingly with a good knowledge of
number bonds up to 10 wrote incorrect answers to; 10
-J7
when expressed in a vertical form. The most common error made by Year 4 and Year 
5 pupils was to take ‘smaller from larger’ and records answers of 17. In order to gain 
more information about this type of problem 1 0 - 7  was included several times on 
Paper C and expressed using a variety of subtraction word terms.
The findings for these three test papers (Tables ô.'S - 6.12) confirm that pupils from 
these two age groups from differing schools also have problems with subtraction 
algorithms which involve the process of decomposition. The most common error 
made by the pupils from both age groups was to take smaller from larger.
There were no marked differences between the horizontal and the vertical form used 
for subtracting figures up to 9, as shown in the table below, but questions involved 
with reading and interpretation of mathematical terms resulted in much reduced 
scores.
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TABLE 6.8
Responses for subtraction (also expressed in percentages) 
Made by a mixed ability. Year 4 class of 28 pupils attending 
School D and a mixed ability. Year 5 class of 25 pupils from 
School A when answering the following questions;
Question 3
-2
3 -2 3 minus 2 4
-0
4-0 4 take away 0
School D A D A D A D A D A D A
Correct 25 25 26 25 17 22 24 24 25 24 23 23
% age 89.25 100 92.82 100 60.69 88 85.68 96 89.25 96 82.11 92
Wrong 2 - 2 - 11 3 3 1 3 1 2 -
%age 7.14 - 7.14 - 39.27 12 10.71 4 10.71 4 7.14 -
Not attempted 1 - - - .  . - 1 - - - 3 2
%age 3.57 - - - - - 3.57 - - - 10.71 8
Question 5
- J
5 -3 5 subtract 3 7
-4
7-4 7 subtract 4
School D A D A D A D A D A D A
Correct 25 25 26 25 17 21 23 25 25 23 17 19
%age 89.25 100 92.82 100 60.69 84 82.11 100 89.25 92 60.69 76
Wrong 2 ■ - 2 - 10 - 4 - 2 - 7 2
% age 7.14 - 7.14 - 35.70 - 14.28 - 7.14 - 25.00 8
Not attempted 1 - - - 1 4 1 - 1 2 4 4
%age 3.57 - - - 3.57 16 3.57 - 3.57 8 14.28 16
Question 9
- J
9 -5 9 minus 5 9 take 
away 5
School D A D A D A D A
Correct 24 25 23 25 14 21 23 22
%age 85.68 100 82.11 100 50 84 82.11 88
Wrong 3 - 4 - 6 4 3 .
%age 10.71 - 14.28 - 21.42 16 10.71 -
Not attempted 1 - 1 - 8 2 3
%age 3.57 - 3.57 - 28.56 - 7.14 12
181
The most commonly made mistake for 3 minus 2 and 9 minus 5 for both age groups 
was to read minus as meaning plus and recording answers of 5 and 14 respectively. 
One Year 5 pupil read the word minus as meaning multiply and recorded 3 minus 2 = 
6, but had no problems with reading the sign -  and was competent in providing 
correct answers to algorithms requiring the use of the decomposition method.
The term subtract also caused misunderstandings amongst pupils, once again most of 
those who recorded wrong answers wrote:
5 subtract 3 = 8; 7 subtract 4=11
One Year 4 pupil decided that subtract may have something to do with place value 
and recorded:
5 subtract 3 = 53; 7 subtract 4 = 74
All of the pupils recognised the term take away and the results for the written 
questions 4 take away 0 and 9 take away 5 are in line with those for their associated 
vertically and horizontally written algorithms.
When figures representing hundred and tens were introduced, significantly more 
pupils obtained the correct answer when solving algorithms which did not require the 
use of decomposition methods when they were expressed in a vertical form.
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TABLE 6.9
Responses for tens and units subtraction not requiring use of decomposition 
Made by 28 pupils from a mixed ability. Year 4 class at School D 
and 25 pupils from a mixed ability. Year 5 class at School A
Question 85
-J 2
8 5 - 3 2 76
-5 0
7 6 -5 0 80
-5 0
8 0 - 5 0
School D A D A D A D A D A D A
Correct 21 25 15 20 20 23 18 16 23 23 20 22
% age 74.97 100 53.55 80 71.40 92 64.26 64 82.11 92 71.40 88
Wrong 5 - 10 4 6 2 8 5 3 2 3 1
% age 17.85 - 35.7 16 21.42 8 28.57 20 10.71 8 10.71 4
Not attempted 2 - 3 1 2 - 2 4 2 5 2
% age 7.14 - 10.71 4 7.14 - 7.14 16 7.14 - 17.83 8
Question 37
- 3 3
3 7 - 3 3 89
-8 7
8 9 -8 7 367
-1 6 2
3 6 7 -1 6 2
School D A D A D A D A D A D A
Correct 24 23 19 21 24 24 19 20 23 23 13 17
% age 85.68 92 67.83 84 85.68 96 67.83 80 82.11 92 46.41 4
Wrong 3 2 6 2 3 1 7 2 3 2 9 4
% age 10.71 8 21.42 8 10.71 4 25.00 8 10.71 8 32.12 16
Not attempted 1 - 3 2 1 - 2 3 2 . 6 4
%age 3.57 - 10.71 8 3.57 - 7.14 12 7.14 - 21.42 16
Question 450
- m
4 5 0 -2 0 0
School D A D A
Correct 23 22 16 19
% age 82.11 88 57.12 76
Wrong 3 3 10 1
%age 10.71 12 35.70 4
Not attempted 2 . 2 5
% age 7.14 - 7.14 20
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The most noticeable difference for both age groups was between the vertical form:
367 
- 162
and the horizontal form 367 -  162. Pupils found that the horizontal form was more 
difficult to subtract. The wrong answers from the Year 4 class took one of the 
following eight forms!
4129, 3261, 265, 209, 207, 11, 005 and 0.
The next batch of test results analysed dealt with the problem 1 0 - 7  set out in various 
forms.
TABLE 6.10
Responses for 10 -  7 set out in various forms 
Made by 28 mixed ability. Year 4 pupils from School D 
And 25 mixed ability. Year 5 pupils from School A 
December 1999
Question 10
-2
10 -7 10 minus 7 10 subtract 7 10 take away 7
School D A D A D A D A D A
Correct 10 15 25 24 16 22 14 20 19 22
%age 35.70 60 89.25 96 37.12 88 50.00 80 67.83 88
Wrong 17 10 2 1 7 2 10 1 5 1
% age 60.69 40 7.14 4 25.00 8 35.70 4 17.85 4
Not attempted 1 - 1 - 5 1 4 4 4 2
% age 3.57 - 3.57 - 17.85 4 14.28 16 14.28 8
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Perhaps most surprisingly the written algorithm which caused both sets of pupils in 
this table the most problems was: 10
-7
The most prominent method used by the Year 4 pupils to solve this question was to 
take smaller from larger, whereas the most common error made by the Year 5 pupils 
took the form 0 -  N = 0.
The range of numerical answers to 1 0 -  7 expressed in the vertical form is shown 
below:
TABLE 6.11
Answers recorded by the Year 4 and Year 5 pupils to the question:
10 
- 7
Answer 30 27 17 14 13 10 7 6 4 3* 2 0 N/a
School D 
Year 4 - 1 6 1 1 2 2 1 1 10 1 1 1
School A 
Year 5 1 - 1 - - 7 - - - 15 - 1 -
* correct answer 
n/a not attempted
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6.9 PUPILS’ CONFLICTING IDEAS WITH 
THE SETTING OUT OF SUBTRACTION
These pupil responses highlighted several issues for the researcher. When set out in 
the vertical form, many pupils seemingly did not associate the top number with 
representing ten, but rather split it up into two distinct columns and subsequently it 
was tackled in two parts by six Year 4 pupils trying to follow a half-remembered 
routine as highlighted by the following pupils;
Pupil 1: Nothing take seven is seven, so you put the seven there (points to
answer space under units column). One take nothing is one, so the one 
goes there (points to answer space under tens column).
Pupil 2: Nought take seven is nought, you write that here (points to answer
space under units column). One take nothing is one, so the answer is 
ten.
Pupil 3; Nothing take seven is seven, one take nothing is nothing.
The common response of the Year 5 pupils who were beginning to learn 
decomposition rules of subtraction was to say, ‘Nothing take seven you cannot do’. 
This was followed up with the action of recording a nought in the units column.
These conversations show that the pupils are following a chain of set procedures 
rather like a series of building blocks forming a decision tree layout, this could be as a 
result of the teacher’s programmed learning techniques or the pupils adherence to 
following a set of rigid rules and over simplistic teaching.
Moyles (1994) suggest that the child’s first need in learning about an object or 
situation is to have opportunities to explore the properties, textures, shapes, colours, 
forms, etc., in order to gain basic factual knowledge and handling skills. Having done 
so, this then enables the child to begin to use this knowledge and skill in ways which
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should eventually result in the recognition and solution of the problem. The child will 
then be required to practise and revise as the basis of learning and memory retention.
This model is the one used in many of our classrooms, but in its use it must be 
remembered that the child will, as in the case of subtraction, make mistakes. For this 
to be acceptable and part of the school situation, lessons from these mistakes must be 
learnt by the child and the educator and used to guide future learning. This is at the 
heart of good teaching if our pupils are to reach the learning targets set by our 
education system. The various wrong answers attributed to 10 serve to remind us of
-7
the continued powerful presence of the automatic and essential brain mechanism 
proactive inhibition which exists in each child’s mind when trying to resolve the issue 
of place value number.
The fact that most of these pupils recognised the meaning of 10 -  7 when set out in 
the horizontal form points to the truth in Lyndon’s statement that ‘because the 
individual knows what he/she is doing (dealing with figures in columns ie 0 and 7 
rather than 10 and 7 in this example) that problems with transfer occur and what the 
individual knows is protected from change.’ Proactive inhibition prevents the 
association of conflicting ideas and inhibits the recall of knowledge which is in 
conflict with prior knowledge.
In the example, 10 
-7
the child knows the set procedure of dealing with figures in columns as already stated 
through experiences gained from solving addition algorithms that current answers are 
obtained regardless of the order in which the figures in each column are added. So it 
makes no difference, nothing add seven gives the same answer as seven add nothing. 
The pupil’s brain may reason that the steps laid down by his/her teacher for addition 
if followed for subtraction will lead to a correct answer.
187
The majority of Year 4 pupils at School D and Year 5 pupils at School A recording 
the wrong answer to 10 in its vertical form had a 
-7
strong inner conviction that their answers were correct.
Proactive inhibition seen in this example prevents the association of conflicting ideas 
within the pupil from occurring. They reason that their answers must be correct and 
the disbelief mechanism protects them from the pain of being told they are wrong. 
Proactive inhibition interestingly can also be seen to apply when the individual was 
presented with the problem 1 0 - 7  set out in the horizontal form; pupils who had 
previously recorded a wrong answer now recorded a correct one.
What the individual knows (element 2) is protected from change; the association of 
conflicting ideas (element 5) and inhibition of conflicting knowledge (element 6) as 
shown by previous wrong answers, prevents the recall of this knowledge. This 
highlights the positive aspects of proactive inhibition when previously wrong answers 
are not applied to new question frameworks. Working with this positive aspect of PI, 
where correct knowledge is protected from change, the teacher could help his/her 
pupils achieve their learning goals by using this correct knowledge to ‘scaffold’ the 
pupils attempt to master the differing aspects of subtraction.
Vygotsky’s ‘zone of proximal development’ (the gap between what the child can do 
on his/her own and what he/she could do with teacher support) can, if linked to 
Bruner’s ideas of scaffolding and Lyndon’s Old/New Way Method of reducing the 
inhibitory effects of the pupils proactive inhibitions (element 7), be a powerful tool in 
the educators armoury.
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6.10 TEACHER AND PUPIL INVOLVEMENT WITH SUBTRACTION
A note of caution to be heeded is that children of the same age have differing zones of 
proximal development capabilities; what is a correct level of teacher involvement for 
some may be too little or too much for others. Limitation is often witnessed in the 
classroom where due to the time constraints the teacher does not have the luxury of 
being able to teach on a one to one basis, but is faced with whole class teaching. In a 
one to one situation the child’s learning is scaffolded with his/her active involvement 
through dialogue or other chosen means and can be tailored to fit his/her needs and 
potential for development.
In the whole class teaching situation the pupil has a more passive role and less of a 
part to play in the scaffolding process, since the information presented by the class 
teacher is often explained by way of example for the child to copy or learn by rote; 
with the rational behind its meaningfulness at best being explained, but at its worst not 
being understood by the pupils. Put another way, if those pupils who did not follow 
the teacher’s explanation about the process being taught could suddenly be 
transported out of the classroom, the teacher would be surprised at the emptiness of 
the classroom and the low number that was actually following his/her train of thought.
Whole class teaching can and often does lead to problems with the pupils 
understanding of the taught decomposition methods of performing subtraction. The 
majority of Year 4 pupils in this study were unaware of the reasons why top numbers 
in the tens column were broken down when the figure in the bottom units column was 
greater than the figure above. Fewer Year 4 and Year 5 pupils in this class study at 
Schools D and A managed to score correct answers as the numbers used in the 
subtraction papers became more complex.
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Another cause for concern was that several pupils were unable to read and 
comprehend words such as subtract, take away, plus, minus and other commonly used 
mathematical terms. Even when these terms were read out by the teacher, a 
significant number of pupils failed to comprehend their true meaning.
Highlighted in Table is the fact that seven. Year 4 pupils in the 1997 survey 
conducted during the longitudinal study at the researcher’s previous school failed to 
comprehend the word ‘subtract’ and thirteen the word ‘minus’.
Two years later at School D, the survey carried out with a different study group 
through Paper C revealed that pupil’s understanding of terms such as subtract and 
minus used to denote a mathematical process are still a cause for concern. Eleven 
pupils from the 28 who attempted the question recorded a wrong answer for 3 minus 2 
and of the 24 pupils who attempted 7 subtract 4, only 17 managed to obtain the 
correct answer. In both examples pupils with the wrong answer comprehended the 
words minus and subtract to be connected with the process of addition.
Table 6.12 shows that like the previous example of 10 — 7, a higher percentage of 
Year 4 and Year 5 pupils were able to solve 20 — 9 when it was written in the 
horizontal form, the same was true for the word problem twenty subtract nine, where 
more pupils achieved the correct answer than in the vertical counterpart. As the 
figures for subtraction were increased, the numbers of pupils with correct answers 
decreased and the results for subtraction decomposition problems set out in vertical 
and horizontal forms came closer together.
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TABLE 6.12
Results for subtraction problems involving the use of decomposition 
28 mixed ability. Year 4 pupils at School D and 
25 mixed ability. Year 5 pupils attending school A 
(December 1999)
Question 20
-_9
20 -9 Twenty 
subtract nine
70
-13
70-13 70 minus 13
School D A D A D A D A D A D A
Correct 11 17 19 21 15 20 8 11 6 12 9 12
%age 39.27 68 67.83 84 53.57 80 28.56 44 21.42 48 32.13 48
Wrong 16 8 6 1 7 2 19 14 17 10 15 9
%age 57.12 32 21.42 4 25.00 8 67.83 56 60.69 40 53.57 36
Not attempted 1 - 3 3 6 3 1 . 5 3 4 4
%age 3.57 - 10.71 12 21.42 12 3.57 - 17.85 12 14.28 16
Question 51
-J4
51-14 92
-25
92-25 40
-38
40-38
School D A D A D A D A D A D A
Correct 5 16 8 10 7 13 3 10 8 11 9 12
%age 17.85 64 28.57 40 25.00 52 10.71 40 28.56 44 32.13 48
Wrong 22 9 17 11 20 11 22 10 18 14 6 9
%age 78.54 36 60.69 44 71.40 44 78.54 40 64.26 56 21.42 36
Not attempted 1 - 3 4 1 1 5 5 2 - 3 4
%age 3.57 - 10.71 16 3.57 4 17.83 20 7.14 - 10.71 16
Question 530
-315
530-315 862
-157
862-157
School D A D A D A D A
Correct 7 12 5 12 6 12 3 9
% age 25.00 48 17.85 48 35.10 48 10.71 36
Wrong 19 13 17 9 21 13 21 12
%age 67.83 52 60.69 36 75.00 56 75.00 48
Not attempted 2 - 6 4 1 . 4 4
% age 7.14 - 21.42 16 3.57 - 14.28 16
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6.11 LOW ABILITY PUPIL STRATEGIES
IN SOLVING SUBTRACTION ALGORITHMS
Other points of note were the widespread of ability within the classes, while some 
were able to complete all three papers satisfactorily, others could only with the 
teacher’s help tackle the easiest of problems.
Daniel (Year 4) had problems with decomposition problems set in the vertical form, 
all of his answers were wrong, but when tackling the horizontal layout. Paper B, and 
word problem. Paper C, used a system of lines to give the correct answers as shown.
\ \ \ \ \  \ \  \ \  \ \  x x x x x x x x x
and so obtained the correct answer of 9; 20 -  9 was also correctly answered as 11, but
recorded the following wrong answer for: 20
-_9
20
Once again P.I. is protecting two sorts of knowledge; in the vertical form he reasons 
that nothing take nine you can’t do, so its nothing, two take nothing is two.
10
zJ. in the vertical form was correctly answered so it appears that pupils possess
knowledge and how this correct or incorrect knowledge is applied depends on the 
pupil’s understanding and interpretation of the question and its relative difficulty.
So, 10
- _7 is answered correctly 
3
but 20
- _9 is answered incorrectly.
20
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The more difficult question caused more stress and a reversion to knowledge learnt at 
an earlier age, in this case nothing take nine you can’t do.
Ian (Year 4) rewrote several of the questions in Paper B from a horizontal to a vertical 
form with a varying measure of success, for example:
89 -  87 was recorded as 89
-87
02
and answered correctly but
2 0 - 9  written as 20
- _9 
29
was not correct.
Diana (Year 4), said she needed cubes, without them she recorded:
5 7 5 - 3  = 50 9 - 5  = 50
-3 -4
3 4
most of her answers were wrong. Her proactive inhibition was causing a limited 
knowledge to be wrongly applied in a variety of ways which were dependent on the 
questions layout:
for 5 and 7
-3  -4
3 4
She wrote the figure to be subtracted as her answer. For answers to: 
5 -  3 = 50 and 9 -  5 = 50
193
Her strategy was to pick a number in the subtraction question, write it as her answer 
and include a 0.
The strategy of picking out a number from those written in the question and recording 
them in the answer was used extensively by Diana in the word problems.
For example:
4 divided by 2 = 42 
2 times 1 = 12
4 take away 0 = 40
5 times 6 = 56
5 subtract 3 = 53 
10 take away 7 = 107 
9 take away 5 = 95 etc
As well as having problems with number, she also had problems with reading. Here 
is a case where proactive inhibition is preventing the association of conflicting ideas 
and the recall of knowledge which is in conflict with the individual’s prior knowledge 
(element 5 and 6).
Her strategy for paper A.
5
- 3
3
Is to record the bottom number as her answer. This false knowledge is prevented 
from conflict in Paper B, where she records 5 — 3 = 50. Both sets of knowledge are 
again protected from conflict when a written answer of 5 subtract 3 = 53 is recorded 
for Paper C.
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Problems with reading suggest that certain knowledge such as the word subtraction 
means take away or can be linked to the written algorithm 5 or 5 -  3 =
-3
may be absent from Diana’s memory.
Element 4 emphasises that proactive inhibition does not prevent the child from 
learning, in her responses to these 3 papers what she has wrongly learnt is applied 
differently to each paper and once applied is protected from change and 
systematically followed. Sadly, no long term provision for remedial teaching by 
Lyndon’s Old Way/New Way method or any other form were in place for this pupil 
attending School D. Staff morale at School D was low and sickness levels high, 
following an earlier Ofsted inspection which had highlighted a lack of special needs 
provision as one of several serious weaknesses. The school cited lack of money and 
high numbers of special needs pupils from a socially deprived area as the main 
contributoiy factors to this lack of provision.
Further difficulties from Year 5 pupil’s performance of these questions were shown 
by the following pupils:
Gary and Lucy interpreted multiply to mean subtraction and both wrote:
5 multiplied by 3 = 2
Gary and others wrote the correct answer to: ^9i2
- 25
67
But for the horizontal form recorded: 92 -  25 = 77
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This contrasted with: 40
-38
18
and 40 — 38 —2
Joty who had come to this country from India was able to give the correct answers to 
all of the vertical and horizontal subtraction algorithms, but showed lack of 
understanding for the written terms subtract and minus, as well as multiplied, shared 
by, divided by and times by, leaving these questions unanswered.
Also observed was that pupils such as Craig, who were having difficulty with vertical 
forms of subtraction algorithms had even greater difficulty when they were expressed 
in word or horizontal form. Another kind of error noted, made by Richard (Year 5) 
who wrote 4 divided by 2 = 0 r 4 serves to remind us of the need for quality one to 
one time with the pupil, in order to understand and attempt to rectify this kind of error 
in their thought processes.
6.12 OBSERVATION OF TEACHING STYLES 
AND CLASSROOM ORGANISATION
Aubrey (1995), mentioned earlier in the Literature Review Chapter, suggests that 
teachers with a rich mathematical knowledge reflect this in the context of more 
effective teaching. This statement was explored by the author of this thesis with an 
observation of the teaching styles employed during the study of primary pupils at the 
researcher’s school from 1994-1999.
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At the outset of the study, the pupils who formed the initial group were placed into 
two separate classes for the school year 1994-95, according to their birth dates. The 
seven older pupils were placed in a mixed Year 2 and 3 class. The 15 youngest were 
placed in a mixed Year 1 and 2 class. Observation revealed that the teaching styles of 
both these classes were different.
Seating in the Year 1 and 2 class was arranged in mixed ability groups. At the start of 
the lesson, pupils all sat on the carpeted area and given an introduction to the topic. 
Whole class teaching was used, a flip chart focussed the children’s minds on the type 
of problems they would be asked to solve. At the end of the introductory session, 
which lasted from 10-20 minutes, the pupils returned to their places. Number work 
graded to the group’s ability was written on flip charts which were placed on easels 
close to their groupings. Children were asked to raise their hands if they had any 
difficulties and the teacher roamed the room giving help and answering questions. 
Queries at the teacher’s desk were discouraged. Discipline was by the teacher’s 
strong personality. Rewards for correct answers took the form of written or verbal 
comment. Number work was usually in the form of written addition and subtraction 
algorithms. Apparatus in the form of multi link blocks and counters were available 
for use in this classroom. When interviewed in June 1995, the teacher stated some of 
her quieter pupils were overlooked because she was busy seeing to those who had 
raised their hands.
In the mixed Year 2 and 3 class, the teaching style was more formal and involved 
whole class lessons. The teacher explained how the ‘sum’ was to be set out and 
‘done’. Exercises were written on the blackboard. Rewards in the form of stars or 
stickers were lavished on the class, as was verbal praise ‘You are good at sums’. The 
emphasis in this class was on rote learning and neatness. Work was marked at the
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teacher’s desk. End of Year reports written by the Year 1 and 2 teacher for 
mathematics were based on these two core examples:
Level 2 SAT Mathematics
“Name can read, write, order and understand the place value of 
number to 100. He/she can use numbers up to 20 to solve whole 
number problems. Name can construct and interpret frequency charts 
and block graphs.”
Level 1 SAT Mathematics
“Name is confident with numbers up to 10, but needs more practise 
using numbers from 10-20. Name can also construct simple frequency 
charts and block graphs. Name needs more experience devising 
repeating patterns.”
The Year 2/3 teacher adopted the following as her reporting core:
“Name is making steady progress in mathematics. Topics covered 
have been addition, subtraction, multiplication and division, length, 
time, data, tallying, shape (2D and 3D), money, number-bonds 
graphs.”
The teachers exposed their pupils to two different mathematical teaching 
environments. One held the view that learning involved a high level of teacher 
interaction and the available use of resources, such as number lines and counters. The 
other was more formal and took the view that mathematical knowledge was best 
gained by the pupil if they were taught formal procedures from the blackboard and 
through practise of these procedures mathematical knowledge would be gained.
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The teachers responsible for these classes were trained in the late 1970’s. Prior to this 
training the Years 1 and 2 teacher had managed to pass mathematics at GCE 0  level. 
Her teacher training was for history and geography. The Years 2 and 3 teacher had no 
formal mathematics qualifications and had trained in English and art. Both received 
little mathematics training at teacher education college and relied on teaching methods 
that they had received in their formative years of state education.
6.13 KEY STAGE 1 (1995) MATHEMATICS RESULTS
The different styles of the two teachers mentioned above did not appear (from the Key 
Stage 1 SAT’s responses 1995 for question 18, Table 6.2) to have any measurable 
impact on their pupil’s ability to solve this problem. Neither did significant
differences show up in the overall mathematics results for each class shown in Table
/
6.13.
TABLE 6.13
Key Stage 1 (1995) Results for Mathematics 
Number of Pupils obtaining levels
CLASS LEVELl LEVEL2 LEVELS
C B A
Class 1, Mbed Years 1 and 2 2 7 3 3 -
Class 2, Mbed Years 2 and 3 - 4 1 1 1
Total number of pupils = 22
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The marking key for each level is to be found in Appendix No. 31. A report on the 
Key Stage 1 Tests and Tasks in Mathematics 1995 can be found in Appendix No. 32.
The maximum number of marks that could be obtained in the test was 30. It is worth 
noting that in these early days of SAT’s there is a danger that pupils with a score of 8 
correct answers can achieve Level 2 for mathematics and assumed to be working at 
their appropriate level, when in fact they are struggling and in all probability will be 
unable to achieve Level 4 at the end of Key Stage 2. In such cases the pupils are said 
to “have fallen behind” during the following years, when in reality they have been low 
attainers at Key Stage 1.
The pupils who achieve 20 marks are also placed in the Level 2 band and may 
similarly be disadvantaged by receiving a Level 4 grade at the end of Key Stage 2 
when, with the correct support, they are capable of achieving Level 5.
The danger is one of paying too much attention to level grades, rather than numerical 
marks. For example, the pupil who scores 8 correct answers and is awarded Level 2 
is only at the threshold of this level and only competent at performing at Level 1 for 
many areas of his/her mathematical work; whereas the pupil who gains 20 marks has 
succeeded in some areas of Level 3. Both sets of pupils may subsequently be given 
Level 2 work, which is either too hard or too easy, resulting in a mismatch of 
mathematical ability. A further problem with this test is that it is not age related, 
some pupils taking it may only be in their fourth term at school.
It is worth noting that the results recorded in Table 6.13 show that a high proportion 
(11 out of 19) fall at the lower end of Level 2.
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An increasing school roll meant that for the following four years pupils would be 
taught in classes which consisted solely of their age range, so for the following years 
the pupils in this study were placed in the same class and taught by the same teachers.
The method employed by the Year 3 teacher was formal, whole class mathematics 
teaching was from the blackboard, from where pupils would be instructed into the 
correct procedure for solving numerical subtraction algorithms and then the lesson 
would proceed with examples from the blackboard and then exercises (mainly 
numerical) from work cards. The algorithms were graded into two groups (easy and 
hard) and completed by the children according to their ability. In subtraction it was 
the Year 3 teacher’s policy not to teach the decomposition method or let the children 
experience this type of subtraction problems until their final Summer term of Year 3. 
When questioned she replied, “I don’t want to confuse or upset them by giving them 
decomposition subtraction problems until they are ready.”
Observation of mathematical books showed that the teacher liked to keep control over 
her pupils’ development by giving them a period of mathematical instruction and 
subsequent questions which they would be able to answer correctly. Pupils who were 
unable to record the correct answers were taught on a one-to-one basis at the teacher’s 
desk, while the rest of the class worked quietly on their educational assignments. 
Apparatus was available, but not readily used.
On reflection, the newly qualified teacher in charge of this class was trained as a 
geography specialist and received very little formal training in mathematics. The 
methods that she was now using were ones that she previously experienced in her own 
school days. Perhaps the most significant aspect of this teaching style was the fact 
that during Year 3 most of the pupils were willing to attempt to solve the subtraction
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problems which were given to them. Fear of alienating the Year 3 teacher meant that 
this study’s attempt to observe the child’s strategies for solving subtraction by 
decomposition methods was held up because it was her policy not to involve her class 
in this form of subtraction until the later part of their final term.
6.14 MATHEMATICS SCHEMES
A formal teaching style continued in the following Year 4 class, but this period saw 
the pupils working on exercises from Cambridge Mathematics Module 5 books 1 and 
2. The teachers’ handbook, page 7, describes this scheme is designed to make 
mathematics accessible for all ranges of classroom ability. It states that all lower 
ability pupils should be able to manage section A from the pupil text book. The 
average pupil and higher ability pupil would, according to the teachers’ handbook, be 
able to complete work set in sections B and C of the text book. Extra support and 
reinforcement for those needing further practise and consolidation is given through 
the use of separate skill support master sheets for section A, which are found in a 
supplementary book. Appendix No. 33, and contain the introductory pages of the 
Teachers Handbook for the Cambridge Mathematics Scheme.
Teaching during Year 4 was on a whole class basis, the pupils were introduced to the 
section or mathematical topic to be covered and then asked to complete the related 
work from the text book. The teachers’ handbook gave suggestions for approaching 
the topic under a set framework of headings, namely: Purpose, Materials, Vocabulary, 
Teaching Points, Mental Work, Using the Calculator, Links to the Environment and 
Notes on Investigation. Appendix No. 34 contains issues which the author considers
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to be of importance and suggests approaches for teaching the relevant topic. In 
practice the Year 4 teacher referred to the teachers’ handbook, but chose to use her 
own experiences to teach the topics presented by the pupils books. Lack of time and 
pace of lessons meant that often sections would not be completed.
In this class the pupils were seated according to behaviour. Disruptive pupils were 
separated and sat next to less troublesome ones. The teacher moved around the 
classroom giving assistance where necessary, often remaining behind during 
playtimes and lunch times to give help to individuals or groups. Time constraints also 
meant that consolidation sheets would not be completed and whole class teaching 
meant that some pupils would move to the next topic before mastering previous work.
6.15 SUBTRACTION BY USE OF DECOMPOSITION
During this year, pupils were introduced to the decomposition method of subtraction. 
Intensive teaching in the form of correct recording procedure was given on the 
blackboard, subsequent mistakes in children’s work was corrected, structural 
apparatus was used to reinforce the teaching. Towards the end of the initial teaching 
sessions most pupils were able to record the correct answers to numerical subtraction 
algorithms using the decomposition method. Perhaps not surprisingly when the Year 
4 class was given the same questions a few weeks later, most of them recorded the 
wrong answers. Their short term memories had not retained the correct procedure. 
An added complication of incorrect subtracting procedure and word meanings also 
came to light during this year when pupils were asked to provide answers to
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subtraction word problems. These complications will be referred to in later pages of 
this thesis.
The results which showed a lack of understanding meant a loss of confidence, not 
only for the pupils, but also for the teacher. It is suspected that this loss of confidence 
in teaching ability by the teacher and learning ability by the pupils is echoed in many 
classrooms. In this study the teacher concerned re-doubled her efforts and repeated 
the same teaching pattern used a few months earlier, but as the end of the academic 
year was now approaching, long term mastery of subtraction against short term 
successes of memorised procedure would be left to the Year 5 teacher. Holt’s (1982) 
thoughts about abandoning unsuccessful procedure seem to apply in cases like this. 
Of concern to this author is in the drive to meet national attainment levels. Short term 
memorisation of facts will take precedence over long term learning of mastering 
mathematical concepts.
During Years 5 and 6, the pupils in the study had the same teacher, this was at the 
suggestion of the local advisor who reasoned that continuity would improve their 
SAT’s results, since their areas of weaknesses in the core subjects would be known 
and remedied by uninterrupted teaching.
Once again the teaching style was of the same approach as used by the previous 
teacher. The pupils carried out set tasks from Cambridge Modules 6 and 7, following 
whole class instruction from the teacher. The teachers’ handbook was referred to but 
not rigidly followed. Work was supplemented by numerical problems taken from 
Hesse, ‘The Four Rules of Number’. Pupils were given a good grounding in
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computation using figures. Those who had difficulty were attended to at the teacher’s 
desk.
Research during these two years showed that the number of pupils having an 
understanding of the decomposition method of subtraction was increasing. It also 
highlighted that following a week of intensive study in the classroom, the researcher’s 
results showed a dramatic increase in the number of pupils performing the 
calculations correctly in their exercise books. But when similar questions were given 
9 weeks later, some pupils who had previously recorded correct answers now 
answered incorrectly or still showed the same error patterns in their responses.
The following extract produced by two ten year old pupils from the group studied at 
the researcher’s schools could also be attributed to many others in their class;
PUPIL RESPONSE 3 July 1998 9 Sept 1998
q q
LOUISE yO(3 3 /cp
-346 -346
157 57
I #  8oV
-206 -206
594 603
LEE ^
-346 -346
157 57
9
^ J8^0 800
-206 -206
594 ' 606
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The answers recorded by Louise and Lee shown above are examples from this group. 
The week following a lesson on subtraction (3/7/98) they were able to apply the 
correct procedure, but several weeks later, on return from the summer holiday 
(9/9/98), they both reverted to their own methods for solving subtraction algorithms.
6.16 HOME INFLUENCES AND ATTITUDES TOWARDS SCHOOL
As well as being taught by different teachers, some pupils in the study had also been 
taught by their parents at home. By far the best response was given by Billy, a Year 3 
pupil in June 1996. His parents had previously taught him the equal addition method 
of subtraction (ten to the top and ten to the bottom), 
e.g. 8Î4
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His teacher informed him that his answers were correct, but that she would like him to 
try the decomposition method of subtraction that she was going to teach him. Only 
three pupils were shown the decomposition method of subtraction during their last 
term in this class; as stated earlier this teacher would only teach the next stage of 
mathematics when she thought that the pupils were ready. The researcher’s 
background knowledge of these three pupils was that each came from a supportive, 
secure family background, where school was important and other members of the 
family were confident and proficient in mathematics. Others not deemed ready for 
the decomposition subtraction problems by their teacher tended to have a less 
favourable home attitude towards school.
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Although not enough evidence has been gathered by this study to prove the most 
effective teaching approach, there is much debate into this aspect of education, some 
of which is recorded in the Literature Review, Schweinhart and Weikart (1993); 
Stevenson et al (1990).
It is the opinion of this research that home influences do impact upon the child’s 
attitudes and performance in mathematical achievement. The task which faces the 
teacher is one of re-educating parents who, as quoted by the American example, pass 
on the belief that natural talent, rather than determined effort, is the key to success and 
those such as Cox (1992) who may be tempted to lay the blame of failure on the use 
of informal methods of teaching mathematics.
Debates into mathematical attitudes and methods used in teaching are ongoing, but 
important enough for this researcher to draw attention to the types of teaching 
observed, to allow the reader to form his/her own opinion with regards to the style 
they may wish to adopt when applying these findings to their own classroom practice.
Difficulties with subtraction continue through the primary years and increase to take 
in other matters, such as the use of mathematical vocabulary; response from 9 year old 
pupils showed that more than half did not understand the meaning of the word 
‘minus’ and three quarters did not understand what ‘difference’ meant when applied 
to subtraction. Symbols such as x were also misread to mean addition, two, seven 
year olds recorded 2x3  = 5, 2 x 6  = 8. Semantic dependencies were also shown to be 
a source of confusion; similarly the ways in which numbers were presented 
highlighted a weakness in the child’s thinking.
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Significantly more 9 year old pupils (90%) were able to provide the correct answer to 
10-7 when express in a horizontal form, but when shown in the vertical form:
10
-7
only 36% of the same pupils were able to record the correct answer. When exploring 
the reasons behind these conflicting responses, the early years research found that 
these pupils had been confused by the use of taught methods for solving subtraction 
algorithms.
6.17 SUBTRACTION WEAKNESSES
Main causes in weakness in subtraction ability have been documented by Hughes 
(1985), Decorte and Verschaffel (1989), Brown and Van Lehn (1982). They have 
identified them as: lack of understanding of place value; language errors and 
subtraction bugs.
The researcher of this thesis decided to take this further through the following 
question:
(iii) What problems do pupils experience with subtraction algorithms during their 
primary school years; are there common errors in their answers to these 
questions?
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This research was carried out between 1997 and 1999 with a mixed ability class of 28 
primary school pupils while attending Years 4, 5 and 6 of their UK education. 
Twenty-two pupils from this class had been the subject of the earlier research into 
their ability to perform 36 - 15, some observations and findings noted during Years 2 
and 3 related to the children who are now subject to this further research question are 
also referred to in this passage. One thing that could not be accounted for was a 100% 
attendance during this period of the study. Sickness, for example, meant that some 
pupils would not be present for some lessons, the data collected relates to the numbers 
involved.
The pupils who formed this longitudinal study group were now progressing further up 
the school, as they were growing older they were given more complex forms of 
subtraction to solve. During this period of their mathematical development, the 
research examines the questions of rewards; types of subtraction error being recorded; 
methods employed to teach subtraction and proactive inhibition related to subtraction 
difficulties.
6.18 CHILDREN’S MATHEMATICAL ABILITY OVER A PERIOD OF TIME
Teacher’s assessments during Year 2 and Key Stage 1 SAT’s results for mathematics 
together with SAT’s and Mathematics IQ’s during Years 4 and 5 are recorded in 
Table 6.14 below;
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TABLE 6.14
Mathematical ability over a period of time
PUPIL
Teacher As s es s ment 
&  KSl Maths 
Year 2 
June 1995
SATS Lewi 
Task & Tests
Maths 
Year 4 
June 1997
IQ
Year 5 
June 1998
KS 2 Maths 
SATS Year 6 
June 1999 
Lewi
Bilfy Below average 2C 70 75 3
Kyle Below average 2C 84 93 3
Leanne Average 3 104 103 5
Samantha Average 2B 102 106 4
Sara Average 2C 97 104 4
Braham Above average 2A 126 128 5
Christopher Above average 2A 111 118 5
The results above reflect that pupils in this study have remained consistent in their 
mathematical ability. The pupils that had difficulties understanding mathematics still 
had difficulties three years later.
On 21 November 1994 (Appendix No. 11), 7 year old Billy wrote:
4 is 2 more than 2 
3 is 1 more than 1 
2 is 1 more than 1
5 is 4 more than 4 
5 is 1 more than 4
His teacher recorded the words ‘finding these confusing’ alongside his work.
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Work completed on 1 December 1998 at the age of 10 years, (Appendix No. 12), 
includes the following responses:
1. 7 + 4=11 2. 6 + 9=14 3. 8 + 8 = 16
(error)
4. 7 + 5 = 12 5. Don’t know 6. 5 - 6 = 1
(6 + 7 = ) (error 5 + 6=11)
7. Don’t know
Samantha’s responses (Appendix No. 13) show that she was able to provide the 
correct answers to both sets of work given on 21 November 1994 and 1 December 
1998.
Samples of work taken on 27 March 1995 from the Year 2 (7 year old) class, 
(Appendix No. 14), show that despite their differing mathematical ability, Billy and 
Wilson were being exposed to the same kind of questions. Further work examples 
from both classes containing Year 2 pupils showed them to be working from the same 
source of mathematics material.
Bennett’s (1984) findings, mentioned in the Literature Review, that primary schools 
had problems in terms of matching pupils to the appropriate task levels were 
confirmed by a detailed examination of completed mathematics exercise books 
towards the end of Year 4, the pupils were aged 9 years. Work given to the pupils in 
the low, middle and higher bands of mathematical ability was not differentiated and 
was observed to be set at a level which most pupils in the class could tackle, ie it was 
pitched at the mid band of academic ability, as the sample work from each ability 
band, 17/18 July 1996 (Appendices No’s. 15,16 and 17) show.
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This pattern was repeated for earlier dates during the year for example and covered a
range of other mathematics topics such as time and measurement. Often this work
was taken from class text books and resulted in rather mechanical marking, as the
work for Sam (average ability) 9 years old completed 2 July (Appendix No. 18) and
below shows that: o
Q3 ^
-127
116
is incorrectly marked wrong, and 9 year old (low ability) Emma’s correction, 4 July 
1996 (Appendix No. 19) is marked correct.
Q3 2 ^
-129
134
The work for Friday, 12 July (Appendix No. 15) for 9 year old Emma was matched to 
her ability, but was too easy for Sam. Previously the subtraction work (2 July) given 
to Emma was too difficult, but correctly matched Sam’s ability.
Analysis of earlier exercise books of the pupils in this study by the researcher 
(referred to a few pages earlier) also show that the same work being set to all pupils 
regardless of their mathematical ability reinforced Bennett’s (1984) findings.
Another fact which emerged was that stars or rewards were also being given
depending on the pupil’s work presentation. Completed work, if not neat as well as
correct, did not merit a reward. For an overview on the use of teacher rewards each 
completed Year 2 maths exercise book for the seven pupils mentioned earlier were 
examined for the number of stars or reward stickers they contained.
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TABLE 6.15
Pupil rewards and mathematical ability
PUPIL June 1995 No. of Rewards
Percentage of exercise 
book pages unmarked 
by the teacher
Below average 0 34%
Kyle Below average 1 22%
Leanne Average 1 42%
Samantha Average 9 2%
Sara Average 1 65%
Wilson Above average 4 30%
Christopher Above average 3 44%
While desirable from an aesthetic viewpoint, one wonders if this also leads to later 
problems with the child’s conceptual understanding. In both classes (this year group 
had been split), examination of exercise books revealed (surprisingly) that they were 
inconsistently marked, so another category was added to the table, namely the 
percentage of exercise book pages marked by the teacher. This high level of 
unmarked work points to a lack of monitoring of the pupils’ progress by the 
respective class teachers and the Key Stage 1 co-ordinator. No criticism is intended 
of either teacher, faced with other priorities of hearing children read or helping other 
individuals with numeracy. But the pupil whose work was marked on a regular basis 
was the child of a lunch time supervisor who worked in the school.
The pupil in question came from a secure caring home background and had also 
formed a position of trust and popularity with her teacher. Her work presentation was 
neat and a joy to mark, compared with that carried out by pupils of a lesser academic 
ability. One pupil from the below average group and one from the average band at 
this period of time were being influenced by problems at home caused by marriage 
breakdown. In both cases, work presentation and output suffered. Although difficult
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to measure, mathematical ability seemed to remain constant through this period of 
upheaval in the child’s life.
The rewards given by both teachers were reserved for the more able pupils. The 
below average pupil in need of encouragement had to face critical comments, such as 
‘needs support’, ‘check the pattern’, and ‘given help’.
6.19 PUPIL ATTITUDES TOWARDS MATHEMATICS
During Year 2, pupils were invited to write their thoughts about mathematics. In Year 
2, Wilson, an able pupil wrote:
“I like everything in maths because it is good fun.”
Four years later he wrote:
“I think maths is fun I like maths tests and I can do 20 mental
agility in 4 minutes, 11 seconds I like maths better than any other
subject.”
In Year 2, Samantha, an average ability pupil wrote:
“I like doing take away I can also tell the time the best
thing in maths is doing graphs.”
In Year 6, she wrote:
“I think maths is quite good, but a bit boring.”
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Kirsty, an above average pupil in Year 2 wrote:
“I like sharing best because it is fun I don’t like money because
its not that fun.”
In Year 6 (Maths IQl 10) she wrote:
“I find maths so boring that I’d rather do geography All the
friends I know hate maths There is nothing good about maths,
because there is nothing fun about it.”
Ashley, of below average ability in Year 2 wrote:
“Mathematics is good I don’t like shapes because they are
harder.”
In Year 6 (Maths IQ88) he wrote:
“I think maths is ok, but I find some work hard because I don’t know 
how to do it but it is not my best subject.”
Over the years, a change of attitude has occurred in many of the pupils thoughts. In 
Year 2, most wrote positively about the aspects that they enjoyed, some mentioned 
their dislikes. By Year 6, the word ‘boring’ had entered their vocabulary. Many able 
as well as less able pupils wrote to say that they found the subject ‘boring’. When 
questioned they were unable to say why it bored them, other than they did not like 
doing it.
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6.20 METHODS EMPLOYED TO TEACH SUBTRACTION
The teaching of subtraction often illustrates the dangers of using taught methods 
which rely on the use of memory. Following Such instruction, one nine year old pupil 
in the study group misapplied the memorised rules and wrote:
319
163
The teacher had not built upon previous knowledge that the number 282 was to be 
taken from 319, and so when the pupil wrongly set out the algorithm the taught 
method resulted in the answer shown.
In the search for more effective teaching methods and a greater pupil understanding of 
the process of subtraction, the author examined the work of Brown and Van Lehn 
(1982) who have generated a ‘Theory of Subtraction Bugs’ which has already been 
outlined in the Literature Review, but are basically habitual and consistent errors 
made by pupils such as smaller top column figure from larger bottom figure.
Eg,
43
-26
23
They argue that a programme of teaching strategies could help overcome these bugs. 
An understanding of the bugs could also help in designing learning environments that 
might inhibit these bugs in the first place.
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To test the statement that a programme of teaching strategies could help overcome 
these bugs, the researcher embarked on a teaching course with a mixed ability. Year 3, 
class of 22 pupils.
Early lessons focused on place value and subtraction number bonds to 20, number 
lines and structural apparatus were used to reinforce this teaching. Pupils were also 
introduced to vocabulary terms - take away, difference and subtract. Pupils were 
shown how, by jumping back along a number line, subtraction problems could be 
solved.
0 1 2 3 4 5 6 7 8
6 - 4  = 2
Start on 6, jump back 4, and on 2.
When the class became competent at using number line for subtraction, they were 
shown how structural apparatus could be used to solve subtraction problems.
X
The difference between 6 and 4 is 2.
‘6 - 4  = 2’
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After lots of practice, the next lesson showed pupils how structural apparatus could be 
used to represent numbers, e.g.
1 T e n  coà 
= 10 o n e s
7 |
— X
X
X
---- X
■MMX
— X
X
Recording methods used alongside structural apparatus helped pupils to form images 
and relate structural apparatus to numbers. Once this was grasped, slips of paper, 
each with a different number, were given to children to match with the correct 
structural apparatus. Gradually the pupils were introduced to the vertical recording of 
subtraction without decomposition.
_ 2+gns cinj Bones
X
X
X
X
X
Lx
ZZ!/ TqV^ a\^ay
X
X
y
X
X
X
xj
X
XI
X
&
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-4 was written on a slip of paper and applied to both forms of representation and also 
to a number line. Further practise was given, until the pupil could carry out Tens and 
Units subtraction (without decomposition). All 22 pupils were able to carry out this 
form of subtraction successfully. At this stage of learning, however, there were 
marked differences in the speeds at which pupils carried out this process. In the time 
that it took the brighter pupils to solve 25 subtraction algorithms correctly, those of 
lower mathematical ability had only successfully solved 4 or 5 problems. During the 
next four weeks the pupils were given further practise in subtraction before 
introducing them to the decomposition method.
The pupils in this study had been shown how to use structural apparatus to perform 
addition and subtraction of numbers up to one hundred during their previous UK 
school year (Year 2). As an introduction to decomposition, the researcher reminded 
the pupils of these earlier lessons. Structural apparatus was then shared amongst the 
pupils and during the initial lesson they were allowed to handle and play with it in any 
way they wanted. Observations during this lesson revealed that no pupils were using 
it in the way it was designed to be used, namely to represent numbers. Rather they 
chose to build towers or use them to visually represent objects, such as ships, planes, 
rockets and animals.
During this lesson, pupils worked with a partner and it generated co-operation, 
imagination and language, as children explored their designs. A subsequent lesson 
moved away from construction of objects to construction of numbers. The earlier 
lesson had served its purpose, since pupils were no longer tempted to construct icons 
and now focussed on numbers.
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e.g. 28
IX 
/
~ x
k
Number shown with apparatus.
In early examples most pupils placed their cubes in a random order:
&
0
% 6
Placing units before the ten rods as shown below was also observed:
Z 71
X
X
X
X
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Some even placed their unit cubes in a heap. So the class were made aware that it 
would be easier to recognise the written number if the apparatus were placed in an 
orderly fashion. Another error was that some pupils represented a wrong number with 
their shapes, (pictured cL and b)
7 14 -
(a) (b)
Once plenty of number practise had been given, pupils were paired and introduced to 
an addition game. The object of the game was to see who could reach the number 
fifty first. Each pupil was given 20 singles and 5 ten rods and then told to take it in 
turns to roll two dice. The numbers on the dice were added to previous scores 
represented by structural apparatus and by figures. Once pupils had got used to the 
idea of exchanging ten singles for one ten, they were introduced to a subtraction game 
using structural apparatus.
This time the object of this game was to clear the board, by subtracting the number 
thrown from its predecessor. Following this session, the pupils were introduced to 
written subtraction methods which recalled the structural observations, e.g.
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u b : 0S -  -  6
Exchange one ten for ten ones
The overhead projector was used to show the whole class how this could be done. 
The tens and units were represented by transparent pieces of plastic and the 
calculation marked on a transparency. The idea that objects placed in random order 
were more difficult to count than those in orderly columns soon became apparent 
when viewed on a screen. During a following lesson 14 pupils used the apparatus to 
play the decomposition game, but 12 ignored the apparatus and used written 
algorithms to play the game.
After a period of intensive teaching, showing how structural apparatus and written 
methods of decomposition could be used to solve subtraction, the following question 
Mathematics Module 4 was placed on the blackboard:
52
-8
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The range of pupil answers is given in Table 6.16 below;
TABLE 6.16
Pupil responses to the question “52 - 8” written in a vertical form
Year 3 Pupil Response 1 9 1 8 I 1 1
Answers 60 56 45 44 42 34 6
6.21 PUPIL APPLICATION OF TAUGHT METHODS OF SUBTRACTION
The majority of pupils failed to apply earlier taught written methods of calculation
and used a range of preferred strategies to solve the problem. Two pupils took ten
away and mentally added on two, to give a correct answer. Other strategies involved
use of a number line, fingers and counting out objects around the classroom. The next
day pupils were again shown how to solve subtraction problems using structural
apparatus. Following further practise, the question 42
2 6
previously shown on the overhead projector was given. In response 15 pupils gave an 
answer of 36, but 7 however gave an answer of 44.
Despite the teacher’s best efforts, at the end of the lesson these seven pupils had
reverted to their own way method hence: 42
2 6
44
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The passage of time clearly showed its effect on pupil memory, when two weeks later 
only one pupil out of 22 recorded a correct answer of 36 to the above problem. Place 
value and associated number work had been given, but clearly some blocking 
mechanism or inhibition had occurred in the pupils thinking, these effects are 
explored in greater detail in later pages of this work.
Hart (1989) found that children experience great difficulty in making the anticipated 
connections between their manipulation of the apparatus and their pencil and paper 
calculations. Her work shows that once children have been introduced to the formal 
written algorithm, it was not long before they had completely forgotten the pre­
formalisation linking lessons which had involved the use of the apparatus.
6.22 SUBTRACTION BUG OR PROACTIVE INHIBITION?
At this stage of the investigation, it seems as if the child’s approach to subtraction is
like a jigsaw puzzle, pupils have little parts of the whole picture in their mind of how
they think the process should be carried out, unfortunately, often these pieces do not
make complete sense; one piece, eg. 6 but another 3
i_3 -j6
3 correct 3 is wrong
Lucy, a Year 3 pupil, managed to perform decomposition methods of subtraction 
correctly when first taught, but a few weeks later records: 52
55
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Teacher: “Can you show me 52?”
Pupil: using structural apparatus, put out 5 tens and 2 units correctly
Teacher: (writes -7 on a piece of paper) “Can you give me 7?”
Pupil: Gives teacher 5 ten rods and 2 singles. Which she counts out as seven.
This comes as a surprise, because she earlier recognised 5 tens rods and 2 units as 
being 52. Previously she had carried out place value work correctly and recognised 
the relative values of the tens rods and single cubes. Her class records showed that 
she could use structural apparatus to represent place value numbers. However, old 
knowledge which had been learnt previously was superceding new knowledge. The 
jigsaw pieces were not fitting together to make this part of the picture. The 5 tens and 
2 units represented by the structural apparatus disappeared, in front of her now was 7 
objects; 5 rods and 2 singles. So when asked to take away 7, she had no hesitation in 
taking away 7 objects, rather than 7 single cubes.
The child had lost sight of the problem, not to be defeated the teacher tried again:
Teacher:
Pupil:
Teacher:
Pupil:
Teacher:
Pupil:
Teacher:
Pupil:
Teacher:
‘Is this seven?” (points to 5 tens and 2 singles) 
“Yes.”
“I want seven of these”, (shows pupil a single cube)
Takes seven cubes fi'om the tray, not from the 52 on the table 
represented by the structural apparatus.
Removes tray from sight. “Can you show me 52?”
Again places out 5 ten rods and 2 singles to represent 52.
“Can you take 7 from 52?”
“No.”
“Why not?”
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Pupil: “These are tens and these are ones.” (able to recall new knowledge
perhaps because of teacher prompts made previously in this session.)
Teacher: “What have you got to do?”
Pupil: “You have got to take one of these” (points to tens rod), “and change
to some of these.” (Pupil is now remembering operations carried out in 
previous lessons. Pupil does not know where to get the unit cubes 
from.)
Teacher: “I know someone who will change it for you.”
Pupil: (Looks surprised) “Who?”
Teacher: “Me! How many do you want?”
Pupil: “I want five.”
Teacher: “You only want five for that?” (Surprised expression in voice tone
leads pupil to know that she had made an error. Teacher is in danger
of leading the child to give the correct answer, rather than
understanding if correct procedure for solving this type of problem.)
Pupil: “I want five more.”
Teacher: (Counts out ten single cubes in exchange for the tens rod) “Can you
give me seven now?”
Pupil: (Hesitates, then replies) “Yes.” (Counts out seven cubes)
Teacher: “How may have you got left now?”
Pupil: “Nine!” (Once again, old knowledge has come to the foreground and
rather than seeing the rods and cubes to represent 45, she seems them 
as nine objects.)
Teacher: (Repeats the question) “How many have you got left now?”
Pupil: (Perhaps reacting to a cue, counts out the tens and units apparatus and
replies) “45”. (Pupil then returns to her desk to solve the problem and 
later returns with: 52
Teacher: “How did you do it?”
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Pupil: “Take two and 5 tens..... ” (At this point the bell signals an end to the
lesson and the teacher can only assume that once again the pupil is 
linking the answer of 52 to -7, because in her mind 5 long rods plus 2 
small cubes makes 7 objects altogether. Perhaps a better analogy to the 
jigsaw is one of a mist which comes and goes.)
Up to this point the exchange of dialogue has been very much teacher directed and 
cue dependant. Subtraction by the use of decomposition algorithms is outside of the 
child’s everyday life experience and can easily rely on the memorisation of a series of 
steps, rather than a mastered concept. The teacher, when trying to overcome some of 
the child’s difficulties, must internalise the child’s responses to the questions and then 
help the child’s thought processes. There is always a hidden danger that from start to 
finish the teacher is directing the pupil to give the correct answer to the written 
subtraction algorithm and the thought processes are the teachers, not the child’s. The 
data collected and analysed to date prompted the researcher to ask further questions 
raised by the data.
6.23 FURTHER QUESTIONS RAISED BY THE RESEARCH
Three questions must be asked at this point:
1) Is the pupil ready to tackle this sort of problem? Piaget would argue no, she is 
not at the required developmental stage. Vygotsky would say yes, with a little 
help from the teacher she can move to another proximal zone of development.
2) Who owns the problem, is it the teacher or is it the pupil? It is the teacher in 
the sense that he/she is using it as a means of conveying knowledge to the
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pupil. It is the pupils, in the sense that if he/she can leam to master it he/she 
will be able to solve problems of a similar nature.
3) Should the whole process from problem to solution be pursued from start to
finish or rather should it be left at some convenient teaching point?
Should the child be allowed to assimilate part rather than the whole of the knowledge? 
The dialogue recorded earlier lasted 20 minutes, during which time several spectators 
in the guise of children needing help had joined the scene and become participant 
observers by offering their answers to the teacher’s questions. Interestingly, their 
responses were arrived at through directing the pupil (Lucy) who was under the 
teacher’s instruction. Lucy reacted to their suggestions and absorbed them into her 
thinking.
Kathy Sylva (1996) identifies two patterns of children’s behaviour when faced with 
challenging situations. She found that ‘mastery’ orientated children viewed difficult 
problems as challenges to be mastered through effort. In contrast the other group 
characterised as ‘helpless’ in orientation saw new problems as test of their innate 
ability and were convinced that they would fail. She summarises her finding as 
follows:
“a. Helpless children avoid challenge and give up easily, whereas
mastery-orientated children persist in the fact of obstacles and 
seek new, challenging experiences.
b. Helpless children report negative feelings and views of
themselves when they meet obstacles while ‘mastery’ children 
have positive views of their competence, when meeting 
difficulties. This makes them task-orientated and resilient in 
the face of difficulties because they are confident and enjoy 
challenge.
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c. The style of ‘helpless’ or ‘mastery’-orientated behaviour is not 
related to intelligence, rather it is a personality characteristic, a 
way of viewing oneself and one’s capacity to be effective in the 
world of things and people.”
So another point to be bom in mind is the necessity for the teacher to turn pupils like 
Lucy into developing a pattern of ‘mastery-orientated’ behaviour.
6.24 SUBTRACTION BUGS
The question of subtraction bugs was explored fully with the longitudinal study group, 
the resulting error types over a period of three years are shown in Appendix No. 20.
The results show that despite remedial teaching from June 1996 until December 1997, 
there was no significant improvement in the pupils’ ability to perform subtraction 
algorithms. Subtraction bugs remained or changed during this period of time.
During the period January to June 1998, the study sample was dividend into three 
groups and extensive remedial teaching was given to two of the groups. This may 
account for the sudden reduction of subtraction bugs witnessed between December 
1997 and the July 1998 results.
The study group also completed optional SAT’s papers at the end of Years 4 and 5. 
Their responses are recorded in Appendices No. 21 and No. 22. Pupils N and T, who 
experienced difficulties with subtraction tasks recorded mathematics IQ’s of 90 and 
75 for their Year 5 tests. The mathematics results showing IQ’s for Years 4 and 5
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show that pupils with a high IQ are more able to perform subtraction algorithms 
correctly. Those with lower IQ were more likely to experience difficulties.
The results also show that some pupils have a combination of error types (pupils I, N, 
O and GG gave examples of this in their responses). Others, notably pupil L, Q and 
DD were consistent in their error types. Once learnt, these errors proved difficult to 
eradicate.
Chelsea, a Year 4 pupil of average mathematical ability, recorded the following type 
‘d’ error in November 1997;
20
2I6
10
Following remedial teaching within the class and further examples of this question,
she was again tested in January 1998 and once again records a type ‘d’ error:
20
2I6
10
The following is a transcript of a conversation between Chelsea and her teacher, 
which took place over several lunch times during January 1998:
Teacher: “Can you tell me what you did?” Points to Chelsea’s answer:
20
-M
10
Pupil: “You can’t take six from nothing so the answer is nought. Two take
one is one.”
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Teacher: “If I ask you to take 16 from 20 in your head, what answer do you
get?”
Pupil: (Starting from one counts up to 16 using fingers of both of her hands.
When she reaches 16 she clenches her fingers, makes a fist and the 
proceeds to count up raising the 17th, 18th, 19th and 20th fingers. She 
give a verbal answer of four.)
Teacher: “What do you notice about your answers?”
Pupil: (Looks puzzled) “One is ten, the other is four.”
Teacher: “Which one is the right answer?”
Pupil: Four.
During the next lunch time session, the teacher asks the pupil to explain how she 
answered further subtraction questions.
Teacher: “Can you tell me what you did?” Points to;
2 /;2
-16
16
Pupil: “Two take six you can’t do, so knock on the doorstep and borrow one, 
then twelve take six is six and two take one is one.”
Teacher: “How about these questions?’
-19
68
2/j
-16
15
Pupil: Once again gives verbal answers in line with response for:
Teacher: Writes:
32
-16
30
-16
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Pupil: Records:
30
zl6
20 type ‘d’ error again 
Teacher: “Can you tell me how you did it?"
Pupil: (Once again responds with incorrect procedure.) “You can’t take six
from nothing, so the answer is nought. Three take one is two’’.
The researcher, paying attention to the psychological perspectives of the child’s 
mental development, found that although pupils like Chelsea had reached an 
appropriate Piagetian stage, they still got basic subtraction wrong. To explore this 
further Vygotsky was referred to, but this did not help either. Pupils who had 
previously been taught the procedures for subtraction and had previously recorded 
correct procedures were, after a few weeks, reverting to original errors. Study into 
aspects of short and long term memory. Rose and Nicholl (1997) still could not 
explain the fundamental question raised by the data.
“Why were pupils who had previously shown a good grasp of subtraction 
algorithms making careless errors when undergoing the pressure of 
exams or the passage of time?”
Social factors such as illness or worry could not account for this phenomena, because 
children and their family circumstances were known by the researchers and the data 
collected over a period of time addressed these issues.
232
6.25 A CLOSER STUDY OF PROACTIVE INHIBITION
The study has identified this hidden factor which exists, despite the educators best 
efforts to influence the child’s overall performance as a mechanism, which is called 
‘proactive inhibition’:
(Nicholls and Ward 1998) Lyndon (1989) describes proactive inhibition as a powerful 
automatic and essential brain function. Without it we would be continually changing 
our knowledge base. Basically it is a belief mechanism. Once a student develops an 
‘own way’ of solving a problem, being told that he/she is actually wrong stimulates 
this belief mechanism and protects the individual from change. No one likes being 
told that they are wrong, when they know they are right. Often this can be observed 
in the subtraction process.
When placed under pressure, children may revert to their own methods of solving 
written algorithms, irrespective of the taught method. Often this leads to an 
incorrectly recorded answer. It is particularly noticeable amongst primary school 
pupils faced with the task of answering subtraction questions and could be a factor in 
the discrepancy between Key Stage 2 Test Results and Teacher Assessment for 
Mathematics. The Schools Curriculum and Assessment Authority’s Report on the 
Mathematics Tests and Tasks (1995) records the fact that 27% of teachers thought that 
their pupils’ performance in the tests were lower than expected.
In terms of subtraction, pupils are taught about it, but do not necessarily understand it. 
The following diary entry for a Year 3 class will no doubt echo the experiences of 
many teachers and pupils:
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“This morning’s lesson involved teaching the decomposition method of 
subtraction. After initial teaching from the blackboard, the pupils were 
given Dienes tens and units apparatus, counters, metre rules to act as 
number lines, as well as squared paper and scissors. A variety of 
subtraction questions were written on the board.
Amongst them was: 28
- 19
Despite lengthy explanations, both to individuals and the class, on the 
correct procedure, at the end of the lesson pupils were still coming up 
with answers of: 28
- 19 
1
28 28
-19 and
10 11
The pupils’ proactive inhibition was highly active at this stage and 
protecting the brain from change. Previous experience had already been 
learnt, for example the difference between eight and nine for some
pupils is one; for others eight take nine you can not do, two take one is
one.”
It is not easy for the pupil to unlearn facts which may have incorrectly been applied to 
another situation. In addition, the sum of two figures is commutative, 9 + 8 is the 
same as 8 + 9, so in the child’s mind, why should 8 - 9 be any different from 9 - 8? A 
great deal of learning has to take place before the pupil is competent to tackle 28 
satisfactorily. -19
Towards the end of the week, the Year 3 pupils mentioned above were introduced to 
electronic calculators in the lesson, and although many were still puzzled by their 
variance of answers, the calculator display showed that another answer was possible. 
Pupils’ previous experience of the electronic calculator enabled them to press the right 
buttons and obtain the correct answer to complicated numerical problems. So why, 
when they pressed 28 -19, was the number 9 appearing when their own pen and paper 
methods had recorded different answers of 10 and 11?
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Here was concrete calculator evidence that could not be ignored: 28-19  was 9!
Proactive inhibition however was still hard at work, many pupils still refusing to 
believe the evidence before their eyes.
Later two pupils came to understand the evidence and allowed their proactive 
inhibition to accommodate this new information. This involved a restructuring of 
previously leamt knowledge, both pupils were adept at mental arithmetic and showed 
good levels of understanding in previous work. Although it was several days before 
they were fully confident in what they were doing, these two pupils were now able to 
confront what had previously been an alien type of problem.
The problems associated with proactive inhibition and the learning of new concepts 
remain with us for life.
Chelsea, a Year 4 pupil, in her reasoning, “You can’t take six from nothing, so the 
answer is nought”, highlights Lyndon’s key elements 2 and 5. The teacher, in an 
attempt to implement Brown and Van Lehn’s (1982) repair theory by first setting 
another problem:
33 
- 16
Pupil: (Records the correct answer. The problems have been set out (as
shown below), so that the teacher can use them to recall sound 
knowledge as an introduction to an Old way New way method of 
remedification.)
33 32 31 30
16 16 16 16
i l  16 15 20
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Teacher: “What do you notice about these numbers?” (Points to top figures)
Pupil: (Reads them out correctly)
Teacher: “What do you notice about these numbers?” (Points to number
subtracted)
Pupil: “They are all the same.” (16)
Teacher: “What can you tell me about these three answers?” (points to first three
questions)
Pupil: “They are going down.” (Read 17,16,15)
Teacher: “So what would you expect the answer to be?” (Pointing to the fourth
problem)
Pupil: “Fourteen.”
Teacher: “Let’s look at this again.”
30
-16
Pupil: “Take six from nothing, you can’t do it.”
Teacher: (Interrupts) “You are quite right, you can’t take six from nothing.”
(Said because old knowledge is correct) “But what did you do here?” 
Points to;
30
-16
Pupil: “One take six, you knock on the doorstep.” (Repeats earlier statement
which shows PI is still protecting pupil from change).
Teacher: (Still building on earlier correct knowledge) “If you can take six from
one, what happens if you use the same method with nought on this 
problem?”
Pupil: (Uses previous knowledge and now records):
i jp
-16
14
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Teacher:
Pupil:
Teacher:
Pupil:
“What do you notice about the questions now?’ 
(Notices the pattern which they all have)
“Let’s go back and try:”
Records:
20 
- 16
'/p 
- 16
Teacher:
Pupil:
Teacher:
Pupil:
Teacher:
Pupil:
Teacher:
Pupil:
(Looks happy. Old way has led to New way and fits mental answer 
arrived at earlier).
(Still building on knowledge) “Can you write this problem another 
way?”
Records:
02
61
16
20
(This points to a communication problem. Often teachers assume that 
pupils understand their verbal language.)
“Let me write it for you. 20-16 =“
(Records correct answer)
(Explains that the top number is not nought, but twenty)
(Is eager to leam, but is interrupted by the bell) “Can I have some to 
do at home?”
“I won’t give you any to do at home, but I will give you some 
tomorrow lunch time to see what you have remembered.”
(Looks pleased/happy, wants to learn and is motivated. She seems 
confident and give the impression that the Old way New way method 
adopted above has been successful.)
237
Lyndon’s Old way New way tries to avoid negative feelings of failure on the part of 
the child, it tries to make learning a positive and enjoyable experience, as borne out by 
Chelsea’s reaction at the end of this session. These feelings are contagious. The 
teacher is happy. Learning has taken place, the parent is happy because the pupil is 
happy. The class teacher is happy because her pupil is more confident with 
subtraction and has a more positive attitude towards mathematics.
The following lunch hour 12:45 -1:05
(Time seemed to pass very quickly, just as a major breakthrough in thinking was 
coming, we just ran out of time.)
Teacher:
Pupil:
Teacher:
Pupil:
Teacher:
Pupil:
(Writes out the following question) “I’d like to see what you can 
remember from yesterday.”
iXp
-16
_ 4
(Records the correct answer)
“Can you tell me what to do?”
(Repeats process correctly)
(Now asks if she can work out the answer to the next problem. This is 
done to check if she can use her newly acquired knowledge and apply 
it to solving harder problems.)
100 
- 17
Records:
100 
-17 
65
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Then records:
100
n i l
3
Teacher: “Can you explain how you did this?”
Pupil: “Ten take seven is five, seven take one is six.”
(Here two errors are taking place, one an error involving numbers, the 
other through incorrect thinking.)
The incorrect subtraction error is dealt with by setting the following question:
10
-7
Pupil: 1st try: 10 2nd try: 10
--J . z l
75 75
3rd try: 10 4th try: 10
%7 ._2
75 75
(Each time the pupil uses the figure seven instead of zero. In her mind 
ten take away seven is still five.)
Teacher: “Let’s use these blocks.” (Makes up a unifix rod comprising ten ones
which is called one ten. The pupil recognises this without difficulty. 
When asked to take way 7, shows that she has three remaining and 
then realises that ten take away seven is three. The area of difficulty 
seems to be when nothing remains in the tens column, afl:er one ten is 
changed into ten units, the following responses confirmed this was the 
case.)
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Pupil: 1st try; 10 2nd try: 10
~ 7 - 4
73 46
3rd try: 10 4th try: 10
%6 -7
64 13
Once again uses cubes to provide correct answers to the above algorithms. Her 
problem was in transferring her correct concrete procedure to her pen and paper 
methods.
Lyndon’s key element 1 applies if we consider that Chelsea has developed her own 
false strategy for dealing with algorithms of the type shown above in questions 1, 2 
and 3. The teacher uses her sound knowledge of ten and units and correct procedure 
adopted in question 4 to give her a new way of dealing with the type of questions 
shown in 1, 2 and 3.
JLIJJ 
1 | 0 
1 7
Chelsea now provides the correct answers to the following:
10 10 10
zA zA zA
6 5 4
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The lesson now moves on, now that Chelsea has assimilated this new knowledge into 
her thinking.
150 140
n i l  ^
o n  853
corrected on the second try; ^ 0
-87
53
i/p
-36
104
Answers checked on calculator by pupil reinforced that this new way was the correct 
way.
The final algorithm given was also carried out correctly:4
- 17 
083
This session lasted 25 minutes, at the end of it the pupil was still revelling in her new­
found success and asked if she could do some more on the following Monday.
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The study groups response in November 1997 to a paper comprising numerical 
subtraction questions is recorded in Table 6.17 below:
TABLE 6.17
Error patterns produced by a sample of 28 mixed ability Year 5 pupils.
3 4 5 7 9
:2 0 :3 :5
Error type 2 u 1 0 1 u 1 u 1 u
85 76 80 37 89
-50 -30 :33 :87
Error type 2 u 2 u 2 u 1 f ,2 u 1 f ,2 u
10 20 70 51 92
i7 -1. -13 -14 -25
Error type 8 b, 1 c, 2 d, 2 u 10 b, 5 d, 1 u 11 b, 4d, 1 u 13 a, 1 u 14a, 4 u
40 367 450 530 862
r38 -162 -200 -315 -157
Error type 12 b, 3 d 4 u, 1 f 1c, 2 d 10 b, 8 d 14a, 3 u
Key:
a : smaller from larger 
b : 0  - N = N top digit 0  
c : N - 0  = 0  bottom digit 0  
d : 0  - N = 0 top digit O 
e ; large digit from smaller recorded as 0  
f : N- N = N 
u ; error unclear.
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Pupils were expected to use the decomposition method or self taught methods to 
provide the correct answers to the 20 subtraction algorithms reproduced in table 6.17.
Analysis of the error patterns made by pupils is as follows:
TABLE 6.18
Error patterns of 28, Year 5 pupils
Error type a b 0 d e f u
Total made 41 51 3 24 0 3 31
Examination of the recorded answers showed that pupils in the study used the same 
error type when recording all their answers to the set paper. Further examination 
recorded the percentage of pupils and their usage of error types.
TABLE 6.19
Percentage of pupils and their number of error categories a - u
Number of error categories types 
- used in paper 0 1 2 3 4 5
Number of pupils 3 6 12 4 2 1
Percentage 10.8 21.6 43.2 14.4 7.2 3.6
These results show that a wide spread of mathematical ability is evident at age 10. 
Some ten year olds are able to cope with subtraction work normally expected from 
their age group, while other more advanced pupils in this group can tackle work 
normally associated with a fourteen year old; those less able than their peers are
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showing the same performance as the average seven year old. The Cockroft report 
also identified this;
“It therefore seems that there is a seven year difference in achieving an 
understanding of place value......”
Mathematics Counts (1982)
The majority of pupils in the present study have been in the same class together and 
shared common experiences. Yet despite this and previous remedial teaching they are 
performing differently. Once again proactive inhibition seems to be protecting the 
pupils from change.
The study sets out to explore this mechanism. If effective intervention can start at an 
early age and be incorporated into the remedial programs of our schools, it will have 
important beneficial impacts on future educational achievement.
Part of this research examined the use of Lyndon’s remedial repair theory, which 
overcomes the effect of proactive inhibition by working with the brain rather than 
against it. Basically the steps that he outlines are designed to help the brain modify 
old incorrect knowledge by assimilating new knowledge to bring about this change. 
For the purposes of this research his technique has been adapted to fit the 
requirements of remedial teaching in numerical subtraction.
In June 1997, the 28 pupils who now formed the Year 5 class at the researcher’s 
school were given a mathematics test (NFER - Nelson 1984) and the results were used 
to list them in order of their attainment. The pupils were then sorted into three groups 
lettered A, B and C. The letter A was designated to the first pupil on the list, B to the
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second, C to the third, A to the fourth, until all of the 28 pupils had the appropriate 
letter alongside his/her name.
The letters alongside each name determined which group the respective pupil would 
be placed in and ensured that each group would contain the same spread of 
mathematical ability. What could not be controlled was pupil movement from 
November 1997 to July 1999, when several families left the village and were replaced 
by children from families moving into vacant properties.
Those with the letter A received remedial teaching, using Lyndon’s Old/New way 
procedure outlined below:
6.26 LYNDON’S OLD/NEW WAY PROCEDURE
Step 1: Ask the pupil to write the subtraction algorithm in his/her own way.
Then ask the pupil if this can be called the old way.
Step 2 : Ask the pupil if you can show him/her a new way of solving the
subtraction algorithm. The new way is written and the difference is 
explained.
Step 3: The pupil is asked to repeat the “old way” in the old way box.
Step 4: The pupil is requested to solve the subtraction algorithm in the new
way and explain the difference between the old way and the new way.
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Step 5: The pupil repeats the step of writing first the “old way” then the “new
way” and describes the difference five times.
Step 6 ; The pupil is asked to solve six subtraction algorithms using the “new 
way”.
Name Date
Problem
Old Way
92
:25
73
Step 1 92
25
67
Step 2
New Way
Old Way
92
-25
73
Step 3
New Way
92
25
67
Step 4
92 92 92 92 92 92
-25 -25 -20 -25 -25
73 73 73 67 67 67
92 92 92 92
-25 :25 -25 25
73 73 Step 5 67 67 Step 5
Old Way New Way
Step 6
93 82 85 97 75 84
-26 -15 -27 -28 -48 -39
67 58 69 27 45
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Guidelines
At step 3, if the pupil solves the subtraction algorithm correctly, indicate that this is a 
new way and request that it be written in the old way.
At steps 4 and 6, if the pupil produces and “old way” give positive encouragement to 
produced a “new way”. Steps 3 to 6 may need repeating several times before fiill 
inhibition takes place. The repeats are spaced at two week intervals.
Group B were given conventional remedial teaching and Group C did not receive any 
remedial assistance by the researcher.
Groups A, B and C were allowed to continue with their normal classroom methods of 
remedial education. Pupils in Groups A and B were given individual tuition over a 
three month period. Both groups had access to Dienes apparatus, number lines, 
counters and calculators to assist learning. At the end of three months the pupils were 
once again given a subtraction paper shown in Appendix No. 5 A.
The total number of errors recorded by each group are as shown;
TABLE 6.20
Subtraction errors made by three groups of Year 5 pupils
Total number of errors
November 1997 March 1998
Group A
Old/New Way 49 20
Group B
Conventional Remedial 43 30
Group 0
Non-Intervention 42 35
247
Each group consisted of nine pupils. Error analysis showed that two pupils in Group 
A (Old/New Way) were responsible for all 20 errors, three pupils in Group B 
(conventional) were responsible for the 30 errors made and four pupils in Group C 
(non control) were responsible for the 35 recorded errors.
The groups were not given any further remedial intervention by the researcher, but 
was ongoing by the class teacher. A re-test given in July 1998 was rendered invalid 
because two pupils in the Old/New Way group had moved to new schools. The 
remedial group and non control group had stayed intact during this time. The results 
for each group are printed below, even though the Old/New Way group results are 
invalid.
Comparison between the remedial group and the non control group suggest that 
outside remedial intervention earlier in the year would have benefited the non control 
Group C.
TABLE 6.21
Comparison of three groups of Year 5 pupils
Recorded errors
Group A 7 invalid
Old/New Way (2 pupils moved)
Group B
Conventional Remedial Teaching 10
Group C
Non-Intervention Group 23
The final piece of research with the three subtraction groups took place during their 
last week as Year 6 pupils attending primary school in July 1999. By this time the 
Mathematics SAT’s results for this class of 29 pupils showed that 76% had achieved
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level 4 and above. This result was above the national average of 69% and showed a 
vast improvement on previous results for the school.
As stated earlier in the organisation of the pupils into 3 groups of equal mathematical 
ability; movement of children to new housing areas could not be predicted. By July 
1999, two pupils from Group A (Old/New Way) and one from Group B (Remedial 
Teaching) had moved away, while five pupils joined the class. This meant that 24 
pupils from the original 27 were present when the UK SAT’s results for 11 year old 
pupils attending the school were published in July 1999. These results were analysed 
and Table 6.22 below shows how the remaining pupils in the three study groups 
performed.
TABLE 6.22
SAT’s results for three control groups - July 1999
Average Mark
Group A 
0/N Way
GroupB 
Remedial
Group C 
Non-Intervention
Pupil Marks and Levels
Mark Level Mark Level Mark Level
84 5 89 5 87 5
82 5 84 5 70 4
76 4 71 4 62 4
62 4 66 4 55 4
60 4 65 4 55 4
58 4 65 4 46 3
34 3 60 4 34 3
Left 48 3 32 3
Left Left 23 3
65 66 52
N.B. Average marks to nearest whole number. 
Pupil marks in descending order.
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These results show that pupils in Group A and B who received help outside the 
classroom on an individual basis had significantly better mathematics scores than 
those in Group C, whose only form of remedial help was in the classroom teaching 
situation. Both Group A and B also benefited from the same classroom help.
There was little difference in the average test scores between Group A which were 
subject to remedial help in the form of Lyndon’s Old/New Way methodology and 
Group B who received conventional remedial help.
Both Groups A and B were allotted the same time so no comparisons can be made in 
this direction. It must be remembered that help was given in subtraction performance 
and a study of the SAT’s questions which could be related to subtraction showed that 
once again there was no significant difference in pupil performance between Groups 
A and B.
Much of the benefit of the help received by these two groups was on an individual 
basis, where it helped to improve their personal mathematics scores and on a group 
level where it enabled the school to achieve a higher placing in the published league 
tables.
Worthy of mention at this point is that pupils who took part in this study were 
appreciative of the individual attention that they received. All responded positively 
and conveyed their thanks and gratitude towards the researchers for giving up time in 
order to help them learn. Interest on the part of the researchers had the effect of 
motivating pupils to succeed at subtraction. Rewards came through such comments 
as; “I asked my Dad to write me out some subtractions last night and I got them all 
right!”
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The Old/New Way method of remedification explored in this study itself reinforces 
Donaldson’s (1978) findings mentioned in the literature review chapter that genuine 
information and verbal encouragement given at the appropriate time will improve the 
child’s learning response. When the Old/New Way was tried with a different Year 3 
class of 29 pupils at the researcher’s school (April 1999), even normally quiet 
children like Liane and Christopher readily engaged in meaningful conversation with 
the teacher and, if required, would spend more than the 10-15 minutes allowed for 
each session.
Part of the benefits of the Old/New Way of correcting errors was found to lie in the 
way the steps were phrased. For example, step 1, ask the pupil if he/she can solve the 
problem in his/her own way, is non-threatening, since it opens up the pathway for 
dialogue between the pupil and the teacher and, although the pupil may be reticent, 
this step gives the teacher the opportunity to put the child at ease. All of the pupils. 
Year 3 to Year 6, who took part in this aspect of the research had no hesitation in 
performing the task.
Step 2 asks for the pupil’s permission to show him/her a new way of solving the 
problem. Once again, this question is non-threatening and places the child in control 
of the situation. On the numerous occasions step 2 was followed, no-one refused the 
researcher’s help. “Yes” and a smile from the pupil were the most common 
responses. Questions 1 to 6 are formed in such a way as to place the pupil and the 
teacher at ease.
In seeking a Anther answer to the question of why extrinsic material rewards tend to 
produce effects of damaging kinds, Donaldson states that the explanation which fits 
the known facts would seem to be that we enjoy best and engage'most readily in
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activities which we experience as freely chosen. We do not like being controlled, we 
like controlling ourselves. When a reward is seen as a means of controlling our 
behaviour, it tends to diminish our interest and pleasure. We work hard to get the 
reward at the time, but we will be less likely to go on with the activity when the 
reward is withdrawn. The central dilemma for those engaged in the teaching of young 
children is that the child is not capable of deciding what he/she should leam and needs 
our help to sustain him/her through the learning process. Donaldson finally states that 
the teacher needs to respect the child and his/her guidance of learning within a 
structured environment.
The evidence gained from employing the Old/New Way approach with young 
children shows this statement in action. Chelsea, mentioned earlier, demonstrates this 
when, under the researcher’s guidance, she finds herself with the innate ability to 
carry out subtraction correctly and revels in her new-found success.
Confirmation that proactive inhibition is a powerful force against change is seen here 
by the responses of pupil h from Old/New Way Group for Question 11 - 2 0 :
November 1997
10
V o 51 92I? :9 -13 -14 -25
3 11 57 43 73
367 450 a? ^ 2
162 200 315 157
2 205 250 215 705
March 1998
All showing correct procedure and required answers.
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July 1998
10
-J_
17
20
=9
29
70
-13
63
51
-14
37
92
-25
67
40
-38
18
367
-162
205
450
-200
250
530
-315
225
862
-157
715
Pupil H seems to have conquered it in March 1998, the July 1998 responses show that 
this is partial and highlights the need to constantly monitor the repair over a long 
period of time.
6.27 REMEDIAL TEACHING OF SUBTRACTION ERRORS
An account of how a Year 5 pupil (W) responds to remedial teaching by using 
structural apparatus in Control Group B is recorded as follows:
Teacher: (Begins by asking pupil W to complete the subtraction algorithms
found in Appendix No. 23)
Pupil W: “I keep wanting to add these numbers.” (Proceeds with this sheet of
problems and repeats errors made ten weeks early in November 1997.)
For: 10
- 7 records an answer of 17.
When asked to do this again, records the following answer:
>
z l
6
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Teacher: “Can you tell me how you did this?”
Pupil W: “Nought take seven, can’t do it, so borrow one from that one,” (Points
to one ten) and make it a nought. Then one take seven is equal to 
six!”
Teacher: “Can you think of another method to solve this problem?”
Pupü W: “No.”
Teacher: “Can you do it in your head?” (It is three)
Pupil W: “It is three. My Mum says if I keep getting my sums wrong, I will be
put in the special needs group.”
Teacher: “Which of these three answers is the correct one?”
Pupil W: “Its this one.” (points to 6)
Teacher: “Let’s use these ten cubes, can you tell me the answer now?”
Pupil W: “It is three.”
Teacher; (Explains that it is the top number take away the bottom and its 10
ones not one.)
Pupil W: For the next problem writes:
20
z9
1
“I think I’ve done it wrong!”
Taught the correct method, she records the correct answer again.
20
z9
11
Next problem carried out correctly.
^%0 
- 13 
51
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Then reverts to old way.
51
zM
43
Once again shown correct procedure, records correct answers. Bell for end of 
lunchtime signals end of session. Will pupil W remember tomorrow?
The next day (14 January 1998), Pupil W is once again asked to complete the 
subtraction questions of the previous day, and this time manages to provide the 
correct answers to:
10 20 and 70
- 7 - 9 - 13
But reverts to old way and records the wrong answers to:
51 92 530 862
- 14 - 25 - 315 - 157
43 73 225 715
Pupil W is prompted to use the structural apparatus (flat hundred, ten rods and single 
cubes) and uses them in a correct manner to obtain a true answer to the above 
subtraction problems. Although reverting to earlier incorrect methods, some learning 
has taken place because pupil W was able to provide the correct answers to:
10 20 70
- 7 - 9 - 13
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which the previous day were wrong and was also beginning to link the taught method
of decomposition with the step procedures involved in the use of structural apparatus
eg. 51
-14
setting out 5 tens rods and one single cube, then exchanging one ten rod for ten cubes 
and re-arranging the apparatus so that the number 51 is now represented by four tens 
rods and eleven single cubes, making it possible for one ten and our units (14) to be 
taken away.
6.28 LYNDON’S OLD/NEW WAY METHODOLOGY APPLIED TO PUPIL Y
Pupil Y’s answers, November 1997, contained many errors. A transcript of Pupil Y’s 
response from control group A, Lyndon’s Old Way/New Way Methodology is 
recorded as follows:
Teacher: “Can you read the question to me?” (points to 10)
-_7
Pupil Y: “Ten take away seven.”
Teacher: “Can you think of other ways of solving this problem?”
Pupil Y: (Records 10 - 7 = 17)
Teacher: Can you think of another way?”
Pupil Y: (Pause) “No.”
Teacher: “Try doing it in your head.”
Pupil Y: “Ten take seven is three.”
Teacher: “How did you do it?”
Pupil Y : “1 just thought of the figures.”
256
Pupil Y was then asked to solve the problem using structural apparatus and recorded 
the correct answer of three. When asked which of the two answers, seventeen or 
three, was correct, he was unsure. He was then given an electronic calculator and 
recorded the correct answer. Now he stated with conviction that the correct answer 
was three. The electronic calculator had convinced him the other methods could have 
given the wrong answer, but hot the calculator!
The lesson had proceeded with the Old Way/New Way methodology and an 
explanation using structural apparatus to show the process. Pupil Y wrote out the old 
way of solving subtraction, then the new way and was then given a further example to 
try, which he recorded correctly.
As the session went on, he seemed pleased to discover that he had learnt something 
and seemed happy that he would be asked to repeat the process tomorrow.
On the next day, 15th January 1998, Pupil Y had no problem in producing Old 
Way/New Way both problems solved correctly.
10 10
z l
3 4
The following diary entries offer further insights into the study groups thought 
processes, now in their fifth year of schooling.
Pupil J made errors on C3 and C5 (15th January 1998), previously he recorded wrong 
answers to B2, B5 and C3, they were numerical errors.
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C3: “You can’t take 0 from 3, so you put a one there. Then change the 
seven to a six.”
Records:
zl
56
(He realises that he has made an error)
C5: (Records answer correctly this time, uses the same language to 
describe his thought processes.)
Pupil LL, 16th January 1998, once again errors on C3, C4 and C5.
C3 70
43
60
Dec 97 70
43
63
Jan 98
Pupil LL: “I’m stuck on that one.” (Points to C3. Perhaps this is why she
recorded 0 in units column in December 1997. She maybe could not 
think how to do it, so recorded 0 . When asked her reason for recording 
0 on previous paper, 1/12/97 could not give an answer.)
Teacher: “Can you tell me if there is another way of giving me the correct
answer to C3?”
Pupil LL: (Unable to answer the question. So lesson proceeds with the teacher
asking if it could be solved using cubes. Pupil LL replies it is possible 
and is able to subtract 13 from 70 using cubes.)
Teacher: “How about checking the answer with a calculator?”
Pupil LL: (Able to use the calculator correctly)
Teacher: “Now we have the three answers.” (writes them on a sheet of paper)
63,57,57 “Can you tell me which answer is the correct one?”
Pupil LL: (Points to 57)
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Teacher: “Which method made you certain of reaching the correct answer?”
Pupil LL: (Has no preference between use of structural apparatus or the
calculator.)
Lesson proceeds with Old way/New way teaching and methods recorded correctly for 
C3 and C5. This interview took place during the lunch break. Pupil LL was press- 
ganged into doing this work during her break, her friend is outside and she is anxious 
to join her and would like to go to play, and so perhaps her attention is not fully fixed 
upon solving these problems.
During this work she has made several simple calculation errors (procedure has been 
correctly used), e.g.
k U
z l  zA
8 8
These she is able to correct when they are pointed out to her.
At the end of the session, uses calculator to check the answers, they have both been 
carried out correctly. Length of session: 15 minutes.
Pupil L, in November 1997 only got two wrong, C4 and C5, when he resorted to 
greater take lesser. On 19th January 1998, one-to-one interview, recorded incorrect 
answers for Cl, C2, C3, C4, C5, Dl, D4 and D5. A check up on the seating plan for 
Pupil L’s class and subsequent re-checking of answers obtained by neighbouring 
pupils showed a diversity of answers, so he could not have copied their work. When 
asked to explain his method for solving 10 - 7, he replied, “Zero take seven is seven.
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One take nothing is one.” When asked to take seven from ten in his head, replied 
“Three.” Then provided correct answer using cubes.
By using an electronic calculator also able to provide the correct answer. The error 
used in the written algorithm was explained and Pupil L was introduced to the Old 
way/New way and seemed comfortable in using it.
After a weeks absence through sickness, Chelsea returned to school wanting to know 
when she would be tested on her subtraction again.
Previously she had problems, e.g. 10
z l
75
Which had been resolved by remedification using structural apparatus. She was not 
shown the Old way/New way. Problem had now become:
10 20
z l  z l
10 20
Perhaps she had incorporated new knowledge into her thinking (PI element 4), and 
this new knowledge was in conflict with her old knowledge. After explanation to 
errors, she was then shown Old way/New way as a means of incorporating and 
assimilating the new knowledge. Using the Old way/New Way technique, Chelsea 
was able to record corrects answers for Cl, C2 , C3, C4 and C5.
20/1/98, Chelsea saw Pupil Q in classroom and wanted to know if the researcher 
wanted to see her, let her solve two problems and then she went outside. When sent 
for later, she was waiting by the door wanting to come inside (perhaps it was the
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weather! - very cold). Friend came in and waited outside. Set task to solve 
subtraction problems using Old way/ New way. Used old method on new method 
paper and used new method on old method questions. Knew she had done this, “I 
think I’ve done this my old way!”. Questions completed correctly and new paper set. 
Once again carried out correctly. She seemed happy when answers were marked 
correctly and seemed to enjoy showing her expertise to teacher and class mates.
20/1/98, Pupil Q, made mistakes on whole of row C and error on row D. Teaching 
followed lines above for previous pupil eg. “What is 10 - 7?” “Can you do it in your 
head.” Use of blocks and pictorial diagram 1 ten = 10 ones. Then shown Old 
way/New way. Pupil L was hesitant and recorded: 20
1
Having previously given an answer of 11 in his head and using structural apparatus. 
After a pause, he realised he had recorded the wrong answer and changed it to 11. 
The researcher explained why he should have 11 and not one. He was then able to 
use the Old way/New way and recorded the correct answers to row C and could say 
what he had done wrong in row D. When asked to see the researcher for a re-test the 
next day, he seemed confident and happy. “I will do some at home!”. The researcher 
replied, “I’m not going to set you any, but I will give you some to do tomorrow lunch 
time.” It seemed as if he was going to request some problems from his parents. Pupil 
Q, went away, gave a smile of appreciation having achieved something positive.
Pupil Q enjoyed completing the paper 21/1/98. “Mum wrote out some with nought at 
the top and I had to cross them out.” Remembered Old way/New way, all questions 
answered correctly.
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Pupil Y showed the same enjoyment when he remembered Old way/New way from 
last week.
Pupil Y; “Mr Davis gave us a sheet of mixed problems x + - ^  to do today.” 
Researcher: “Did he teach you how to do subtraction problems?
Pupil Y: “No, he didn’t teach us, he gave us a sheet to do!”
Both pupils seemed very happy to be re-tested in four weeks time. Enjoyment on part 
of pupils in achieving success seems to be a feature of these lunchtime sessions.
6.28.1 FURTHER OBSERVATIONS ARISING
FROM THE USE OF LYNDON’S PROCEDURE
Parents’ evening, Friday 23rd November 1998. While waiting for parents to see class 
teacher. Pupil J and Chelsea asked if they could do some subtraction sums. They 
seem to still be revelling in their new found ability.
Pupil J and Chelsea managed to solve problems along row D, but both experienced 
some difficulty with this problem, which occurred in row E.
Chelsea’s Response Pupil J’s Response
800 7j/oo
- 206 - 206 
600 504
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Chelsea and Pupil J were not able to extend their knowledge to deal with this
problem. Their earlier responses showed that they could both tackle eight problems
of this nature which used figures, e.gf//l
-  66 
655
But use of two zeros made them resort to their own intuitive guess.
Following a course of instruction involving pictorial representation of 800 on squared 
paper, they were able to grasp this knowledge and correct their earlier mistakes both 
assimilated the thinking.
When asked to record Old way/New way, Chelsea remembered her old way, but 
forgot the new way and provided the following answer:
7 /cop 
-206 
504
Pupil J was able to remember the Old way/New way procedure, but made an 
arithmetical error in his calculation.
7 ^ p
-184
676
When asked later to explain his procedure, realised his mistake and recorded the 
correct answer: 4
-184
616
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Later in the lesson, he was able to use his knowledge and overcome the difficulties 
presented, when the top number consisted of a series of noughts, and solved problems 
of the following type:
2503
5497
Both pupils were happy that they were able to provide the correct solutions to 
subtraction problems at their level of difficulty.
From the findings so far, proactive inhibition will only work within the constraints of 
the pupil’s internal knowledge. If the pupil has not got the background knowledge, 
the new knowledge will not work with the brain, but against it. In his book School 
Learning (1969), Ausubel makes the distinction between ‘meaningful’ and ‘rote 
learning’. Ausubel states that meaningful learning takes place when the learner 
relates his/her new knowledge to his/her existing body of knowledge. This existing 
knowledge consists of previously learned theories and concepts. Chelsea and other in 
their previous work failed to give the correct answer to:
100
-73
They had to rely on prompts from the teacher and instructions in the form of rote 
learning. In her case and others, this was soon forgotten because it had not cemented 
itself with previous knowledge. Chelsea’s proactive inhibition came into conflict with 
it and it was soon forgotten. Lyndon’s Old way/New way method is a seemingly 
powerful tool, because it seeks to work with the brain rather than against it.
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Short term memory will provide the means for solving this subtraction question by 
following a series of procedures:
100
-73
But recorded answers of 173, 100, 37, given a few weeks later, caused surprise when 
pupil were told that they are wrong. Chelsea and Abbie, both Year 5 pupils of 
average to above average mathematical intelligence seemed, by the researcher, to 
have a good grasp of subtraction, but were now making a series of mistakes.
Abbie 100 Chelsea 100
73 73
007 007
Chelsea’s proactive inhibition is so strong that she is convinced that this is the correct 
answer. She is asked to check it on an electronic calculator, which registers 27 as the 
answer. So firmly convinced that 007 is the correct answer, she disbelieves it and re­
checks her answer and looks amazed, as if the electronic calculator has developed a 
fault.
Number values of 100, 73 and 007 do not have the impact on her to show that this is 
an improbable answer, rounding up or down and approximation are not part of her 
thinking. That kind of knowledge is not in place.
e.g. 100 - 73 100-70^^30
100 73
27 Number line
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6.29 STRUCTURAL APPARATUS AS A TEACHING 
AID TO CORRECT SUBTRACTION ERRORS
Abbie is also confused. Both pupils are given structural apparatus in the form of a 
hundred square and are then asked to use it to subtract (take away) 73 from it. They 
express surprise, “You can’t do it, you can’t break it up!” The teacher ties to draw out 
the fact that you can exchange one hundred for ten tens, but once again, judging for 
their reactions, this is something beyond their experience.
They are then shown how to do this and replace the hundred square with ten tens. 
Their next step surprised the teacher, because they then take away seven tens from the 
ten tens and their attention has to be drawn to the units column. They are taught that 
one ten can be changed for ten ones. Once the nine tens and ten ones are in place, 
they take the seven tens and three units away and are left with two tens and seven 
units, which is the answer.
The next step is to relate the procedure using structural apparatus to the procedure 
involved with the pen and paper method of breaking the numbers down. Recording 
ten tens on the paper presents a problem to both pupils. Proactive inhibition wants 
them to deal with the units rather than the tens column. This double step of changing 
the tens column first by transfer of one hundred and then by fiirther reducing it by one 
ten, in order to transfer ten ones into the units column provides difficulties in 
overcoming proactive inhibition.
At this moment the teacher could easily have been fooled into thinking that they had 
both grasped this stage, because they had followed instructions, but in fact learning 
had not been internalised, simply they were allowing the teacher to manipulate
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himself into a position which was going to provide them with an answer to the 
problem that they had been set. The danger in this case is that the teacher is 
transferring an answer (in this example a correct answer), which the pupils were 
prepared to accept ownership of. What he was not doing was transferring learning. 
The children’s proactive inhibition could accept that the answer in this case was 
correct, but was not accepting the rational behind the taught method.
Structural apparatus in the form of base ten blocks is an important tool which is used 
to explain how our number system operates. In this example the mathematical model 
was set out in concrete form and the numbers used to obtain a mathematical solution 
which was then interpreted in the terms of our symbolic number system. Pupils 
lacking experience and understanding of structural apparatus are handicapped when 
concrete models are used as avenues to explore numerical problems.
Thompson (1999) throws some light on this researcher’s findings, he states;
“..... decomposition is considered, in theory at least, to be easier to
explain, particularly if Dienes base equipment is used.
There are a great many children and young adults around today who 
have been taught subtraction using this equipment, but the available 
evidence seems to suggest that many of those who actually use this 
algorithm still apply the method unthinkingly and make a wide range 
of errors. It would appear that the blocks constitute an excellent model 
for clarifying the algorithm to someone who already uses it with 
confidence and has some understanding of the meaning of the 
operations involved. However, there are few, if any, examples in the 
literature of children actually inventing or ‘discovering’ the 
decomposition algorithm for themselves, even when they have spent 
time playing interesting preparatory ‘exchange’ games with Dienes 
equipment.”
Thompson (1999) p. 174
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It was interesting to note that when the structural apparatus was used again, the pupils 
proactive inhibition was working against the fact that a one hundred square could be 
made up using 10 ten rods. They had to experience it for themselves. Their reaction 
when using structural apparatus was, “We can’t use this in class to solve our take 
away problems!” When asked if they had ever used it before, both pupils replied that 
they had never used structural apparatus before. They stated something interesting 
when they both said, “We can’t use this in the class.” Perhaps their previous teachers 
had introduced them to pen and paper methods too early in their school careers and 
made that very statement. The researcher was unable to check if this statement was 
true because both previous teachers had moved on to other schools. The fact that the 
classrooms vacated by the teachers did not have structural apparatus in them led the 
researcher to believe that neither had been given the opportunity to use structural 
apparatus in the formation of place value or any other aspect of mathematics.
What is certain, however, is that even if at some stage they had been given access to 
the use of structural apparatus, they had no recollection of how it could be used to 
solve subtraction problems. Both pupils wanted to check that ten rods would actually 
match the 100 square, pointing to a need to allow pupils play experience with this 
kind of apparatus. Perhaps in this way (although not tested), they would be better able 
to reason for themselves and create mental images relating to mathematical 
experience gained in the practical stage.
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6.30 PITFALLS OF WHOLE CLASS MATHEMATICS TEACHING
There is a tendency with the approach of the numeracy hour and the move towards 
whole teaching, for rote learning to take the place of meaningfiil learning. The twin 
dangers exist where the teacher can be fooled into thinking that teaching is learning. 
True effective ways and means of teaching have to be found, but the end analysis of 
the teaching is, “What has the pupil learnt?” If the child has learnt nothing, but a 
series of half remembered mathematics procedures, then the best exam grades in the 
world are of no benefit to the learner. Learning outcomes may be part of the teachers 
objectives, but if they do not result in learning development by the pupil, then those 
plans need to be re-thought.
Another danger of whole class teaching is that, among the 30 pupils, there may be 
three or four bright ones who between them can provide the correct answers to the 
teacher’s questions. Observation of one mathematics lesson with a class of eight year 
old pupils showed the teacher’s questions were being answered by six eager 
individuals. The teacher recorded that the whole class of thirty pupils had understood 
the concept being taught; subsequent errors made by 24 pupils in the written work 
following the teacher’s discourse proved that this statement was not true.
The teacher can be easily fooled into thinking that because the correct answer is 
coming from individuals within the body of the class, then the class is absorbing the 
knowledge. But observation of the lesson shows that even though a sea of hands will 
be raised to answer his/her questions, not all of these hands will be in possession of 
the correct answer and simply moving around until the correct answer is given is only 
lulling the teacher into making the false assumption that the class must know because 
a correct answer has been given. The teacher must constantly be aware that
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individuals make up the class and not the other way round. The work explored with 
these two pupils stresses the importance of allowing the children to use structural 
apparatus as an aid to mathematical understanding during all of their primary school 
years.
6.31 CONTINUING WORK USING LYNDON’S 
OLD/NEW WAY METHODOLOGY
Further work with Abbie and Chelsea shows that proactive inhibition is a powerful 
mechanism, different types of procedural error appear in their work.
Abbie
” 47
on her second try records:
h
43
67
When questioned about her method replies, “Ten take four is six, nothing take three 
you can’t do, so take a ten and the answer is three.” She then proceeded to solve other 
problems with the same method:
/op
57
53
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Each time subtracting from tens columns, recording an answer, then decomping from 
tens column and recording answer in units column.
J
84
This next one she did correctly:
%
I
11
97
She could not understand why she had made an error and became confused. Once
again structural apparatus was used, but she was unsure of how to use it, or what she
was supposed to do with it. When the teacher saw the results of her answers on paper,
he assumed that she had made an arithmetical error in subtracting, e.g. 12
z l
_3.
It was not until he observed her method of working that he discovered that it was not a 
numerical error, but a procedural one. This reinforces the importance of observing 
children perform their calculations, something that is not always afforded by modern 
teaching techniques.
Two other pupils from the same class, when asked if they had used structural 
apparatus replied, “Yes.” When asked how they had used it replied, “If we were 
taking away say 9 from 15, we would put out 15 cubes and take 9 away.” Clearly 
they were not using the apparatus to reinforce place value or number by breaking 
down or build up H T U. The teacher may have assumed this was the case, but the 
pupils were using their own methods to solve these problems, so learning was taking 
place and leading to proactive inhibition problems at a later date.
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Lyndon’s Old way/New way method proved successful with many of the pupils in 
this study, but proactive inhibition proved to be very powerfiil in some of the cases. 
After several weeks of remedial work using Lyndon’s Old way/New way method, 
Pupil BB, who had been placed in control group A, carried out subtraction correctly 
and it was assumed that he no longer needed any further help.
However, when given a subsequent test, made errors on all of the questions requiring 
decomposition:
for 10
17 had been recorded.
When asked to solve 10-7  mentally replied, “It is 3.” Looking at the paper with his 
earlier answer of 17 stated, “I’ve taken it away the wrong way.”
Teacher: (Asks Pupil BB to solve 20 - 4)
Pupil BB: “I’ve put 20 in my head, now I’ve taken away 4, the answer is 17.”
Teacher: “Can you explain how you did it?”
Pupil BB: (Is unable to explain)
Teacher: “Can you show me a way of getting the correct answer?”
Pupil BB: (Writes down 20 lines:
/ / / / / / / / / / / / / / / / / / / /
covers four with his fingers, counts 16 and adds an extra line on the 
end to make 17, as he does so he moves his finger along the line to 
cover the four he is subtracting.)
Teacher: “Instead of covering them with your finger, what could you do to show
you are taking away four?”
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Pupil BB: “Cross them out..” (points to the four lines on the end. Recounts lines,
crosses one off the end, because he added one previously to make the 
answer match his mental answer. Now has 20 lines, puts a line through 
end four.)
/ / / / / / / / / / / / / / / / / / / /
“Now it is 16.” (Looks at teacher for facial clues as to correctness of 
answer)
Teacher: (Tells him answer is correct and proceeds to remind him of the Old
way/New way of subtraction.)
Pupil BB: He records:
Old Wav New Wav
10 10
z l z2
11 3
(Remembers New way as the way his teacher taught him. Carries out 
corrections by showing researcher the Old way/New ways now obtains 
the right answers.)
Pupil JJ, given the same questions, carries out taught process and provides correct 
answers.
Teacher: “Can you remember the Old way?”
Pupil JJ: “No. I’ve forgotten the Old way!”
Teacher: (Is surprised that Pupil JJ has forgotten the Old way, it has become
completely suppressed by his memory.
Pupil: Then records correct process for subtracting 43 from 100.
100
-43
057
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Pupil FF, used his mental skill to provide answers to these questions. In the first 
question he has learnt a procedural error, when questioned he replied that this teacher 
had taught him that way. On closer questioning, it became clear that he had not fully 
grasped what his class teacher had been trying to teach him.
Pupil FF was then asked to work out the answer to the following question, using first 
the Old way then the New way. He records:
Old Wav for the New Wav relies on memory
800 800
-206 -206
606 596
Pupil FF’s class teacher had tried to teach him the following procedure when tackling 
this kind of problem. First take a hundred and change it into 9 tens and ten ones, so it 
now looks like:
7 /0 0
206
Pupil FF’s understanding of place value did not enable him to understand the taught 
method. The dilemma for the researcher was should he point out to the pupil’s class 
teacher that confusion was being cause by missing out the step of first transferring 10 
tens from the hundred column and then fiirther breaking down those tens, in order to 
transfer 10 ones to the units column.
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If the findings of this research unearthed at this stage make the reader aware of the 
pitfalls of short cut methods relying on memory, then it will benefit both pupil and 
teacher and raise the mathematical standards of pupils such as Pupil FF, as they 
grapple with the significance of what they are being taught.
Further follow up work with Abbie and Chelsea shows:
Abbie still managing to carry out subtraction correctly.
Chelsea is still making the following mistake:
100
-43
Step 1 /pO
-43
6
4
Step 2 m p
43
67
Abbie tries to teach her friend by explaining the correct procedure, but Chelsea fails to 
grasp her explanation.
Abbie and Chelsea have access to structural apparatus on the desk, but Abbie prefers 
to use pen and paper methods of instruction. The structural apparatus remains unused.
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The researcher, in an effort to get Chelsea to concentrate on subtracting units column, 
first sets out the following problem:
77
-26
Chelsea records: 77 77
-26 then - 26
5 51
She seems to be following a set procedure, i.e. taking away tens column before units 
as a first step, whether it is the correct thing to do or not. She later sees that this is an 
error, but is still confused when breaking down problems involving subtraction from 
100.
tries: 100 and records:
99 99
19
Sees her error, when asked to solve 100 - 99 mentally gives answer as 1, but is 
confiised.
When subtraction with words papers, Hesse (1996) p.25 Paper 1 Appendix No. 23, 
involving subtraction with figures less than 20 both pupils record the correct figure as 
the answer, after performing all calculations mentally.
Hesse (1996) p.26 Paper 2 Appendix No. 24 involving word problems with numbers 
greater than 20, both pupils write out the subtraction algorithm and use pen and paper 
methods to arrive at the answers. The terms used do not present them with any 
problem, perhaps because the session has been on subtraction, so they associate the 
paper with subtraction questions.
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6.32 THE MAIN FINDINGS
The findings of this thesis suggest that higher levels of proactive inhibition are 
associated with lack of knowledge, in this case place value. This lack of knowledge 
means that pupils are unable to adapt to new thinking, in this case Chelsea s lack of 
place value understanding and lack of experience with structural apparatus gave her a 
greater resistance to change. Her new knowledge was simply working against her old 
knowledge and was unable to supersede it. Abbie, on the other hand, had been able to 
grasp her errors much quicker because she had a greater understanding of structural 
apparatus.
This makes the researcher hypothesise that just as the reader brings his/her own 
experiences into the reading text, e.g. “It was a dark dingy cellar. The reader falls 
back on his own experiences of dark dingy places to apply to the text. So the learner 
brings his/her own experiences and understanding to the subtraction situation.
Place value
Correct procedure 100
-26
Formulate Number facts
It is hypothesised that proactive inhibition can work through one or all of these 
experiences.
The learning of new tricks or new procedures can be mentally tiring, so no wonder 
they are often incorrectly learnt.
277
The child who is able to repeat the correct steps leading to the solution ‘parrot 
fashion’ has not necessarily gained meaningful information. If meaningful learning of 
subtraction has taken place the pupil should be able to give examples, answer 
questions or describe the correct procedures in his/her own words.
Willig (1990) says:
“Teaching is about negotiation of meaning between teachers and pupils
  skilled teachers encourage pupils’ contributions and look for
links between the knowledge children bring to the situation and the 
new experience to which they are being introduced.”
Willig (1990) p. 184
These statements seem to be true in the case of the work carried out with control 
groups A and B. When the pupils were taught the decomposition methods in a 
meaningful fashion and the teacher emphasised how the procedure worked, the results 
in Table 6.20 indicated a dramatic improvement by control groups A and B in 
retention and knowledge of the decomposition method of subtraction from November 
1997 to March 1998, when taught in a meaningful way. The pupils in these two 
groups were also better equipped to transfer their knowledge from two figure to three 
figure numbers.
For meaningful learning to take place, it must make sense to the pupil. Chelsea’s 
attempts showed that it did not and confusion in her thoughts came when her 
proactive inhibition rejected this new knowledge and she had to resort to previous rote 
learning of half remembered rules.
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Another problem highlighted by Chelsea, Abbie and others was that they had 
insufficient knowledge of background ideas, in their case problems occurred through 
lack of place value experience using structural apparatus. They did not have this prior 
or old knowledge and so were unable to build upon it or use it in their thinking.
During this study the researcher used control groups from other classes to test the 
effects that memory aids such as poems or mnemonics have on the pupils ability to 
perform subtraction calculations correctly. In one study a mixed ability group of Year 
4 pupils were taught the following poem:
“If top take bottom you cannot do.
Taking a ten from the left will help you.”
They learnt the poem parrot fashion and at the same time were shown how the poem 
related to the decomposition method of subtraction. A few weeks later, when asked to 
recall the poem, few could remember it. Those who could recite it could not apply it 
to the decomposition process. This, once again, reinforces the importance of 
meaningful learning.
6.33 PROBLEMS NOTED FROM THE USE OF PUBLISHED SCHEMES
Problems with proactive and retroactive inhibition can be caused when the authors of 
text books fail to de-centre and look at the difficulties that may arise by the questions 
that they are setting. An example of this is taken from Module 4, Book 1 of 
Cambridge Mathematics (Appendix No.25 ) The authors do not give the number in 
the car park, but just state that if 8 go how many are left? The pupil is left to count
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the number of cars. The car bays are numbered in groups of ten and there are four 
bays of ten spaces, in each group of bay there are a number of empty spaces, each 
space is numbered, but the pupil is forced to count up the number of cars occupying 
the car park. Once counted he/she can then mentally subtract eight or count back 
eight from the total number of cars in the car park. To further complicate matters, 
four of the vehicles could be mistaken for vans.
Having involved the pupils in a counting of objects, the book gives no further practice 
or makes no link between question number 1 and question number 2, but proceeds by 
a series of three pictorial representations to show how 9 can be taken from 32. 
Question 1 is a mis cue for question 2, question 1 involves the pupils in counting out 
single vehicles, but question 2 involves the pupil in place value representation of 3 
longs and 2 singles representing a number. When 9 is subtracted from this, the 
pictorial diagrams given do not make it clear what is happening.
An earlier section example of this book clearly shows how the number to be 
subtracted is segregated. The way in which this type of subtraction problem is 
presented to the pupil in the case of question 1 can reinforce the child’s proactive 
inhibition. In the case in question, subtraction of eight objects (cars) from 34 objects 
(cars) without the need for decomposition of groups of ten.
The questions posed on page 64 of Cambridge Mathematics Module 4, Book 1, 
(Appendix No. 25), try to accelerate the pupils development of subtraction too 
quickly, without giving them time to develop their own experiences by manipulation 
or restructuring of numbers.
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In the case of the group being studied, Jean Piaget’s (1966) thoughts are applicable:
“When we speak of experience, we must distinguish two different 
types, which will help us see that a child learns very little indeed when 
experiments are performed for him and that he must do them himself 
rather than sit and watch them done,”
The Growth of Logical Thinking
Pupils need more time to think for themselves, in order to counter the negative aspects 
of proactive inhibition in blocking meaningftil learning. It is only by the manipulation 
of familiar apparatus that is real to the learner that the idea and property of number 
will become significant to the child. At its outset subtraction should be performed in 
relation to real objects and not as in the case scenario of Appendix No. 25, be solved 
in an abstract way by pupils who are struggling to understand the subtraction process.
6.34 MEANINGFUL LEARNING AND PROACTIVE INHIBITION
The author of this work agrees with Ausabel quoted previously, who refers to the 
ideal model of meaningful learning by use of concrete apparatus and learning 
experiences versus rote learning with its associated reliance on memory. Skemp 
(1991) uses the terms relational and instrumental learning to describe Ausabel’s 
meaningful and rote learning.
Relational learning occurs when the pupil understands the relationships underpinning 
a mathematical concept and can apply them in various situations. Instrumental 
understanding comes from learning rule, although this can give rise to pages of 
correct answers, it cannot lay the basis for mathematical development because it relies
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on memory, whereas relational understanding forms a mental network from which 
items can be retrieved and built upon as needed.
Proactive inhibition and retroactive inhibitions need flexibility of thought it they are 
to be correctly applied to the mathematical problems facing the pupil. Instrumental or 
rote learning by its very nature restrict the freedom of though because what is being 
taught relies on memory rather than experiential development.
Mathematics which is not understood because it has been deprived of meaningful or 
relational learning can lead to rejection through failure to understand and give rise to 
poor teaching by those who only pose rote or instrumental knowledge of mathematics. 
The research findings of this document show that pupils who have acquired a good 
understanding of concrete operations involving subtraction are aware of what they are 
doing and have a flexibility of thought to reason why they are doing it in a certain 
way. The link between concrete and symbolic manipulation of symbols or figures is 
more easily made.
The research shows that those who rely on memory or rote learnings of procedure 
often make errors in their calculations and even more worryingly do not ever realise 
or know that they have made those errors! It is through following a course of 
meaningful or relational learning that relates to Bruner's (1976) concept of 
scaffolding:
If the child is able through experience to acquire meaningful insights into the 
subtraction process he/she will build up a series of mental images leading to 
successful strategies for solving problems. When faced with problems of a difficult
282
nature the child will be able to sift through and use these mental images to alter 
his/her proactive inhibitions and accommodate this new thinking.
Vygotsky’s work (1971) stresses the teachers importance in the role of instruction, his 
model rather than Piaget’s work best in the concept of scaffolding and enabling the 
pupil to overcome the prohibitive blocking of meaningful learning. Applied to this 
research it can be seen in the cases of Chelsea and Abbie mentioned a few pages 
earlier that by allowing them to talk through their work, the teacher is able to use the 
pupils’ response to access his/her understanding and overcome the blocking effect of 
the child’s proactive inhibition, which in the case of subtraction may take many 
attempts over a long period of time. These attempts by the teacher help the child to 
scaffold the problem and in time hopefully master the concept.
6.35 TESTING THE HYPOTHESIS
While covering for absent colleagues during a period of supply teaching, September 
to December 1999, when this work was being written, the researcher was able to 
confirm that difficulties pupils experience towards subtraction were not only confined 
to his own longitudinal study school.
School B, an inner city school with a catchment area from the same social economic 
group with a similar building and number of pupils on roll, also having the same 
numbers of pupils on its Special Needs Register, showed a varying range of ability 
towards the questions set.
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Joanne, a Year 6 pupil recorded:
4.
y - 4 = 9 2. ^ 2 - ^ 7  = 15 3. 5^5 _ ig  = 13
10
-7
5. 18 
- 19
6. 2^4 
- '17
17 11 94
40 8. Vo 9.
77 M M
10. Vs
- ' B
81
This response highlights and reinforces Lyndon’s key elements 1 10.
Closer study reveals that in question one, the pupil may have mistakenly assumed that 
in order to subtract you have to take the left hand number away from the right, and 
although not recorded (but suspected) crossed out the six replacing it with the figure 5 
and then mentally subtracted 5 from 14 to give an answer of 9. The original questions 
1 2  and 3 written in a vertical format on the board were recorded horizontally by the 
pupil. Although a possibility, it is doubtful whether she added 5 and 4 to record an
answer of 9.
Question 2. V 2 - *7 = 15 and 3. - ‘8 = 13 also show an attempt to
perform subtraction by transferring a ten to the right hand figure and subtracting the 
remaining left hand number from the right hand one
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Questions 4. 10 and 5. 18
-_1 - 19
17 i l
show the pupil taking the smaller number from the larger. Her strategy for solving the 
remaining questions could be as a result of her mixing two half-remembered steps of 
equal addition and decomposition.
For example, in question 8 Vo
-  'A
M
she takes a ten away from the 5 tens on the top line, replacing 5 with 4, then transfers 
this ten to the bottom line alongside the two, where she now mistakenly has twelve 
tens and 4 units. Next she proceeds by taking the smaller numbers in each column 
away from the larger. So four take nothing is four and twelve take four is eight.
Lyndon’s element 1 consistent, habitual errors indicates the presence not the absence 
of learning/knowledge applies in this case, because the habit of taking smaller from 
larger can be seen to apply to all of her answers. The habit of subtracting the left hand 
number from the right hand one and the associated breaking down of the respective 
numbers is also reflected in some of the left hand columns of the vertically written 
algorithms indicates the presence of knowledge/learning which is applied consistently 
to her work. Within this work can be seen the child’s ability to perform subtraction 
using number bonds to twenty correctly eg Question 3 ,1 8 - 5  = 13.
Clearly what the individual knows is being protected from change by the proactive 
inhibition mechanism, because the procedural errors in performing subtraction are
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consistent and follow a determined pattern of behaviour which is dictated by her 
thought processes.
They quite simply follow a pre-determined pattern. Element 3 which states that 
proactive inhibition is an involuntary mechanism, over which we have little or no 
control, protects the pupils correct and incorrect knowledge from change. Element 4, 
since it cannot discriminate between what is right and what is wrong. Correct 
knowledge is seen to apply in many of the answers. Question 2, 1 7 - 2  does equal 15, 
but the question asked was what does 12 -  7 = ? Incorrect knowledge was applied to 
rearrange the questions supposedly in order to make their working out easier. In 
hindsight it would have been interesting to pose the written question, “What does 17 -  
2 = the suspicion is that the pupil would have solved it in the following manner: 
V - ' 2  = 5.
At the time of writing, the researcher’s supply cover at this school had ceased, 
together with any chances to follow up this question. Learning has taken place, but 
proactive inhibition has prevented the association of conflicting ideas, as stated in 
element 5 and seen in question 4:
10
17
The difference between nothing and seven is seven, and one and nothing is one, so the 
answer is 17, is protected from the conflict that ten take away seven is three. As 
already stated, the pupil demonstrates that she is able to recall subtraction bonds up to 
twenty, but proactive inhibition inhibits recall of knowledge. Element 6 which is in 
conflict with the person’s prior knowledge. The pupil’s prior knowledge gives her a 
procedure to follow, when followed it prevents the recall of correct knowledge in the 
case of question 4, that ten take away seven is three.
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6.36 CLASS TEACHING AND PROACTIVE INHIBITION
Considerable variation exists within the population, element 7 is to be observed when 
analysing the class’s responses to the questions set. Some pupil’s were able to answer 
all twelve questions in the correct manner, others as shown by Joanne, showed a high 
level of proactive inhibition which was resistant to change.
Lyndon’ s element 8 states that the higher the level of proactive inhibition, the more 
resistant will the individual be towards conventional approaches to error correction.
Joanne, now in her sixth year at primary school, and despite remedial attention, was 
still making profound errors in her calculations.
Question 10. Vs
- '19 
81
Shows a measure of cue-dependence and in the absence of the educator, a reversion to 
erroneous behaviour pattern. The researcher was able to determine that extensive 
work on subtraction had been carried out the previous term (while in Year 5). In 
order that the pupil’s did not rely on the written procedure of subtraction by breaking 
down the vertical forms of subtraction.
Eg 'X'4
- 17
07
and in an effort to increase their mental abilities to perform subtraction, the class 
teacher stated that all subtraction algorithms should be written in horizontal, rather
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than vertical form. The rationale behind this was that in so doing, the pupils would 
recognise that the question required the bottom addendum should be taken away from 
the top addendum, eg seventeen to be taken away from twenty-four. Three-quarters 
of the class were still hypnotised by this suggestion and translated the vertical form 
into the horizontal before proceeding to solve the question. Joanne followed this 
method when solving the first three questions and then reverted to erroneous 
behaviour patterns when trying to solve these questions.
Robert, also a Year 6 pupil, in the same class as Joanne made a good start on this 
paper, but ended with the following errors.
6. 24 7. 40 8. 50
-17 -18 -24
13 38 M
63
-  W
73
In questions 6, 7 and 8, he took smaller from larger, but changed his strategy for 
question 9, where he re-arranged the bottom number by removing one unit and 
transforming it into one ten, before proceeding to take the now smaller top number 
away from the increased bottom number.
This presents a problem in today’s climate of whole class teaching for numeracy, 
where pupils such as Robert and Joanne seemingly grasp the method being taught and 
record it correctly in their exercise books, but then a few weeks later, no longer under 
the direct influence of the educator, revert to their own ways of solving these
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problems. Element 10 is seen to apply in these cases, because the educator is 
controlling the pupil’s thought processes and they are following his/her procedure, 
rather than their own. The effect of proactive inhibition in this instance is to allow 
surface learning to occur, but inhibit the transfer of learning to the pupil’s deeper 
levels of internalisation and retention. So as in the cases of Robert and Joanne, the 
range of errors shown in their subtraction paper still exist.
In another school, C, which catered for a larger number of pupils (385) mainly from 
army families, the researcher was able to analysis the error patterns produced by a 
sample of 24 mixed ability Year 6 pupils by setting them the subtraction paper used 
earlier. The results are recorded below.
TABLE 6.23
Error patterns produced by a sample of 24, mixed ability. Year 6 pupils at School C
Error type
3
- 2
4
-0
5
-3
7
-4
9
-5
85 76 80 37 89
-32 -50 -50 -33
Error type l u I f
10 20 70 51 92
-7 -9 -13 -14 -25
Error type 3b 4u 4b Id 2u 5b Id lu 8a lu 6a le
40 367 450 530 862
-38 - 162 -200 -315 - 157
Error type 4b 2d I f Ic lu 5b 3d lu 6a le 3u
Only eight pupils managed to complete this paper correctly, without making any 
errors.
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Only four of the twenty-eight pupils managed to record answers in the time allowed. 
One pupil only managed to complete (correctly) the first question and five pupils 
spent the time copying the questions onto their paper, without attempting to provide 
answers.
Once again Lyndon’s key elements were evident in their response. Of note is the fact 
that many pupils have at this early stage devised evasion tactics such as of the time 
filling activity involved with copying down the questions. Time constraints while on 
supply did not allow the researcher to explore questions such as ‘How long would it 
take for all pupils to record their answers?’ and ‘What are the individual attitudes 
towards mathematics?’ The purpose of this account is to reinforce that pupils of this 
age attending a variety of types of school are experiencing difficulties with even the 
simpler forms of subtraction.
6.37 LANGUAGE WEAKNESSES NOTED DURING 
THE EARLY YEARS OF THE STUDY
Another question arising out of this work on subtraction difficulties was: 
iv) What problems are associated with the use of mathematical language?
By November 1996, the pupils who formed the longitudinal study group had 
progressed to Year 4 of their primary school education and now shared their class 
with others of the same age (8-9 years old), who were new entrants to the school. The 
class teacher now expected them to work independently for parts of their mathematics 
lesson. The work set was taken from the Cambridge Mathematics series; during these
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lessons pupils were observed having difficulties with understanding the problems set; 
much of the teacher’s time during these sessions was spent explaining the meanings of 
questions to puzzled students.
During this month they were asked to complete papers (Appendix No. 7), outlined in 
methodology Chapter 7, which were designed to test their understanding of 
mathematical vocabulary. The researcher was particularly interested in the pupils 
understanding of subtraction words. For this stage of the study the group had been 
expanded to include seven new class members. The sample was made wider by 
allowing all 29 class members to take the test.
The results given below are extracted from these papers and show that many of the 
pupils in this study have difficulty understanding commonly used words associated 
with subtraction.
TABLE 6.25
Mixed ability. Year 4, Class (November 1996) 
Understanding of mathematical word meaning
Word Pupils use of term
correct wrong/confused
Minus 13 16
Subtract 22 7
Difference 7 22
Greater than 7 22
Less than 14 15
More than 9 20
Take away 27 2
Least 11 18
Most 9 20
Amount 7 22
Equal 9 20
Total number of pupils = 29
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The survey results showed that all 29 pupils understood the word plus, but 
surprisingly only 27 recognised the meaning of take away. Even more noticeable was 
that 7 pupils failed to understand the term subtract, and 13 the word minus.
Problems with language were not only confined to subtraction, as this response fi*om 
one pupil shows:
Word Understand it? Yes/No Symbol Draw Diagram
Describe in words
Multiply Yes
Plus Yes +
Divide Yes
Times Yes X
Minus No
Subtract Yes -
For the word ‘face’ several pupils responded by drawing a human face.
Another pupil recorded:
Word Understand it? Yes/No Symbol Draw Diagram
Describe in words
Times Yes ii) {B . . . The time is six
Many responded by recording yes or no in the first column, leaving the others blank 
and, as stated in the methodology chapter, only those who indicated by their replies in 
the final three columns were judged to have given a correct response.
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The author of this research however acknowledges that a blank response does not 
necessarily mean that the words are not understood, but may instead reflect the pupil’s 
inability to express their meaning. Despite this statement, the results in Table 6.25 do 
serve to show that the pupils surveyed are having difficulty attaching the correct 
meaning to words which are commonly used to describe the subtraction process.
6.38 YOUNG PUPILS’ CONFUSION WITH
WRITTEN AND VERBAL INSTRUCTION
An insight into this confused world was given to the researcher when recently asked 
to cover for the late arrival a Year 1 teacher colleague. It was evident from the cards 
on their desks, the writing on the blackboard and the work in the children’s books that 
they had been working on the following types of subtraction problems:
7 - 3 =  6 - 2 =
9 - 4 =  1 0 -5  =
In an attempt to reinforce this work the researcher gave out some clean sheets of paper 
and then proceeded to place 7 large cubes vertically (one at a time) on the blackboard 
ledge. Next the children were shown two of the cubes being removed. In order to 
exercise their mathematical language and mental processes they were asked the 
question, “What have I done?”.
294
The first thing noted was that most of the 14 pupils (several were off sick that day) 
needed to count the cubes that were left and were doing so by pointing with their 
fingers. Judging by their repeated attempts at counting, several were having difficulty 
doing this even though the cubes were large enough to be seen and coloured 
differently.
These children were using intuitive thought to give them an answer, there was nothing 
wrong in this, they were asked a question which had caused them difficulty in 
understanding and were showing this in their continual counting responses. Another 
problem they had was counting objects at a distance, the researcher had falsely 
assumed that this would not present any difficulty.
The researcher decided to simplify the problem by replacing the seven large cubes 
with five others, which were spaced horizontally upon the blackboard ledge with gaps 
of about 10 cm for ease of counting. At the same time pupils were each given five 
cubes to handle.
□ □ □ □ □
The pupils were then asked to write down the number of cubes placed upon the ledge. 
All 14 pupils recorded the figure 5 on their paper. Next they were shown two of the 
cubes being taken away and the pupils were asked, “Can you write down what I have 
done?”
Not one of the 14, Year 1, (5-6 year old) pupils wrote this as a subtraction algorithm, 
although 5 - 2  = 3 was a question most had answered in their book.
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Typical responses recorded to these particular questions by five and six year old 
pupils were:
Alex 5 3 5
Aiden 5 2
Lauren 5 3 2
Kelly 5 3 2 3
Hannah 5 3 4
Darren 1 2  3 5
This led the researcher to further question the child’s early mathematical thinking and 
to discover that the responses cited above give truth to the following statement by 
Lesh:
“Most of the models and diagrams teachers use to introduce arithmetic 
and number concepts presupposes an understanding of certain 
spatial/geometric concepts. Consequently, misunderstandings about 
number concepts are often closely linked to misunderstandings about 
the models that are used to illustrate them.”
Lesh 1978
In the example above, the researcher is made aware that mathematics is more than the 
child’s acquisition of numerical skills, other overriding factors such as 
geometric/spatial relationships may frequently phase the child. If we further consider 
that our classroom environment consists mainly of spatial relationships, for example 
position of desks. Width of lines, squares and pages in exercise books, size of print in 
reading books, relationships of proximity with our neighbours within the classroom 
etc. also have a bearing on the child’s mathematical thought, then perhaps it is not 
surprising to further discover the child’s basic number development proceeds slowly 
in comparison with the speed in which language is picked up.
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An example to highlight the concern about children’s understanding of mathematics 
was found in seven year old Kirsty’s mathematics exercise book. Kirsty had been 
introduced to fractions and was able to divide squares, rectangles and circles into 
halves and quarters. On one page she recorded:
“I foled my circle to corters.”
“I foled my square to corters.”
“I foled my rectangle to corters.”
The following Monday, 3 July, she was able to draw 12 beads on a string and colour 
half yellow and half green.
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Kirsty was able to carry out this exercise with the corresponding numbers of 6, 8, 10, 
16 and 20 beads, but when later (Wednesday, 5 July) asked to colour half the boats 
red, half the flags green, half the marbles red and half the cars blue, recorded:
The concern here is that Kirsty has correctly used prior knowledge gained when 
colouring halves of geometric shapes such as squares, rectangles and circles and 
applied it to these problems. Feelings of conflict, insecurity and failure in her mind 
result when her teacher requests that she corrects her answers.
298
6.39 PROBLEMS WITH THE CONSERVATION OF NUMBER
The research carried out by Ginsburg was replicated by the author of this study while 
supply teaching a group of 20, Year 3, mixed ability, pupils at School D. The school 
was accommodated in buildings dated from the turn of the century and the 1930’s, it 
blended with its surroundings and served an urban area of the local town. 35% of its 
pupils were on the Special Needs Register.
Twenty, Year 3, (7-8 year olds) pupils took part in the survey (6* October 1999). 
Instead of sweets, square yellow cards (5 cm x 5 cm) were used. First they were 
matched in two rows called A and B, the researcher then modified Ginsburg’s work 
by taking one card from row A and placing it on row B. The cards were then spaced 
apart as shown!
Row A a □  □  n
RowB □ □ □ □ □ □
When asked, “Which row has the most cards?”
16 pupils replied correctly. Row B.
4 pupils replied incorrectly. Row A.
During the course of the interview, two of these four pupils although still sounding 
doubtful, changed their minds and later said Row B.
Allan, 7 years 6 months, was not as forthcoming in his gestures and was reluctant to 
communicate why he thought that Row A contained more cards, he may, like Ryan 
below have used length to determine the quantity. Or he may have thought that it was
299
a trick question or because the researcher was covering for his absent teacher he was 
nervous and just wanted the interview to be over and escape from the interviewer’s 
attention.
Ryan, 7 years 4 months, was rather more confident in class. He was friendly, helpful 
and outgoing towards other pupils and adults. He looked long and hard at the two 
rows using his fingers to count and eyes to judge their respective lengths in 
continuous slow sweeps. He was able to count the numbers in each row correctly, but 
used length as a measuring criteria for his final answer.
The implication of this short investigation is that even at the age of 7 years and 4 
months and presumably later, some pupils are still having real difficulty with 
conservation of number.
If proactive inhibition mentioned earlier, is applied to Ryan’s thought processes it is 
protecting him from change; the idea that length is a measuring criteria prevents the 
associating idea that more objects can be confined in less space, so inhibiting the 
recall of knowledge which disagrees or is in conflict with the prior knowledge that he 
possesses that six is more than four.
Most or Ryan’s classmates have progressed beyond the stage outlined by Ginsburg’s 
research. Ryan is now disadvantaged and in order to catch up with them will need 
more individualised attention in the form of an educator to reverse (before it is not too 
late) the shortcomings of his mathematical learning.
Although Shape, Space and Measure is one of the three Attainment Targets for 
Mathematics at Key Stage 1, the researcher fears that this target will not be given
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equal weight against the other two which deal with Using and Applying Mathematics 
and Number. Thus further reducing the opportunity for practical play and discovery, 
which in turn leads to insecurity and uncertainty because the methods they have learnt 
for dealing with numbers have not been learnt by experience, but remembered from 
their teacher’s discourse.
6.40 YOUNG CHILDREN AND THE EARLY 
SPACIAL ASPECTS OF NUMBER WORK
Further research with seven mixed ability. Year 2, (6 to 7 year old) pupils from 
School B (November 1999), also confirms that young children have a problem 
resolving the conflict with number and the spatial aspects presented by the setting out 
of these questions.
The researcher set out two rows of five multi-link cubes spaced opposite one another 
in the follower manner:
Diagram 1
□ □ n n □  Row A
n □ □ □ n Row B
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Pointing to Row A, the child was told that this was his/hers and Row B belonged to 
the researcher. When asked the question ‘Who has the most?’, all of the seven pupils 
questioned answered correctly that the rows were the same.
The researcher proceeded by rearranging the rows and adding an extra multi-link cube 
to Row A as shown:
Diagram 2
□  □ □ □ □ □  Row A
□ n □ n □  Row B
Once again the pupils were asked the question ‘Who has the most?’. Individual 
answers and response from the seven pupils questioned were:
Pupil 1: You have.
Teacher: How do you know that I have more?
Pupil 1 : (Points to Row A) Well those fit together and (pointing to Row B),
you’ve broken them up and left spaces.
Pupil 2: Answers correctly, me.
Pupil 3 : You, you’ve got spaces.
Pupil 4: I have with six.
Pupil 5: Answers correctly.
Pupil 6: You have.
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Teacher: How do you know that I have more?
Pupil 6: (Counts each row several times). That one’s six and that one’s five, I
have done it wrong (looks puzzled and counts again -  and says) Me. 
Pupil 7: They’re the same. (Looks at rows, counts the cubes and replies). I
have.
Lyndon’s elements 1 ‘Errors represent knowledge, not its absence’, applies in the case 
of pupils 1 and 3. The spaces made Row B longer than Row A and if Row B had 
been a path of stepping stones it would most certainly, in the pupil’s mind, have been 
longer that A. Correct knowledge is hindering the association of conflicting ideas 
which tells pupils 1 and 3 that size, rather than number of objects, is the criteria for 
measurement. The recall of knowledge which is in conflict with this prior knowledge 
element 6 applies since both pupils, as witnessed by their school work, are able to 
count and perform addition and subtraction of number up to ten correctly.
Pupils 2, 4, 5, 6 and 7 have put the correct interpretation on the question and used the 
number of objects as the criteria for answering the question. Here another problem 
may seem to exist and that is one of mathematical comprehension, it could be argued 
that pupils 1 and 3 interpreted the question wrongly, ‘Who has the most?’ may simply 
have been information misapplied in the two pupils’ minds to ‘most space’ or ‘most 
length’. This then leads to another important part of the research and that is the aspect 
of language difficulties. When working with Year 2, (seven year old) pupils, it 
became obvious that the majority of these pupils were only just beginning to learn the 
basic rudiments of mathematics and many concepts that are taken for granted at 
Year 6, (11 year olds) are only now starting to be formed. The wide range of 
mathematical ability that exists in many of our classes is also noticeable at age 7.
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Year 2 pupils observed when their class were asked to record the answers to written 
questions relating to the 2, 5 and 10 times tables, which they had been given to learn 
the previous week, showed the wide range of ability that often exists. The wntten 
questions followed the numerical sequence of 1 x 2, 2 x 2, 3 x 2, etc. Their correct 
marks in response to this question paper ranged from 1 to 30. Two pupils who were 
observed only managed to record answers in the 2 times table during the 15 minutes 
of time allowed and instead of multiplying misread the times sign to one of addition 
so recording, 1 x 2 = 3, 3 x 2 = 5 etc. (Note 2 + 2 = 4). Five pupils recorded 30 
correct answers, the remainder scored between seven and 23 correct answers.
Their attitude to mathematics was also worth noting, generally the pupils who scored 
low were less enthusiastic than those who scored high. Facial expressions among low 
achievers showed pain, while high achievers showed pleasure and confidence. The 
high achievers who ran out of time wanted to complete the questions while those who 
were struggling measured a quicker response when requested to stop answering the 
questions.
6.41 NUMBER SENTENCE ERRORS MADE WITH THE OPERATOR SIGN
As well as misreading the operator sign for times, a more common error amongst 
these children was to incorrectly record mathematical sentences which involved the 
use of the ‘minus’ sign. This was observed when the same Year 2 class where given 
three die, two of which had the numerals 1 to 6 written on the appropriate face, the 
other with the operator signs of ‘plus’ and ‘minus’. The object of the lesson was to 
reinforce addition number bonds up to twelve and subtraction bonds involving
304
numbers up to six. The pupils took it in turns to throw the die and, after being shown 
how to set out their answers, were asked to see how many numerical problems and 
answers they could record. Most of the pupils who managed to finish this task made 
errors with setting out; the most common being larger from smaller.
Stephanie’s recordings were typical of many:
3 - 6  = 3
4 - 5 = 1
2 - 4  = 2
3 - 4 = 1
For example:
Alicia 2 - 7  = 5
Ben 1 - 4  = 3
4 - 5 = 1
2 - 4  = 2
3 - 4 = 1
Amber 2 - 3 = 1
Some pupils recorded errors in their setting out and answers:
Josh wrote: 2 - 3  = 0
Joe 3 - 6  = 6
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Errors in setting out subtraction were made when pupils were observed to write down 
the number on the first dice thrown, regardless of the fact that it may be smaller than 
the second one. Lyndon’s P.I. (mentioned earlier and later in the literature review) 
element 2 ‘What the individual knows is protected from change’, could be said to 
apply in this work.
The pupils were also given the task of recording questions relating to the ‘plus’ sign 
should it be thrown. When recording this associated information the pupils would be 
aware from their own learning experiences that provided a ‘plus’ sign is thrown it 
makes no difference to the answer when the initial number thrown is recorded first, 
knowledge correctly applied when adding, but wrongly applied when subtracting.
Sheri’s response to this exercise in recording 9 for 6 and 5 for 2 is as follows:
9+ 1  = 10 
9 + 3 = 15 
9+ 1  = 10
4 + 9 =
5 + 4 =
9 + 4 =
The die that she was using had numerals rather than dots written on them. Her school 
work showed that she was a pupil with a tendency to ‘mirror image’ figures such as 2, 
3, 5, 6 and 9. In this work her proactive inhibition was in conflict with the set 
exercise. Her responses recorded above show that she knew how to set out the 
addition of two numbers in a horizontal form and record correct answers to some of 
the mis-recorded numerals, but had problems changing her ideas (elements 2, 5 and
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6). The idea that one face of the dice showed a 9, perhaps also associated with 
problems of reversal was firmly fixed, even though the die was correctly positioned in 
front of her to show the symbolic representation of a 6. Her brain not only inverted 
this symbol, it also reverted it and it is assumed that proactive inhibition at a deeper 
level may be taking place and 6 becomes a 9. It must be noted that there was no line 
under the figure 6 on the face of the die to aid recognition.
In class Sheri, now in her second full year at school, showed a reluctance to activities 
which required her to think and reason. Comments in her book wntten by her 
teachers pointing out her mistakes could lead to her forming negative attitudes to 
mathematics in the future. They could also hinder her progress in the present if urgent 
remedial action is not taken to redress the problems of figure reversal and associated 
symbolic representation with cardinal numbers, ie matching the symbol 6 with 6 
objects. Unless this knowledge is put in place by some act of remedification such as 
Lyndon’s old/new way method (outlined later), then this false knowledge observed in 
the die experience will remain in conflict with new ideas and new knowledge.
It can be said that one benefit of this research is that it highlights the need for early 
intervention for pupils who have fallen far behind the appropriate stage of 
mathematical development for their age group. From work already done in this 
longitudinal study, pupils such as Stephanie who set out their work wrongly and 
record:
3 - 6  = 3
4 - 5 = 1
will in time through scaffolding (Vygotsky (1966)) or other methods eventually learn 
the correct procedure for recording subtraction. The future for Sheri however is
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bleak, she is in danger of failing to reach the appropriate targets set in her 
mathematics tests at age seven and eleven; which in turn will only serve to reinforce 
her failures and negative attitudes towards this subject.
The Year I pupils mentioned earlier were unable to link the operations with the cubes 
to simple numerical subtraction. The age of ten or eleven can find those same pupils 
still experiencing any number of difficulties with subtraction.
6.42 SUBTRACTION ERRORS MADE BY 11 YEAR OLD PUPILS
Joanne, a Year 6,(11 year old) pupil from another school, in her written response to 
subtraction (recorded below) indicates the seriousness of one pupil’s difficulties:
1. ^ - 4  = 9 2. ^ - ' 7 = 1 5  3. = l / - 8 = 1 3
4. 10 5. 18 6. 2 y  7. 40
- 2  -9  ' I I  -H '7
17 11 94 78
9. % 10. y8
-'24 ‘37 '19
84 84 81
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She is not alone in her difficulties, of the 28, Year 6, pupils tested on subtraction 
algorithms using the above ten questions, 8 are having difficulty.
Martin manages to get all ten correct, but later that morning records:
£
100.00 
- 19.72 
119.72
When questioned he replies “Two take nought is 2, seven take nought is seven” and 
then proceeds to record an answer of £119.72.
Teacher: Is this answer correct?
Martin: Looks puzzled, he shrugs his shoulders, earlier he was confident that
his answer was correct, but now the teacher is raising doubts in his 
mind and looks at teacher with a mixture of puzzlement and pain in his 
expression. He is confused.
So here is a real danger, Joanne clearly has problems as her work shows. Martin’s 
earlier work suggest that he has mastered subtraction, but this is clearly not the case 
when dealing with the later money problem.
The kind of error noted by Martin has been noted by other researchers. De Corte et al 
(1996) states the need for pupil experience of mathematics in a range of activities:
“The disposition cannot be directly taught, but has to develop over an 
extended period of time.”
De Corte et al (1996), p.508
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Aiming and Edwards (1999) quote that the lessons from research in early mathematics 
is that:
“ children cannot be rushed into performing mathematically. We
need to pay attention to how children are making sense of the 
mathematics around them and encourage them to enjoy thinking 
mathematically.”
Anning and Edwards (1999), p. 126
Perhaps it is not surprising that pupils, like Martin, fall into the trap of taking top from 
bottom in numerical algorithms. What is needed is a strategy for clear, concise 
teaching and a chance often denied to pupils to tackle these problems in a practical 
manner which will give them insight into the complex operations that they are using 
when dealing with subtraction. However, with the latest government initiatives for 
numeracy and the rigid time-tabling of what they should learn, rather than how they 
should learn, it is doubtfiil whether the problems experienced by Joanne and Martin 
will be remedied at an earlier age.
6.43 SYMBOLIC REPRESENTATION
Another problem that pupils have in that they often misread symbols. A common
mistake noted with Year 5 pupils was: 6 3 = 3. The Year 5 pupil, when questioned,
had interpreted the division sign for subtraction. Another occurred in the teaching of
fractions when several Year 5 pupils wrote 5 = 3.
2
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Teachers should be aware of the danger of assuming that pupils are familiar with 
symbolic representation. They need to consider that before he/she enters school the 
child is free to develop his/her own ideas, one way is through play. This view is 
shared by Fisher, who in a study involving young learners writes;
“If young children learn naturally by being active and engaging in a 
range of exploratory experiences, then the primary responsibility of the 
school is to plan opportunities which facilitate and support these 
instinctive strategies. They need a range of play experiences and 
appropriate resources of good quality. In other words a learning 
environment that offers concrete experiences which are relevant, 
meaningful and worthy of active involvement.”
Fisher (1996)
The above statement contrasted with what was observed in the reception class of the 
school which formed the main part of this study. Here the child suddenly finds 
him/her self in a room with as many as thirty other children and perhaps one adult 
who is charged with the child’s education. The child had entered another world where 
he/she was no longer the centre of attention and was now in competition with a large 
number of others. It was not long before the child was introduced to verbal 
mathematical terms such as take, take away, subtract, subtraction, one less, two less 
...., how many less is .... than ....?, difference between makes, leaves, is the same as, 
equals, minus.
These and other items of mathematical vocabulary were to be found in a checklist 
covering four pages of terms produced by the National Numeracy Project (Head 
1999) (Appendix No. 35), which teachers, support staff and parents are requested to 
emphasise during the child’s reception and year one school period.
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The book states:
“There are two main ways in which children’s failure to understand 
mathematical vocabulary may show itself; children cannot do a task 
they were set or do not respond to questions in lessons and tests ”
“Their lack of response may be because they do not understand the 
spoken or written instructions, they are not familiar with the 
mathematical vocabulary, they may be conftised about mathematical 
terms, they may be confised about other words.”
Head (1999)
The booklet contains many useful ideas and has much to commend it, but to the main 
character in this work (the child), such lists if not sensitively handled can cause much 
damage and harm. So it can be argued that another area of confusion that should be 
added to the Numeracy Projects Introduction is the classroom environment into which 
the child is placed. No longer is learning through active play under his/her control, it 
is dictated by some external influence. The cynic will say that in order to survive this 
world of school you have to quickly learn to please the teacher by answering such 
questions as:
6 - 4 =  , 1 0 -7  =
The difference between 7 and 3 i s .....
Four take away three is equal to
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When 14 pupils towards the end of Year 1 were asked to write down how may cubes 
the researcher had placed on the table, 13 Year 1 pupils recorded pictures of objects 
(Appendix No. 2), only one pupil used figures to represent the cubes (Appendix No. 
27). When the researcher later took two cubes away from a pile of five and asked the 
year 1 class to represent what had been done, the pupils were unable to use figures or 
write down - simple subtraction using symbols, even though they had been introduced 
to forms such as 5 - 3 = □ during the later stages of reception and their present class, 
they were not associating this form of representation with the cubes problem that the 
teacher had placed before them.
The researcher explored this question further with a class of 24 mixed ability 8 year 
old pupils, by drawing a picture of five seagulls on the blackboard. When asked to 
find some other way of representing birds, the class came up with various suggestions 
which included cars, peas, cubes, pencils, fish, books and dogs. No one suggested 
using numerals. When asked what would happen if two flew away, pupils preferred 
to draw pictures of the remaining birds, rather than number sentences.
Hughes (1986) writes:
“... even children as old as 9 have difficulty in representing the 
operations of addition and subtraction.
... With the representation of addition and subtraction, it seems the 
whole notion of representing these transformations on paper is 
something which children find hard to grasp. ... There seems to be a 
serious and disturbing split between their use of symbols in the 
classroom and their ability to apply them to problems encountered 
elsewhere.”
p.78 Children and Numbers
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The results for the same Year 5 group reflect the difficulties many pupils have in 
understanding symbolic representation. These difficulties have also been recognised 
at a national level.
The National Numeracy Project book (1999) published by the Schools Curriculum 
and Assessment Authority suggests (p.8) that Reception and Year 1 pupils be 
introduced to a wide range of terms, including addition, subtraction, less than, 
difference between and minus. The vocabulary list for Reception and Year 1 covers 
four pages of the book and includes many of the terms which caused difficulties for 
Year 5 pupils. In light of the research carried out in this study, it is the author’s 
opinion that this list is too prescriptive and too long and will only serve to curtail the 
pupils freedom to explore, handle and form numerical concepts at this early age.
6.44 SEMANTIC DEPENDENCE AND SUBTRACTION 
ABILITY IN SOLVING WORD PROBLEMS
The way in which a question is phrased can also have implications for those engaged 
in teaching subtraction. An earlier work by the author. Ward (1992), showed that the 
semantic dependence of subtraction word problems can also have an effect on the 
pupils ability and strategy to solve the problem. The results for the study group 
(March 1996) confirms this. The 25, Year 3 pupils were asked to complete a 
subtraction word problems paper (Appendix No. 6). Two non-readers had the 
questions read for them.
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TABLE 6.26
Mean percentage correct for the 
Dependence Relationship category for Subtraction Word Problems
Semantic Dependence Percentage of correct answers
Arguments 84%
Adjectives 76%
Agents 80%
Time 75%
Veibs 88%
Conpaiisons 60%
Sample group of 25, mixed ability. Year 3 pupils.
This work was based upon earlier research carried out by Nesher (1982) and points to 
the importance of a careful use of language and the gradual introduction of the various 
semantic terms used in subtraction problems. So often a pupil’s failure is not because 
he/she is unable to manipulate figures, but rather due to the semantic dependence of 
the question, making its meaning unclear to the child.
Having said this and agreeing to the truths contained in the above statement; if the 
pupil continues to make errors or is unable to manipulate figures he/she, even 
understanding the written words in which the question is posed will ultimately 
produce a wrong answer; so once again this research refocuses on the child’s 
understanding of subtraction algorithms and moves on to consider a final question.
(v) What is the effectiveness of (a) memory aids and (b) intelligence types in the 
teaching of subtraction?
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6.45 THE IMPORTANCE OF MEMORY
The research also investigated the memory in equipping the pupil to retain meaningful 
knowledge. Two investigations were carried out involving the study groups memory. 
Both were based on research carried out by Rose & Nicholl (1997). The first 
involved the pupils memorising 12 words. Appendix No. 9. These were placed in 
front of the pupil for two minutes, at the end of this period of time the words were 
covered up and the child was asked to write them in the same order as they had 
originally been presented. For each word placed in the correct order, the pupil was 
awarded 2 points, a memorised word placed in the wrong position gained 1 point, the 
points were then recorded. Appendix No. 28.
The pupil responses from the subtraction paper (Appendix No. 8) were compared with 
the memory test results and a graph of mean subtraction errors against memory 
retention was plotted.
TABLE 6.27
Results of subtraction errors and memory points 
for sample group of Year 5 pupils June/July 1998
Number of 
Subtraction Errors 0 1 2 3 4 5 6
7 8
Number of Pupils 
recording
these subtraction errors
10 0 3 1 1 0 1 2 1
Total of Memory Points 
Gained by these Pupils 122 N/a 5 15 9 N/a
8 18 5
Average Memory 
Points 12.2 N/a 16.7 15 9 N/a
8 9 5
316
Responses for subtraction paper (Appendix No. 8); and memory 
retention test for sample group of Year 5 (ten year old pupils) June/July 1998
10
Memory Points
Subtraction Errors
From the graph results it would appear that pupils who scored low on the word 
memory test were more likely to record errors in their subtraction paper. Although a 
higher representative sample of pupils would be needed before any positive 
conclusions regarding memory retention and the ability to perform subtraction 
algorithms correctly, it would appear from these results that there is a tendency for 
pupils who have a poor short term memory to have a higher chance of making errors 
in subtraction procedure.
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6.45.1 MEMORY AIDS
Another line of investigation taken from Rose and Nicholls (1997) was the effect of 
memory aid in the form of easy to visualise stories (p . 49 Accelerated Learning for the 
21st Century). There is no doubt that many remember important facts like the colours 
of the rainbow by use of mnemonics such as Richard of York gained battles in vain, 
where each letter of the phrase gives the first letter of the spectrum colour in order. 
The example given by Rose and Nicholls (1997) was “My very energetic mother just 
made us nine pizzas. The letters of these words give the name of the planets in order 
from the sun, starting with Mercury.
When pupils in the study group were given this word picture for the planets and tested 
two hours later, 18 out of 22 remembered the story (with slight variations). Ten were 
able to apply the story and correctly record the planets in order. When questioned, 
seven pupils replied that they had learnt The Planet Song in a music lesson and learnt 
to recall the words of that song to list the planets in order.
While supply teaching at School B, a Year 5 class were also introduced to the 
memory aid during a science lesson on the planets. Twelve of the 28 pupils present 
were able to relate to the fact that the initial letters referred to the order of the planets 
in relation to their orbit around the sun, although most of these twelve had previously 
forgotten, one pupil was able to write out an aide memoir that had been taught by their 
previous teacher during Year 4. She wrote: “My very easy method just speeds up 
naming planets”. Which is proof that some pupils find this way of remembering to be 
of practical use in some learning situations.
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During the term, Chelsea reported that her family were moving and that she would be 
attending another school. Shortly before she left, Chelsea, Abbie and Stephanie asked 
if they could do some maths at lunchtime (28/4/98). The following problem was 
given:
100 
- 16
It was a surprise to discover that despite the teaching which had taken place earlier,
Chelsea reverted to her old method and recorded an answer of:
100 
- 16 
116
Abbie also made a mistake, but when marked wrong was quickly able to provide the 
correct answer. Stephanie managed to record the correct answer by using her own 
mental processes to subtract 16 from 100.
6.46 MEMORY AND PROACTIVE INHIBITION
When questioned, Chelsea remembered the Old/New Way. The problem in this case 
was convincing her that she had made an error, her proactive inhibition was still 
protecting her from change. A number line was used in an attempt to show that 100 -  
16 was 84 and that her answer of 116 was greater than 100, from which she had taken 
away 16. The confusion for Chelsea was that she had used the subtraction process to
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take ‘smaller from larger’ and her insufficient grasp of place value was unable to 
overcome this misapplied knowledge.
Chelsea knew and was able to recognise that 116 is ‘bigger than’ 100, but proactive 
element 6 is seen to apply where proactive inhibition will inhibit the recall of 
knowledge which disagrees or is in conflict with the prior knowledge that the person 
already possesses. The effect of this session was to raise further questions about 
proactive inhibition in the researcher’s mind.
The researcher acting as teacher in this session used both his knowledge of the pupils’ 
capabilities and his own knowledge of mathematics to form a strategy which would 
enable the pupil to recognise that she had performed her calculation in the wrong 
manner. In this instance, the teacher assumed that the best approach was to use a 
number line in order to help the pupil recognise that she had made an error and help 
her to adopt a correct procedure for future problems of the type:
100 
- 16
The use of a number line may or may not have been the correct one to use in this 
teaching situation and raises the question of how the teacher’s own internal belief 
mechanism protects or prevents him from changing to a different approach. The idea 
that the pupil may not benefit from this strategy at this moment is blocked by his 
proactive inhibition and the assumption is that the pupil possess a grasp of ordinal
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numbers which will recognise that 100 - 16 can be correctly performed on a number
line and may also alter the pupil’s perception of:
100 
- 16
to recognise that the answer must be less than one hundred and not greater as shown 
in her previous calculation.
After much thought, the teacher’s proactive inhibition, rather than the pupil’s 
proactive inhibition is controlling the learning situation. The teacher’s view about the 
approach to remedification of mathematical errors overrides the pupils and the pupil 
in his/her desire to please the teacher can easily be led into the trap of guessing what 
the teacher is thinking. Time constraints which dictate the pace of learning are an 
important feature of the child’s education, but they should not be an overriding factor. 
The task of the educator is to be conscious of the pupil’s proactive element and build 
on sound knowledge that is present in the child’s thinking. The teacher in the role of 
educator must remember that he/she is trying to take the child on fiirther from one 
stage of knowledge to another.
In the case of Chelsea, the aim of the teacher was to improve her knowledge of 3 
figure subtraction. In doing this it is important to establish from which point of 
knowledge the pupil is starting from. It would be easy to guide Chelsea’s thinking by 
asking her to subtract nothing from one hundred and let her record a correct answer of 
one hundred. The teacher may then proceed by asking her to record the correct 
answer when one, two, three etc is taken away from one hundred and establish a
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pattern of descending numbers until one hundred minus sixteen is reached; by this 
approach the teacher assumes that the learner (Chelsea) shares the same logical ability 
which reveals the true answer. Chelsea however may not be in possession of this 
logistic ability and this knowledge if it cannot be internalised by Chelsea will have no 
lasting value.
6.47 PROACTIVE INHIBITION AND SCAFFOLDING
Proactive inhibition is a powerful force working in all our lives. If the researcher 
applies the psychology of Vygotsky to this situation, he/she is trying to take the pupil 
on to further knowledge (Zone Proximal Development). Bruner’s scaffolding also 
applies, when trying to take the child further.
Vygotsky puts forward the idea of the Zone of Proximal Development, by which the
child, with help from others, can pass from one level of understanding to the rest. The
key issue for Chelsea and others in her situation is that whatever strategy is used to
help her master the problems posed by:
100 
- 16
it must be the one which allows for this level of understanding to be reached. The 
researcher holds the view that Bruner’s ideas of scaffolding can enable Chelsea and 
others to proceed to new levels in their thinking. Using the strategy already
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mentioned, if subtracting nothing, one, two, three, etc from one hundred and 
recognising the patterns produced in her answers may or may not help her to 
‘scaffold’ or put a mental frame around this problem and reach the desired level of 
understanding.
If this frame does not work, then other frames such as ‘I have one hundred pencils and 
I give sixteen away to pupils in the class. How many have I now left?’, should be set 
out by using actual pencils in a real life situation and explored until an appropriate 
‘scaffold’ that suits this particular pupil’s learning situation is found. Behind 
whatever approach is used must be the desire to build on prior knowledge, which is 
sound and eradicate errors in pupil thinking. The gap between these two levels of 
knowledge presented to the pupil should be within his/her grasp.
The effects often seen in the teaching system are more like the effects of a sluice gate, 
the teacher through his/her own efforts manages to raise the gate sufficiently to allow 
water (knowledge) to flow, but when he/she is no longer on the scene or in control of 
the child’s learning, the sluice gate closes itself.
Element 9 ‘Performance also becomes cue dependent and in the absence of the 
educator, the student reverts to the erroneous behaviour pattern.
Proactive inhibition is such a powerful force that it may even persuade the ‘lock 
keeper’ that everything is now in order and learning is taking place, when the reality 
of the situation is quite different. Chelsea had given the appearance earlier of
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benefiting from Old/New Way instruction, but now clearly this was slowly being 
erased from her mind. Scaffolding is only of use if it is sound, if it is shaky or 
incapable of being reached, then it is wrong to assume that it serves its true purpose.
6.48 REMEMBERING HOW TO SUBTRACT
Chelsea was reminded of the poem her teacher had previously taught her:
“If top take bottom you cannot do 
taking a ten from the left will help you.
This was then related to the subtraction question and she managed to obtain the 
correct answer:
k
84
After lunch she reported back the poem to her teacher, who explained that she used 
poems to remember things, eg:
“In 1492, Columbus sailed the ocean blue.”
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Another teacher, hearing the conversation, told her how he warned his class to behave
at the end of playtime by teaching them the following rhyme:
“Talking in line 
will lose your playtime.”
The following day, 29/4/98, Chelsea was asked if she could remember the subtraction 
poem. She replied: “If top from bottom you cannot do............. ”
After three prompts she was once again able to remember it.
22 May 1998, Chelsea moved to her new home today, before she left I asked her if 
she could remember the subtraction poem. She could, it was word perfect; then she 
was asked to complete the subtraction paper Appendix No. 8. Although she could 
still remember the poem and stated that she could use it to help her with subtraction, 
her answers recorded that proactive inhibition was again causing problems, especially 
when 0 was involved in the algorithm, for example:
76 80 450
- ^  -50 - 200
16 110 0310
The memorised poem could not overcome the effects of proactive inhibition, 
particularly elements 4: ‘Incorrect, as well as correct knowledge is protected since 
proactive inhibition cannot discriminate between what is right and what is wrong!’
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In the three examples above, it is incorrect to ‘break down’ the tens column and 
transfer one ten to the units column, when the unit figure is equal to or greater than 
the unit figure in the bottom line; the correct procedure is to break down the tens 
column and transfer one ten when the bottom figure in the units column is greater than 
the one in the above column.
Element 6: Proactive inhibition will inhibit the recall of knowledge which disagrees or 
is in conflict with the prior knowledge that the person already possesses. Chelsea is 
able to provide the correct answers to;
'  1  - 13
i i  57
By using the decomposition method however, conflict occurs with:
-  ^
16
The previous questions with ‘0’ in the top line meant that she had to use the 
decomposition method to solve the subtraction. Seeing in the ‘0’ in the bottom line, 
she falsely applies this method to the top line and inhibits the prior knowledge shown 
in other examples of her work:
eg 85
-32 
53
of writing the differences when the top column figure is higher than the bottom one. 
The incorrectly learnt poem line,^‘If top from bottom you cannot do....”, may also 
have confused her thought processes and given her a mis-cue to this problem.
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Element 8: The higher your level of proactive inhibition, the more resistant you will 
be to conventional approaches to error correction, also applies because a lot of time 
and numerous strategies involved in scaffolding this concept has been invested in 
Chelsea, but despite initial successes where learning was seen to occur, her proactive 
inhibition mechanism rejected much of this new knowledge.
The poem could not overcome the effects of proactive inhibition in Chelsea’s case, 
because it could be wrongly applied to the problems. Clearly more work was needed 
to improve her conceptual knowledge of subtraction processes. In order to explore 
this further, the researcher asked a Year 4 teacher to apply a poem to the numerical 
subtraction process, in order to see if this would act as a memory aid. The Year 4 
class was chosen because they were having problems with subtraction and the Year 5 
pupils under observation were now beginning to master decomposition methods of 
subtraction. The poem they were asked to memorise and apply was the one that 
Chelsea had learnt, but with the word to added:
“If top take bottom you cannot do, 
taking a ten from the left will help to.
The pupils were shown how to apply this poem to subtraction algorithms they were 
taught to apply this poem to their decomposition subtraction algorithms during the 
Summer term of 1998 on at least three separate occasions.
Mathematics exercise books showed that during the lessons where this poem was 
taught and applied by the pupils to their subtraction the success rate for correct 
answers was 90%. This figure fell during the intervening periods of time, but rose
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back once the children were reminded of the poem and the process involved in 
decomposition.
The following term (Autumn 1998) these pupils entered Year 5 of their primary 
schooling and they were asked to complete the subtraction test paper Appendix No. 8 
and also to recall the subtraction poem mentioned earlier. Results for this are shown
in Appendix No. 29.
6.49 SUBTRACTION MEMORY AIDS AND LEARNING
From the results it can be seen that only five pupils out of the 17 tested were able to 
give the correct answers to the subtraction paper. Of these five pupils only one (pupil 
P) was able to recall part of the poem and apply it to his work. His recall was:
“If top to bottom you cannot do, 
take one from the left will help to.”
A previous subtraction paper given prior to the poem being learnt had been correctly 
completed by pupil P. Perhaps the ability to perform subtraction by decomposition 
served to remind pupil P of the poem. Other responses were.
Pupil D; “Take 10 from the left.”
Pupil F: “If 10 take 9 you cannot do, take a 10 from the left will help you to.
Pupil J: “You take a step from the left.”
Pupil K: “Take 10 from the left will help you to.”
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From these results can be seen the confusion that trying to remember procedure can 
have, if the child’s proactive inhibition Avill not accommodate this new knowledge, 
then the rules for applying a correct procedure are rejected as well, hence the half 
remembered poems and the forgotten poems by the pupils in this survey. This effect 
became apparent also when pupils were learning the new way procedure, many did 
not grasp it straight away and it had to be constantly re-learnt before the child took 
frill ownership of it.
In the case of the poem, many Year 4 pupils remembered it and were able to apply it 
to solve their subtraction problems, but over a period of time spanning the Summer 
holidays when they were not applying it to school work, their proactive inhibitions 
reformed and rejected new knowledge. Rather like a repair theory that had gone 
wrong, new knowledge which, when applied gave the correct solution to a problem, 
was slowing being erased by the child’s proactive mechanisms.
This effect can be seen in many of our classrooms today; the teacher busily shows the 
child how to ‘take away’ and talks the child through the process giving a series of 
rules and actions to follow, eg:
Teacher: “Always take the bottom number from the top.”
(Pause for this to sink in.)
“If you can’t take the bottom number in the column away from the top, 
then ‘borrow a ten from the next column’.”
(Pauses)
“Then take away the number at the bottom of the column.”
329
Often the pupil goes away and his/her short term memory aids in the subtraction 
process, but over a period of time memory decay takes place and rules become 
forgotten or only half remembered.
A typical short term memory response exhibited by Year 4 pupils in this study was to 
apply the taught rules and record the correct answer to the following type of question:
-18
35
Proof that this was short term came a few weeks later when pupils used their own way 
methods and gave various incorrect answers in the form of:
53
-18
45
Proactive inhibition protects the child’s well being by telling him/her that he/she is 
right when they are in fact wrong. There is a real danger of the pupil forming a 
dislike for mathematics and viewing it as a subject of remembered rules and 
procedures. Rote rather than relational learning (mentioned elsewhere in this work) 
reinforces negative attitudes on part of the child who is tomorrows adult.
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6.50 LEARNING STYLES AND PUPIL INTELLIGENCE
Also investigated during this research was the pupil’s types of intelligence, which 
Gardner (1983), mentioned in the literature review, suggests that the curriculum 
should be designed around. For this research pupils in Years 3 and 6 were given 
seven cards (Appendix No. 10) and asked to prioritise their intelligence. The pupils 
were seen on an individual basis and requested to read through the statements 
contained on the seven cards. They were then asked to select the card which suited 
them best.
The results (Appendix No. 30) show the dominant preferences for Year 6 pupils are 
spatial and interpersonal. For Year 3 pupils the dominant preference was spatial. No 
real conclusions can be made from the results obtained in this survey because the 
sample number was too low, but it would appear from the table below which 
compares the average of the subtraction errors, that pupils who have an interpersonal 
type of intelligence perform better at subtraction than those with a spatial intelligence. 
This may be due to the fact that pupils with interpersonal types of intelligence use 
their talking and observation skills and these may be best suited to overcome the 
effects of proactive inhibition. It could also be that interpersonal intelligence best fits 
the model taught in the school.
Much has been written about matching tasks to a pupil’s ability, very little research 
has been carried out to determine the effects of types of teaching best suited to the 
individual’s learning preferences and their ability to bring about significant gains in 
educational performance. Another question that needs to be answered concerns the
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distribution of intelligence types and if one type is dominant during an individual’s 
life-time.
It must again be stressed that this sample was too low to form a positive conclusion, 
but its mention here may lead to more definitive research at some future date.
This date was chosen because all the pupils present on this day were also present in 
March 1999, when the Types of Intelligence’ (Gardener (1983)) survey was 
conducted, also in December of 1997 pupils were making a wide range and high 
number of subtraction errors.
The results obtained are show in Table 6.28 below:
TABLE 6.28
Subtraction error averages for pupils in the study group December 1997 
compared with their intelligence types
Intelligence Type Number of Subtraction Errors
8A 50.0
Average A 6.3
12B 46.0
Average B 3.8
C 0.0
D 2.0
2E 18.0
Average E 9.0
F n/a
G n/a
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Another value of researching the pupils types of intelligence is that it could determine 
class groupings on the basis of intelligence type and styles of teaching best suited to 
the various groupings could be employed to bring about meaningful learning.
A note of caution issued by this research is that the class teacher must exercise great 
care when carrying out surveys to determine the pupil’s learning preferences.
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CHAPTER 7 - CONCLUSION AND WAY FORWARD
7.1 WHAT CAN WE LEARN FROM THE PUPIL RESPONSE TO 36 - 15?
The overriding question of this research has been ‘Why are UK children failing to 
understand subtraction?’. An answer to this question was sought through five 
subsidiary questions. This chapter now moves on to examine these subsidiary 
questions to examine these subsidiary questions in the order that they were raised.
The first question asked, ‘What was the pupil response to 36 - 15?’. This question, 
which first appeared in the UK 1995 Key Stage 1 Mathematics Test, was put to seven 
and eight year old pupils over a period of one year.
From the results obtained in Table 6.2, the following factors emerge:
(i) No single pupil managed to obtain the correct answer to 36 -15 expressed in a 
horizontal form during each of the three test dates. Two of the four pupils 
who obtained the correct answers in May 1995 were unable to, when asked the 
same question at later dates during the following year.
(ii) The following January 1996 (8 months later), only 4 pupils from the 22 tested, 
managed to obtain the correct answer. By May 1996 (12 months later) this 
number had risen to 10 pupils.
(iii) The results for May 1995, Table 6.2, show only 9 pupils attempting the 
question, but by the following January this number had risen to 21 and by May 
of the following year all 22 pupils attempted the question.
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(iv) Observation of pupils and interviews held during this year showed that despite 
a move by the teacher towards the use of pen and paper methods of 
calculation, it can be seen from Table 6.3 that most children preferred to use 
concrete methods using apparatus or fingers to aid their calculations. Three of 
the 22 pupils surveyed were still using this as their preferred method four 
years later (Table 6.7).
(v) Table 6.2 shows new knowledge in conflict with old in the case of the four 
pupils not consistent in their correct answers for subsequent tests and 
introduces a mechanism known as proactive inhibition into this research. This 
mechanism was also observed at work particularly in question (iii) of this 
thesis and will be dealt with in more detail on these later pages.
The early years of this study and research into 36 - 15, finds that the majority of 
young pupils up to the age of seven years need ready access and freedom to use 
concrete apparatus in the form of counters, beads, number lines etc, in order to build 
up their mathematical concepts. This research notes that there was a tendency 
amongst teachers of these children to move too quickly away from the use of concrete 
aids in favour of the more abstract methods of symbolic representation. During this 
stage of their mental growth, the child’s attitude towards mathematics is being 
developed and while some are able to cope with the transition away from the concrete 
to the abstract, others clearly can not and become confused.
Much of what passes for early number work is in the form of addition and subtraction. 
While most are able to combine small numbers of objects or symbols, in order to 
carry out addition, the process of subtraction is more complex; since it requires the
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pupil to compare numbers represented by symbols or objects, in order to find their 
numerical differences.
7.1.1. CONCERNS ABOUT THE UK KEY STAGE 1 MATHEMATICS RESULTS
At the time of writing this thesis, a heavy reliance is being placed upon Key Stage 
Mathematics Results. Central government of the UK uses the information from these 
tests in two ways; (i) to assure its public that standards in mathematics education are 
rising, and (ii) to back its policies such as the National Numeracy Strategy for Reform 
(DfEE 1998). Brown et al (2000) is critical of such reform and suggests:
“In the longer term, the curriculum shift, while in an appropriate 
direction in the sense of improving facility with mental calculation, 
may well be shown to have gone too far, and necessitate eventually a 
counter-movement towards the synthesis and meaning needed for 
creative application, problem-solving and investigation.”
Brown et al (2000) p.469
The author of this thesis shares the view of Brown et al and has evidence (Table 6.2) 
which suggests that results for mathematics at Key Stage 1, attained by pupils B, F, L 
and R can be misleading. In May 1995, it could be assumed that these pupils have 
mastered 36 - 15, however the results from January 1996 give a different picture, so it 
must not be assumed that mathematics tests at the age of seven are reliable indicators 
of true mathematical achievement. A note of caution is sounded to warn the reader 
that obtaining the correct answer is not a clear indication that pupils have mastered 
subtraction algorithms of this type, before that could be said they would have to 
consistently provide the correct answers over a long period of time and the methods
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used to obtain those answers would also have to be taken into consideration prior to 
reaching a final verdict.
What the responses did show to the researcher was the need to provide pupils with a 
wide range of concrete apparatus upon which to form their future mental models for 
the subtraction process and also as seen in this research an opportunity to play with 
the cubes or apparatus should be given even if it leads to the construction of model 
figures or patterns seemingly unconnected with arithmetic. This kind of activity is not 
a waste of time, its value lies in the fact that sense of feel, manipulation and mental 
image is built up not only of number, but also of pattern and shape.
The author of this thesis recommends the reader not to place too heavy a reliance on 
achieving good national test scores, but rather to build for the fiiture well being of the 
child by laying solid foundations of individual mathematical competence.
7.1.2. METHODS OF CALCULATION
This research has charted the progress that pupils make in their performance of 
subtraction and clearly shows that the majority of pupils pass from a concrete stage of 
using apparatus or objects to aid their thought processes during their early school life 
from the ages of five to eight years. Tables 6.22 and 6.4 show that the ages of 7 years 
and 8 years see a marked beginning in the transition away from the use of apparatus 
towards pen, paper and mental forms of calculation. These tables also record a pupil 
preference for the use of objects rather than number lines as a calculation aid at the 
early stage of their numerical development. Table 6.7 suggests that a small minority
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however have difficulty passing from this stage and still need to use concrete 
apparatus in the form of number lines, picture symbols or objects to aid their 
calculations into the secondary school stages of their education.
Clearly, there is a need for the teacher to adopt a sympathetic approach when 
introducing children to new methods of calculation. This approach will involve using 
the well defined set of strategies (Table 6.3) which children use to solve basic 
subtraction problems. From the evidence of Table 6.3 and elsewhere in this research, 
there appears to be an evolution from more primitive number strategies to more 
efficient ones, which finally, as shown by Table 6.5, leads to most pupils using 
strategies based upon the recall of number facts. It also appears from Table 6.5, that 
some children in their last year of UK Primary School Education do not commit all 
the basic number facts to memory. So this sympathetic approach which builds upon 
the pupils’ strategies for solving number problems is needed throughout his/her UK 
Primary School Education.
7.2. EXERCISING CARE OVER PROBLEM LAYOUT
Arising from this research question and an examination of pupil exercise books, it was 
noted that the way in which subtraction algorithms were set out in a horizontal or 
vertical form led to pupils having difficulty with providing its correct solution. This 
raised question (ii) of the research, ‘Are difficulties caused through the setting out of 
subtraction algorithms?’
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This research question examined 9 year old and 10 year old pupils’ responses to 
subtraction papers shown under Appendices No’s 5A, 5B and 5C.
The results of Table 6.8 show that there was no marked difference between the 
horizontal and vertical forms for subtraction involving figures of 9 or less, but 
questions involving the use of subtraction words resulted in a lower number of correct 
answers, more will be said about this in the language section of question (iv). When 
figures representing hundreds, tens and units were introduced, the overall percentage 
of correct answers for horizontal and vertical forms of subtraction algorithms was 
reduced. Significantly more pupils obtained the correct answers when solving 
algorithms which did not require the use of decomposition methods when expressed 
vertically. This is both an advantage and a disadvantage.
In the case of problems where the top number of each column is equal to or greater 
than the bottom one, this vertical format makes the calculation easier. When these 
numbers require the use of decomposition methods of subtraction, the pupil is tempted 
to subtract smaller from larger, regardless of its position in the separate columns. 
When set out horizontally, the evidence of Table 6.9 is that most 9 and 10 year old 
pupils do not have the ability to perform the calculation.
Table 6.11 shows that when 10-7 was expressed in a vertical form, a high number of 
9 year olds took smaller from larger and recorded 17 as an answer. The common 
mistake with 10 year olds was to record nothing, take seven, you cannot do and then 
write down an answer of 10. Pupil proactive inhibition played a part in this reasoning 
as will be shown under the next question heading.
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7.2.1. OVERCOMING DIFFICULTIES WITH PROBLEM LAYOUT
The evidence of this work shows that subtraction algorithms produce problems from 
the way in which they are set out. One common difficulty with both settings arises 
when the pupil cannot remember the procedure and has no strategy for working out 
what they are supposed to do. Previously, subtraction is often introduced in the early 
classroom as ‘take away’ and not linked to addition. At this early stage of their 
mathematical understanding, young children should be encouraged to observe that 
these two processes are related. The use of number lines or ladders is advocated by 
this researcher, as a means of showing that, for addition, you are required to count 
fiirther along the line; and to ‘take away’ or subtract, you are required to count 
backwards down the line.
The use of the number line at this early stage will help to develop the child’s mental 
model, questions such as ‘What will happen if we have 5 - 7 ’ and constructing this as 
starting at five and counting seven steps back and extending this to develop strategies 
when dealing with numbers such as 36 - 15 by counting back ten and then five and 
asking how many from 21 to 36. When these strategies form part of the pupil’s 
thinking they can then be developed into the procedure for solving problems such as 
51 - 14.
The use of coloured rods to represent tens and units alongside the number line offers 
another model for demonstrating how the difference is preserved when subtracting or 
adding numbers. Repositioning these rods can later be used to represent subtraction 
in a vertical or horizontal form and show the difference remains the same for both 
forms of layout.
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Caution must be exercised when introducing pupils to the procedure of using 
decomposition methods to solve problems as 92 - 25 before they have built up earlier 
mental images and explored the use of rounding up or down other strategies to solve 
subtraction,
eg (92 + 5) - (25 + 5) = 97 - 30 = 67
This period of their mathematical development is an important time, when pupils need 
to be encouraged to talk things through, in order to promote understanding and gain a 
feel for number which will enable them to spot errors in their calculations.
7.3 MORE SUBTRACTION PROBLEMS
Question (iii) explored subtraction weaknesses further and asked ‘What problems do 
pupils have with subtraction algorithms during their primary school years; are there 
common errors in their answers to these questions?’. This question followed the 
progress of 28 children through their UK Primary School Education.
The work of Brown and Van Lehn (1982), which deals with subtraction bugs, proved 
to be of value to the author of this thesis, who identified the types and frequency with 
which they were made by the study group. Once identified, they were made part of 
the remedification program and eradicated by the use of Lyndon’s methods or other 
appropriate forms of remedial treatment.
Subtraction bugs which occurred more frequently once identified were also used to 
modify classroom teaching skills, in an attempt to improve pupils future subtraction
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performance. The researcher’s findings show the value of their identification in the 
forming of individual action plans for remedial programmes of work and recommends 
similar use in other classrooms.
This study found (Table 6.18) that the three most common error types were:
a : smaller from larger 
b : 0 - N = N top digit 0 
d : 0 - N = 0 top digit 0
These errors have their roots in the early years of the child’s primary education and
what has been said previously, under the last question heading, applies here. This
researcher would also add that conflicts also arise between the methods that children
develop for themselves and those given by the teacher. The three types of error
mentioned above result when the pupil is unable to remember the taught procedure
and has no strategy for working out what is supposed to be done. So, presented with:
70
-J3
takes smaller from larger or uses a vague memory and replies ‘Nothing take three, you 
cannot do’, and records 63 or 60 as an answer.
During Year 4, the work produced in their exercise books masked their difficulties. 
The teaching style of the Year 4 class was formal and partly to blame for producing 
results, which on the surface were sound in that they showed correct answers and 
pleasing responses in the form of their written work; but on reflection this formal style 
of teaching relied heavily on instruction, drill and a rigid adherence to progress 
through a published scheme of mathematics, rather than mastery of concepts. The 
scheme lent itself to use in this way by giving the pupils a series of steps to follow and
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apply to specific problems, it also enabled the user to change to a different 
mathematical topic at the beginning of a new week. For example:
Week One
Money : Make up given amounts, leading to addition and subtraction.
Week Two
Fractions : Revise halves and quarters, recognition of fractions, equivalent fractions. 
Week Three
Length : Part of the body to measure digits, spans, etc, leading to standard units of cm 
and metre.
So by following the teacher’s instructions at the beginning of the lessons and 
completing the set work, the pupils were able to adopt a mechanical mode of 
performance which, on the surface showed pages of correctly presented arithmetic, 
but underneath leaving the pupil badly nourished in the amount of mathematical 
knowledge they gained from such lessons.
This type of approach left the pupil at a serious disadvantage when he/she was present 
with mathematics in a different context, such as test conditions, where they were no 
longer able to rely on the teacher’s thinking and instructions but on their own thought 
processes.
It has already been noted that some pupils in this study were able to perform 
subtraction algorithms correctly following classroom instruction, but later when 
outside the control of the teacher, reverted to their own methods. Lyndon’s proactive
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elements are active and if applied to this situation, compound the pupils problems by 
suppressing previously taught knowledge and favouring their own, often incorrect, 
knowledge.
Skemp’s ‘deeper knowledge’, already outlined in this study, which enables many of 
the problems associated with poor mathematical skills to be overcome, is easily 
suppressed by the kind of teaching approach which favours the development of the 
pupils surface structure of knowledge. Programmes of school mathematics work 
should allow the pupil to develop their deeper structures; problems should be 
scaffolded as a fiirther attempt to reduce the negative effects of proactive inhibition.
So often at the end of the school year the pupils exercise books are discarded, but 
what they have learned in mathematics remains with the pupil. So learning should 
always be given priority over exercise book presentation, it is not how well the work 
has been presented that determines the competent mathematician, but rather the 
quality of what is known and can be applied.
Like an illness, children’s learning difficulties in mathematics must not be ignored; in 
the concluding pages of this work it is stressed that the pupil’s strengths and 
weaknesses should be acted upon, in order to promote confidence and enjoyment on 
the pathway towards mathematics success. In the pursuit of these aims it is the 
educator’s task to provide adequate programmes of work which can also rely on 
intervention strategies such as Lyndon’s Old/New Way technique.
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7.3.1. COMBATING SUBTRACTION PROBLEMS WITH THE 
AID OF LYNDON’S OLD/NEW WAY METHODOLOGY
This research first identified the types of error that the children were making and then 
embarked upon a teaching programme using Lyndon’s methodology. A measure of 
its success can be found in Table 6.14, which charts the progress of 7 pupils drawn 
from this study. Kyle and Leanne were two members of this group who received 
Lyndon’s Old/New Way methodology during 1997 and 1998 and showed an 
improvement in their test scores, while the remainder of the group who were not 
subjected to this form of remedial teaching remained constant in their respective 
mathematical abilities throughout the five year period covered by this table.
Using conventional remedial teaching methods often brought conflict between the 
child generated method and the teacher directed method; the mental protective 
mechanism known as Proactive Inhibition operated in the child’s mind and made the 
task of remedial teach both difficult and lengthy. The use of Lyndon’s Old Way, New 
Way Methodology shown in chapter 6.26 helped to overcome this protective 
mechanism by working with the brain, rather than against it.
Use of the Old/New Way Methodology promoted real understanding and allowed 
these subtraction algorithms to be practised until they became ‘automatic’ correct 
procedures. Practise does not conflict with the meaningful learning suggestions of 
previous pages, but compliments it. Children who have practised subtraction and 
achieved an ease of operation with their algorithms may soon forget why the method 
worked in the first place, but this does not imply that the child has not made sense of 
the calculation. Repetition and practise have an important part to play in building 
mathematical competence to a point where the pupil no longer has to think about what
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he/she is doing or why. The use of the Old/New Way methodology achieved a sense 
of well being amongst pupils who had previously struggled to perform subtraction 
algorithms correctly.
7.3.2. THE CULTURE OF EDUCATIONAL CHANGE AND PUPIL ERROR
Another problem facing education is the pace of change; new innovations in the form 
of the latest computer technology or government initiative towards curricular areas 
couple with drive to achieve higher levels of attainment, means less time to reflect and 
so pupil mistakes can go unchecked, leading to future learning problems.
This study reinforces the importance of discovering why pupils make errors in the 
subtraction process and in this context seeing the value in exploring with the pupil 
why his/her answers are Avrong. This dialogue between pupil and teacher is an 
important part of the child’s education, but sadly is crowded out of the lesson time 
table by so many other curricular demands.
This observation has also been noted by Clarke and Atkinson (1996) who writes:
“It is the traditional practice in primary schools to have only the 
simplest notion of aims, then to launch into a brainstorm, resulting in a 
topic web of activities. Very often, it is the creation of so many 
activities which causes manageability problems for teachers. It can 
also lead to a tick list approach, where getting through the activities is 
more important than responding to the way children react to them. It is 
children’s learning which must be our main concern, not our plans or 
schemes of work. They should support the learning, not hinder it.”
Tracking Significant Achievement p. 11
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It is through dialogue with the teacher and with his/her peer group that valuable 
concepts and insights can be learnt. Chelsea, Abbie, Tom, Josh and others have 
insights towards mathematics which can lead to the teacher using more effective 
methods to combat errors in the child’s thought processes. What was also clear from 
the study in its examination of classroom mathematics work was that records of 
achievement were kept, but so often are not acted upon. The remedification of the 
reasons behind the child’s failure to do subtraction were not part of any long term 
teaching strategy. None of the schools or classes observed had a strategy such as the 
old/new way to combat weaknesses in the child’s ability. The usual case was to give 
the child corrections to do unaided and on his/her own within a set framework of time 
before moving onto the next aspect of the mathematics curriculum.
This was noted in the case of three pupils in the non intervention Group C, who were 
unable to achieve Level 4 in the Key Stage 2 SAT’s for Mathematics. These same 
three pupils also showed signs of difficulty with mathematics four years earlier. At 
the outset of the study, when the pupils were in their second year of primary 
education, the gap between their mathematical ability compared to others in the 
classroom was not very wide. It was only in later years that this gap in mathematical 
ability grew wider and became a cause for concern. In each of these three pupils’ 
cases, early intervention in the form of mathematical remedial help was sadly not 
given.
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7.3.3. SUGGESTIONS FOR A WAY FORWARD
Aiming (1997) puts forward the views of Donaldson and Hughes, that young children 
should be encouraged to use their own written marks to help them think through 
mathematical situations.
The Year 1 pupils in this survey would have benefited fi*om this kind of activity, the 
research found that 6 year olds used their own symbolic representation to obtain 
answers to subtraction questions based upon life experiences, such as five birds 
eating, if two fly away, how many are left? Even 8 year old children chose to 
represent the birds with objects rather than number symbols. This was verified when 
the research presented the pupils with two rows of counters and asked such questions 
as, ‘Which row has more?’ Younger pupils did not use counting as a means of 
determining number quantity but chose instead to use space to determine which row 
had more.
Observation showed that much of the mathematics teaching in these early classrooms 
involved the manipulation of our symbolic system of number representation, which as 
shown by the data gathered was alien to the child’s thought processes. The data 
gathered during this stage of the research suggests that during these early years 
children clearly lack the linguistic and conceptual knowledge necessary to understand 
our manipulation of number symbols. At this stage of their mathematical 
development they should be given all the help at their teacher’s disposal to link their 
chosen strategies with our system of counting and verbal presentation of numerical 
problems. Rather than being taught by instruction, they should be encouraged to see, 
explore and examine the relationship between their solutions and those obtained by 
conventional means.
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All of this requires the use of dialogue between adult and child, the work of Vygotsky 
and Bruner matches the researcher’s data and conclusions. The child must be 
encouraged to think ‘aloud’, in order for the classroom practitioner to establish his/her 
particular need, stage of development and strategy for solving problems. The child 
will best be served if a picture of his/her strengths and needs are built up. This will as 
stated earlier, need a superhuman effort from the teacher who is faced with the 
responsibility of up to thirty or more individuals in his/her classroom.
Skemp (1991) in the background reading section of this work promotes the view that 
our teaching should assist the development of surface (S) structures and deeper 
conceptual (D) structures of pupil thought. By uncovering the pupil’s need to relate to 
their own mental models this research also agrees with Skemp that in the early years 
of education we must sequence the learning materials in such a way that the new 
material which children encounter can always be assimilated conceptually. Structured 
practical activities, using physical representations of mathematical concepts and 
operations should model our teaching processes.
In addition, we should stay with spoken words for much longer and resist the 
temptation to rush into the use of symbols or written word forms of communication. 
The aim of our teaching should be for the pupils to develop surface structures of our 
minds which are dominated by the deeper structures in order to enhance their 
mathematical reasoning and thinking. The research findings revealed that teaching 
styles in both early classrooms both showed a heavy reliance on number algorithms 
which were repetitive in nature and whole class rather, than individual teaching. This 
may in part have caused the pupils in this survey to adopt a more passive role in the 
learning process, since they had not been given the freedom or opportunity to respond
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to questions, they subsequently failed to reason in their own minds why questions 
tackled at a later date, such as 10 -  3 set out in a horizontal or verbal form should give 
them an answer of seven. Whereas the question
10 
- 3
set out in the vertical form should elicit a different answer of say 10,13 or even 17.
This research was able to examine evidence from other school and in the conclusion 
of this study the researcher is conscious that problems associated with subtraction are 
not confined to his own school. Pupils such as Diana observed at School D serves to 
illustrate the numbers of children who are today struggling to achieve even the lowest 
levels of mathematical ability, with little or no classroom help. An earlier OFSTED 
inspection noted School D’s lack of support and provision for pupils such as Diana as 
being of serious concern; but several months later lack of support for her learning 
difficulties had still not been addressed. If it is not already too late for Diana, it soon 
will be; as she gets older and progresses through the school system, she now faces an 
uncertain future and the gap between her mathematical ability and that of her peers 
grows wider and wider.
In a study, Nicholson et al (1999) designed to investigate the possibility of developing 
a cost-effect early intervention system that identified children (5 years 6 months to 
6 years 6 months) at risk of reading problems and providing educational support to 
‘accelerate’ them on to the normal track of reading acquisition, concluded that early 
intervention was found to be effective not only for reading, but also for spelling. In 
terms of age equivalents, the trained children gained on average 5.0 and 4.3 months 
for reading and spelling over the four months of the study, whereas the controls made
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net gains of only 3 .0 and 1.7 months respectively. The study also identified that better 
progress was made by the younger children and further recommended the 
identification of children at risk of reading difficulties before the age of 6 years, in 
order to provide cost effective support.
A possible future outcome of this research into subtraction would also be to explore 
the cost effectiveness of applying Lyndon’s Old/New Way methodology and 
comparing it with other forms of mathematical remedification with pupils such as 
Diana. As previously stated, one thing that Nicholson et al (1999) research does 
identify is the need to implement remedial reading programmes at an early age. These 
findings are in line with the findings of this study, which shows the importance of the 
early years in the formation of mathematical concepts.
During these early years, it is important for the brain to think around the problem and 
make a number of internal cell connections which will then, as Skemp’s idea suggest, 
enable the child to conceptualise his/her mathematical understanding which, in the 
opinion of the author of this research, will reduce the negative effects of an 
individual’s proactive inhibition.
It is doubtful whether Diana’s needs will be met by the introduction of the numeracy 
hour, what has been clearly demonstrated by this research in the case of Chelsea and 
others is the need for one to one teaching opportunities for real mathematical progress 
to be made. Chelsea et al clearly enjoyed these one to one or small group sessions, 
they enabled the researcher to gain a glimpse of her problems with the subtraction 
process and enabled here and others to verbally communicate her errors in 
mathematical thinking. Initial successes increased her motivation to learn and with it 
came enjoyment at her subsequent achievement; above all her confidence grew.
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In her case and those of others, Lyndon’s Old Way/New Way methodology can be 
seen to have passed beyond her surface structures of mathematical thought which 
relied heavily on rote learning and mathematical thinking and opened up the door to 
the deeper structure of conceptual thought.
Diana, a slow learner from School D, and others like her would receive far more 
benefit from a one to one or a small group teaching relationship based upon Lyndon’s 
approach if a repair to her mathematical ability is to be achieved. Table 6.20 shows 
that Lyndon’s old/new way methodology does improve pupil performance, 
conventional measures over this period of time which involved remedial teaching 
although not as beneficial as Lyndon’s method nevertheless had some impact on pupil 
performance.
Table 6.20 shows of the non control group C that although the progress of time and 
subsequent class teaching and life experiences outside of school do have an impact on 
the child’s progress in subtraction, it is not as marked as in the case of remedial 
treatment or effective as in the case of Lyndon’s methodology. The improved results 
shown in Table 6.20 obtained when remedial assistance and Lyndon’s methodology 
was given to individuals in control Groups A and B, back up the work of the 
psychologist Vygotsky’s zone of proximal development.
The children who received adult help were able to move from one level to another. It 
also supports Bruner’s view that adults can through words and actions provide 
valuable temporary ‘scaffolding’ to support the child’s learning. The researcher’s 
observation of the pupils responses to subtraction number algorithms lends some 
support to Piaget’s developmental stages, but the researcher would hesitate before 
stating that there is a precise moment when each stage is crossed.
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As the child moves through the stages of his/her educational development, proactive 
inhibition plays an important role as it accepts or rejects knowledge which is in 
conflict with what has previously been learned. The responses from pupil L recorded 
between November 1997 and July 1998 confirms this supposition. In November 1997 
and again during March 1998 pupil L used a correct procedure over this period of 
time to provide the correct answers to the subtraction algorithms posed by questions 
involving the use of decomposition. It could be claimed that he has passed beyond 
the previous stage where his answers were correct only when the top numeral in each 
hundreds tens and units column was equal to or greater than the figure below.
The time span between the intervening 4 months would seem to lend support to this 
claim. However, a few months later his recorded answers to these same questions 
show that he has returned to the previous stage, where smaller is taken away from 
larger regardless of its position in each column. Pupil L was not alone in this, other 
pupils such as Stephen who showed consistently correct results for subtraction 
algorithms involving the use of decomposition over a period of time would revert to 
previously incorrect methods, such as taking smaller from larger in each column.
This also reinforces the notion that proactive inhibition is a powerful mechanism 
which is not bounded by the passing of time. Regression between stages of ability 
noted by this research can be seen in the strained relationships and breakdowns 
between one class teacher and another. Teacher A may observe from Teacher B’s 
records that pupil X had mastered the decomposition method of subtraction the 
previous April. On further inspection Teacher A observes that pupil X is showing 
procedural errors in his/her decomposition, which in turn leads to suspicion of 
Teacher B’s other records of achievement and counter arguments that pupil X has
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forgotten much of what he/she has been taught during the long summer holiday, or 
worse still, that Teacher A is not doing his/her job properly.
This is one reason why teachers prefer to keep their own records of pupil 
achievement. Monitoring of standards by age related SAT’s tests do not provide the 
answer to this problem. Pupils who were able to provide the correct answer to 
question (i) studied earlier (36 - 15), in May 1995, were unable to do so a few months 
later. Pupil X may use the correct methods in his subtraction test questions and be 
rewarded with an appropriate mark; subsequent subtraction errors in the next 
classroom will result in accusations of ‘coaching’ for the test. The most sensible 
approach in all of this would be to take account of previous records, but at the same 
time for all parties concerned to recognise that pupils do progress and regress as they 
pass through the various stages of mathematical attainment. Above all, there is the 
underlying need to probe whether this phenomena is just a passing phase or if there 
are deeper needs which call for intervention by the teacher concerned by applying 
Lyndon’s or other suitable methods of remedification.
7.3.4. TEACHER LIAISON AND PUPIL RECORDS
A pupil who recently arrived at the researcher’s school was followed a few days later 
by the records from his previous class teacher. Across the mathematics attainments 
comments which stated what levels the pupil had achieved in the year before was the 
comment, “I don’t agree with any of these results!”. It can only be left to the 
imagination what upset this comment may have caused both to the pupil concerned 
and his previous teacher if they had been made aware of it.
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This research study observed very little liaison between teachers with regard to 
mathematical subject knowledge, learning beliefs and progress of pupils, once they 
had moved class. Aubrey (1996), mentioned earlier, states that this is a cause of 
concern in many of our schools. Teachers in this study were observed to be 
concerned only with their particular group of children; the methods employed for 
mathematics by other colleagues were only used if they matched the present teacher s 
approach to educating those under his/her care. This thesis argues that a sharing of 
ideas and approaches by teachers working in the same school will benefit the pupil. 
By exposing him/her to common methods of teaching, the pupil’s proactive inhibition 
errors will be subject to less change in his/her thinking, allowing for better 
opportunities of repair. Methods which don’t work with particular children should of 
course be abandoned, but only in pursuit of more suitable styles.
Liaison that did take place involved taking another class for P.E., or some other 
strength or interest, such as music. After school meetings concerned themselves with 
identifying the body of knowledge to be taught in the various age groups, rather than 
how it could or should be taught. In this climate, childrens learning preferences give 
way to teacher styles and not surprisingly many return to school after the summer 
break to face a period of uncertainty in their thought processes. What they learned 
previously as Lyndon states is protected from change and proactive inhibition 
prevents the association of conflicting ideas and will inhibit the recall of knowledge 
which is in conflict with prior knowledge.
The author of this research recalls a conversation with a lecturer at Christ Church 
College of Education, he had volunteered to undertake a day’s supply teaching at a 
local primary school. “At the end of the day”, he confessed, “they hadn’t learnt
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anything!”. When questioned why, he said that he was the twentieth teacher that they 
had that term.
Teacher stability within the classroom is an obvious factor if the pupil is to be 
safeguarded from the inhibitory effects of conflicting teaching ideas. Stability of a 
teacher remaining with a class for more than one year may also give consistency, 
while new concepts are being learned.
Proactive inhibition can also affect the thinking of teachers. The researcher of this 
paper uses an article by Moller (1998) to illustrate how two key elements of Lyndon’s 
perspective:
(ii) What the individual knows is protected from change,
and
(v) Proactive inhibition prevents the association of conflicting ideas and can cause
conflict between those involved with the education of children.
7.3 .5. PROACTIVE INHIBITION AND THE WIDER COMMUNITY
Bob Salisbury had, in January 1999, been appointed to he headship of Garibaldi 
Comprehensive School. Numbers had fallen from 1,000 to 600, only seven percent of 
GCSE candidates had achieved grades A to C in five or more subjects and the school 
was fourth from bottom in the county league table. Salisbury spoke passionately to 
the staff about his ambitions for the school, which included improving the 
environment in order to raise the pupils aspirations and behaviour.
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Treating pupils as responsible beings with dignity and respect was another of his 
themes. His ideas were in conflict with other members of his staff and elements (ii) 
and (iv) are evident in the following extract:
“He didn’t have to wait long to be told he had got it all wrong. Into his 
office strode a teacher to object to the way Salisbury allowed staff to 
call him by his first name, the way he chatted to pupils, who might 
well take advantage of the breakdown of the old Werarchy. “You’ll 
have to change your philosophy”, the teacher concluded, “otherwise 
you could have a real disaster on your hands.”
“Running the school on rigid authoritarian lines hasn’t been an 
enormous success over the past 20 years”, Salisbury replied softly,
“Why try it for another 20? The pupil needs bringing out, not 
crushing.” The teacher left soon afterwards. Others wished Salisbury 
luck - and took early retirement.”
Moller (1998) p.54
The teachers who left were replaced by others who shared the headteacher’s ideals 
and the school roll returned to 1,000 and GCSE results for A to C grades improved to 
36 percent. Throughout this encounter between the headteacher, who remained in the 
situation, and the teachers who left as a result of their conflict with the head’s ideas, 
both parties held strong beliefs which were protected from change and the association 
of conflicting ideas by their own proactive inhibitions. Interestingly^ the headteacher 
in this incident strengthened his proactive inhibitions protecting them from change 
element (ii), and preventing the association of conflicting ideas, element (v), by 
appointing replacement staff who shared his own views and goals for the future 
development of the school under this leadership. Many of the failing schools which 
are ‘turned round’ often have to go through this period of conflict. Teachers unable to 
change often leave, those who remain have to suppress or overcome their proactive 
inhibitions.
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This aspect of leadership can also be seen in politics, where like-minded colleagues or 
those with the ability to overcome the problems of transfer (element i) are rewarded 
with seats in the cabinet. Those in conflict remain on the back bench. The success or 
failure of many businesses stem from common ideas (element ii) and shared goals 
(element v). Proactive inhibition dominates much of our private and public life, it 
even enters our schools in the form of government directives for education and its 
reform.
Rigid views in the form of strongly held beliefs which are resistant to change can be 
seen in those seeking to bring about reform and those fighting against it. No longer 
do we hear of arguments for and against determining a person’s principle, but rather 
arguments which support rather than challenge a person’s belief become the norm. In 
this way, what the individual knows is further protected from change and conflicting 
ideas.
Much of the value in Lyndon’s work lies in the key elements of the proactive 
inhibition story. A careful study of these elements and application to the classroom 
situation can be of enormous help when dealing with pupil errors; they go a long way 
to explain why these errors are being made and set out what the teacher is up against. 
In short they give the teacher confidence to embark upon a programme of old/new 
way remedification, which this research has found to be of value.
Lyndon’s Old/New way approach is also recommended because it passes control of 
the learning situation to the child, when his/her permission is sought to show a ‘new 
way’ of working out the problem. Verification of the success of this technique is 
reflected in Table 6.20 for this study group.
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7.4 LANGUAGE AND PROBLEM SOLVING ABILITY
Another important aspect of this research was the use of language in subtraction and 
this led to question (iv) ‘What problems are associated with the use of mathematical 
language?’.
This thesis found that UK Primary School Children have difficulty in attaching the 
correct meaning to many of the words commonly used with subtraction. Table 6.25 
shows that from a class of 29, nine year old pupils, who were given the word ‘minus’, 
only 13 provided the correct meaning. Weakness of interpretation for words has not 
been treated seriously by many authors of published mathematics schemes, as the 
examples of earlier pages of this thesis show.
The results obtained in Table 6.5 point to a clear need to keep the language in simple 
forms which the children can understand. During the early years, it is best to rely on 
spoken rather than written words.
Schemes of work and government publications must of course he adhered to, but the 
letter of the law must be to uphold the spirit of the law and caution must be 
experienced when the temptation is to learn subtraction words by heart without a M l 
appreciation of their meaning through application to spoken or written word 
problems.
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7.4.1. PRACTICAL SUGGESTIONS TO HELP DEVELOP 
CHILDREN’S MATHEMATICAL LANGUAGE
The method used by the researcher when the pupils were given simple written 
questions, which when solved led to a classmate with the appropriate answer, proved 
to be an enjoyable part of the learning experience and as such is also recommended 
for trial by the reader. It proceeded along the following lines:
Prior to the lesson the number of children present determined how many slips of paper 
were to be given out. The first slip contained a problem along the following lines:
Start
6 take away 2 =
The pupils’ task was to find a classmate who had the following slip of paper:
4
Seven minus two =
This pupil in turn had to find a partner with:
5
12 subtract 3 =
When the respective partners had been found, the pupil returned to their seats.
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At the end of this session, the pupil with the start problem read his question, then the 
following pupil gave the correct answer before reading his own question, which in 
turn was answered. This process continued until the last member of the class read out 
the final answer.
Careful grading of the problems enabled the pupils to be matched with suitable 
questions. The fim element of this activity allowed for repetition of the mathematical 
vocabulary to be used in an unthreatening manner. Introduction of a time target for 
completion removed any thoughts of boredom. Further questions designed to 
familiarise pupils with the use of mathematical language can be found in Appendix 
No. 36.
The author of this research recommend the use of mathematical encyclopaedia by 
teachers as they seek to convey meaning and clarity in their lessons. Parental access 
is also encouraged, but encyclopaedia availability to pupils should be determined in 
the light of appropriate mathematical language and symbols used within their pages, 
so as not to cause undue stress, anxiety and confusion on the part of the user. An 
alternative approach would be to allow for information to be accessed from a 
computer and link it to various ‘fun’ exercises, in order to clarify meaning.
Symbols used to express mathematical sentences also caused confusion. Our 
mathematics work with primary aged pupils should contain ample opportunities for 
them to read and explain mathematical sentences. Given the question, 27 - D  =10, 
the child should be able to respond with the statement that twenty-seven take away 
something leaves ten. Following this, the question ‘What does take away mean?’, 
may be asked. The child’s first response is designed to improve his/her familiarity
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and confidence with mathematical language. The second response is designed to 
increase their mathematical vocabulary.
The way in which a question is phrased also has implications for subtraction work. 
Table 6.26 shows how 25, eight year old, pupils reacted to the semantic dependence 
of subtraction word problems. Pupils involved in this study had more success when 
solving subtraction word problems when the semantic dependence was on the use of 
verbs and less successful when it was based on the use of comparison. These findings 
reinforce the need to nourish the child’s use of mathematical language, particularly in 
the case of subtraction where the operation is often more abstract than that of addition, 
where objects, lengths or weights can physically be put together.
This research encourages a wider use of language and discussion between teacher and 
pupil, but at the same time being on guard against stereotyping and limiting over use 
of language. Correct mathematical terms should be used as soon as possible as a 
means of reducing ambiguities and improving clear thinking and expression. One 
way in which to encourage mathematical meaning and help pupils make sense of what 
they are doing is through teacher questions, where one child is asked ‘What does this 
question say?’, followed up by asking a second, ‘What do you think it means?’, and a 
third, ‘Is what he/she said correct?’.
This sort of dialogue helps the pupil to make different interpretations and gives 
him/her a chance to improve upon it, as well as enabling the teacher to gain valuable 
insights into the child’s thinking. The child’s reading of a question enables the 
teacher to use appropriate concrete models to improve the pupil’s thinking skills and 
equip them with future ‘mental’ models, such as the use of number lines to aid their 
mental mathematical agility.
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7.5 MEMORY, INTELLIGENCE AND SUBTRACTION ABILITY
Other aspects of this research, such as memory aids and intelligence types, showing 
how they could affect the child’s mathematical progress were explored through 
question (v) What is the effectiveness of (a) memory aids and (b) intelligence types in 
the teaching of subtraction?
One teacher observed in this study used the routine shown in Appendix No. 37 to 
instruct 9 year old pupils in the use of the decomposition method of subtraction. 
Similar methods are still used in many UK classrooms today. These lessons are 
usually followed with large doses of practise, so that the solution of subtraction 
algorithms becomes an automatic skill. Unfortunately, the child often fails to 
memorise the correct procedure or previous learning, such as smaller from larger, 
conflicts with their new knowledge and errors result. In pursuit of an alternative 
strategy which reinforces the set procedure for solving subtraction, some teachers use 
mnemonic devices.
7.5.1. METHODS USED TO AID MEMORY
One teacher in this study taught her class to tap themselves on the head and smack 
themselves on the bottom when faced with subtraction algorithms, this would then 
reinforce the correct procedure of ‘top take bottom’. ‘Borrow one and pay back one’, 
‘One to the top and one on the doorstep’, were other mnemonics used as a teaching 
aid by some parents when teaching their children how to solve subtraction algorithms.
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This thesis found that memory does play an important part of the child’s subtraction 
ability. Pupils with a good memory perform better than those with a poor memory. 
The use of mnemonics was also explored and were found to be successful in the short 
term for subtraction, but had lasting benefits for science and geography, where they 
were used to remember the sequence of plants around the sun, the colours of the 
rainbow and co-ordinates.
In the case of subtraction, the author of this thesis finds that they were not successful 
in the long term, because they were in conflict with prior knowledge, such as smaller 
from larger. In the case of science and geography mnemonics quoted, there is not the 
same level of conflict as for subtraction and the use of mnemonics helped children to 
remember scientific and geographical facts. Mnemonics used for subtraction were 
designed to aid procedure. This author concludes that mnemonics used to remember 
facts are more powerful than those used to memorise procedure.
However, children need to draw on whatever resources are available to help them 
perform mathematical task and the use of mnemonic prompts should not be denied, 
provided they are not used to ‘paper over’ a lack of knowledge and mathematical 
understanding by over reliance of memorised facts rather than meaningful learning. 
Although successful in the short term, the reader must understand that mathematics is 
more than a list of rules or facts to be remembered.
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7.5.2. CHARACTERISTICS OF PUPIL INTELLIGENCE TYPES
The second part of this question which dealt with intelligence types found that the 
dominant preference for 11 year old pupils in this study were spacial and 
interpersonal, for eight year old pupils it was spacial.
Samples of pupil numbers in this aspect of the research were too low to form a 
definite conclusion, other than to say that more research needs to be conducted in this 
field. What the results in Appendix No. 30 did show was that in both of these year 
group classes there was a range of intelligence types, but the teaching styles employed 
in these classrooms, observed in the earlier pages of this thesis, were focussed on the 
linguistic and logical mathematical forms of pupil intelligence types.
This type of teaching favours the pupil who learns through the use of language that 
two and two makes four, but leaves the pupil who needs to exercise manipulative 
skills in order to learn that two and two is four at a disadvantage. The saying, ‘I 
remember 20% of what I hear and 90% of what I hear’, may well be true for those 
endowed with a kinaesthetic intelligence.
Further research on intelligence types may open up the debate on UK Secondary 
schooling. There could be some value in extending the scope of these schools beyond 
the Secondary Modem, Technical and Grammar Institutions, which were so numerous 
in the past, to a Secondary School System equipped to deal with pupils from each 
intelligence type, so that maximum benefit is made from what the pupils is able to do
well.
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7.6 FINAL RESUME
This research also has much to offer the reader in the mention of ideas in the literature 
section, which were not pursued in the pupil work section. Robbing Peter to pay Paul 
and other such strategies to involve pupils in subtraction are other avenues which may 
pay dividend when applied to the teaching situation.
The underlying question throughout this research has been, ‘Why are children failing 
to understand subtraction?’. Now several years and several pages later, through its 
exploration with five subsidiary questions, the research is in a position to answer it by 
turning it upon its head and stating that children are not failing to understand 
subtraction; they are learning to understand subtraction, and this learning process 
covers many aspects among which are;
i) The ability to understand symbolic representation of numbers.
ii) Place value.
iii) Words, terms and vocabulary associated with the subtraction process.
iv) Ability to perform subtraction algorithms.
v) Reading and comprehension of subtraction word problems.
vi) How to cope with failure to perform subtraction correctly.
vii) How to deal with the demands imposed upon them by the mathematics 
curriculum.
viii) How to relate what they know to the subtraction process.
ix) Use of ordinal and cardinal number in their calculations.
x) Finally, how to understand what the teacher is trying to tell them.
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The teacher’s task is to aid the child’s learning process. If the teacher fails to do this, 
then the teacher’s failure becomes the child’s failure. The quote by John Holt which 
first introduced this study is as relevant in today’s classroom as it was then and is a 
fitting one on which to close this research.
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APPENDIX No. 4 (continued)
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APPENDIX No. 4 (continued)
I Which costs most?
Which costs least?
I'isipR
book
\0  How much do o book and a mug cost altogether?
APPENDIX No. 4 (continued)
Here are three numbers.
6
r
Ç )
V
)
J
14
Use the same three numbers each  time to make 
the sums correct.
6
8
+
+
8
■ -•
r \
/
J
J
4
4
X ..“N r  \ r \
k l _ P 6
V J L .. V J
APPENDIX No. 4ïcontinued)
This graph shows the time it took Tim to travel to school 
in one week.
m in u te s
A
4 0
30
20
10
M o n d a y  • T u e s d a y  W e d n e s d a y  T h u rsd ay  F rid ay
12  • How long did it take Tim on Monday?
X
\ 0 minutes
to How much longer did Tim take 
' on Monday than on Friday?
^minutes
APPENDIX No. 4 (continued)
1 If ,  Tim had £3.00.
He bought 3 pots of daffodils. 
How much change did he get?
Pot of daffodils 
90p
APPENDIX No. 4 fcontinued)
Steven put a  cake in ttie oven a t this time,
He took it out of the oven a t this time
I
■- •
,
( 1%) How long was the cake in the oven?
minutes
APPENDIX No. SA
SUBTRACTION ALGORITHMS GIVEN TO PUPILS IN THIS STUDY
Name
1) 3 2) 4 3) 5 4) 7 5) 9
- 2 - 0 .  3 - 4 - 5
B 1) 85 2) 76 3) 80 4) 37 5) 89
- 32 -50 -50 -33 -87
C 1) 10 2) 20 3) 70 4) 51 5) 92
- 7 - 9 - 13 - 14 -25
D 1) 40 2) 367 3) 450 4) 530 5) 862
-38 - 162 -200 -315 - 157
Taken from Hesse (1996)
APPENDIX No. SB
Name
A) 3 - 2 =  4 - 0 =  5 -3  =
7 - 4 =  9 - 5 =
B) 85 -32=  7 6 -5 0 =  80-50 =
37 -33=  89-87 =
C) 1 0 -7 =  2 0 -9 =  70- 13 =
51 - 14= 92-25 =
D) 40-38= 367- 162= 450-200 =
530-315= 862- 157 =
APPENDIX No. 5C
Name
Can you solve these questions?
5 add 9 =
2 times 1 =
3 minus 2 =
14 add 2 =
5 subtract 3 =
9 take away 5 =
15 shared by 3 = 
twenty subtract nine is = 
70 minus 13 =
Find the total of 2, 3 and 4. 
ten minus seven =
9 minus 5 =
12 shared by 6 =
4 divided by 2 =
4 take away 0 =
5 times 6 =
5 multiplied by 3 
10 take away 7 = 
7 subtract 4 = 
five add seven =
10 subtract 7 = 
10 minus 7 =
APPENDIX No. 6
SUBTRACTION PAPER INVOLVING 
THE USE OF VERBAL DEPENDENCIES
Arguments
1. Five children went to the beach. Two were girls, how many were boys? 
Adjectives
2. There were seven windows in the hall. Three are small windows, the rest are 
big windows. How many big windows are there?
Agents
3. Ruth and Mary had five apples between them. Ruth had three of the apples. 
How many did Mary have?
Time
4. Dan ate five buns, three were eaten yesterday and the rest today. How many 
were eaten today?
Verbs
5. Tom had five stamps and gave two of them to Joe. How many stamps does 
Tom have now?
Comparison
6. Tom has thirteen marbles. Bill has five marbles less than Tom. How many 
marbles does Bill have?
APPENDIX No. 7
PAPER DESIGNED TO TEST THE PUPILS
UNDERSTANDING OF MATHEMATICS VOCABULARY
Sheet 1
Name Class Date
Words
Understand
it?
Yes/No
Symbol Draw Diagram Describe in words
eg. Add Yes +
# # # #
# -f" # # Three add four is seven
Multiply
Plus
Divide
Times
Minus
Subtract
Shared by
Difference
Greater
Than
-
APPENDIX No. 7 (continued)
PAPER DESIGNED TO TEST THE PUPILS
UNDERSTANDING OF MATHEMATICS VOCABULARY
Sheet 2
Name Class Date
Words
Understand
it?
Yes/No
Symbol Draw Diagram Describe in words
Circle
Take Away
Less Than
Area
Perimeter
Volume
Triangle
Cylinder
Cuboid
Cone -
Half
APPENDIX No. 7 (continued)
PAPER DESIGNED TO TEST THE PUPILS
UNDERSTANDING OF MATHEMATICS VOCABULARY
Sheet 3
Name Class Date
Words
Understand
it?
Yes/No
Symbol Draw Diagram Describe in words
Rectangle
Equal
More Than
Cube
Amount
Least
Most
Sphere
Face
Pyramid
APPENDIX No. 8
SUBTRACTION PAPER GIVEN TO YEAR 5 STUDY GROUP 
AND RESPONSES USED TO COMPARE 
WITH WORD MEMORY RETENTION TEST
Nanrvû^
A 3 4 5 7 9
- 1 -jQ -3. - A - 3
B 85 76 80 37 89
-32 -50 -33 -KL
C 10 20 70 51 92
-_7 -13 -14 -25
D 40 367 450 530 862
-38 - 162 -200 -315 - 157
Taken from Hesse (1996) p. 18
APPENDIX No. 9
WORD MEMORY TEST
Instructions:
You will be given a list of twelve words to memorise in the next two minutes, then 
you will be asked to write them down in the order shown, if possible, otherwise just 
write them.
Word List
cat pat
sam bad
ran had
man
van
has
jam
dad
can
APPENDIX No. 10
GARDNER’S SEVEN INTELLIGENCES
INTELLIGENCE LIKES IS GOOD AT LEARNS„.BY
Linguistic • words
• reading
• storytelling
• writing
• prose/poetry 
composition
• colouring with words
• verbal expression
• sensitivity to language
• saying, hearing, 
seeing words
• following written 
directions
Logical/Math • numbers
• patterns
• relationships
• formulas
• math
• reasoning
• logic
• problem solving
• categorizing
• classifying
Visual/Spatial • drawing, building
• designing, creating
• visualizing, looking
• colours, pictures
• imagining |
• charting, mapping
• sculpting
• creating models
• using mind’s eye
• working with 
others, pictures
• manipulating
Musical • sounds, melody
• rhythm
• playing 
instruments
• singing
• producing sounds
• musical memory
• responding to sound
• manipulating sound
• creating music
• musical 
environment
• associating 
patterns, sounds
Bodily/Kinaesthetic • moving
• touching
• handling objects
• body control ,
• handling objects
• refining movement 
' expression through
movement
• interacting: body/ 
space/objects
• process 
knowledge 
physically
Interpersonal • interacting
• talking
• empathizing
• understanding others
• intuiting \  \
• leading/orgahi^g
• communicating
• negotiating/mediating
• manipulating
• sharing
• comparing
• relating
• cooperating
• interviewing
• observing others
In tra personal • working alone
• pursuing own 
interests
• understanding self
• introspection, feelings, 
dreams
• working alone
• individualized 
projects
• having own space
APPENDIX No. 10 IcontinuedI
GARDNER'S SEVEN INTELLIGENCES
G m B E
Th£se sheets can be photocopied and made into 
coloured cards. Students can use the sets of 
cards to prioritize their "intelligences". What 
they find out about themselves can be shared 
with teachers and Jnends.
A — Spatial
B — Interpersonal
C — Musical
D — Intra-personal
E . — Verbal
F — Logical/Mathematical
G — Kinaesthetic
A
I LIKE;
building, 
drawing things, 
designing, 
making pictures.
FM  GOOD AT: 
imagining, 
charting, mapping, 
creating models.
I LEARN BEST THROUGH: 
using my mind.’s eye, 
using colours arid pictures, 
memorizing layout.
I LIKE:
interacting,
talking,
working with people.
FM  GOOD AT:
understanding others, 
leading/organizing, 
communicating, 
negotiating.
I LEARN BEST THROUGH:
sharing, 
collaborating, 
observing others.
C
I LIKE:
sounds, 
rhythm,
playing instruments, 
singing.
• FM  GOOD AT:
recognizing sounds, 
musical memory, 
manipulating sound, 
creating music.
I LEARN BEST THROUGH: 
associating patterns, 
listening to sound, 
putting works to beats.
APPENDIX No. 10 ^continued)
GARDNER'S SEVEN INTELLIGENCES
P
I LIKE;
working alone, 
pursuing own interest, 
quiet reflection time.
I’M GOOD AT:
understanding myself,
thinking,
planning,
imagining,
dreaming.
I LEAKN BEST THROUGH: 
4'orking alone, 
individualized projects, 
self-paced materials.
I LIKE:
words,
reading,
writing,
storytelling.
I’M GOOD AT:
prose/poetry, 
composition, plays, 
using words, 
expressing myself, 
understanding language.
I LEARN BEST THROUGH: 
saying, 
hearing, 
words,
following written directions.
■ F
I LIKE:
numbers,
patterns,
relationships,
formulae.
I’M GOOD AT:
mathematics,
reasoning,
logic,
problem solving
I LEARN BEST THROUGH: 
categorizing, 
classifying, 
making relationships
G
I LIKE:
moving,
touching,
handling materials.
I’M GOOD AT:
body control, 
manipulating objects, 
refining movements, 
moving in different ways.
I LEARN BEST THROUGH: 
interacting body/space, 
using objects, 
physically moving things.
APPENDIX Nn. 10 rcontinnedi
GARDNER'S SEVEN INTELLIGENCES
OPTIONAL WORK CEm'KES TIEU TU 
GARDNER'SINTELLIGENCES
Mathematical/Logical Area Bodily-Kinaesthetic Area
Maoipulativcs (counlcrs, gco-shapcs)
Compasses, rulers, stencils
Daily weather chart
Logic puzzles, games
Magnifying glasses
Scale
Spyrograph 
' Tangrams
' Triangle puzzle games 
Various measuring tools
3D Mazes 
Chin-up bar
Computer movement discs 
''Erector set 
Floor mats
Hoops and bean bags 
Objects to taHe apart 
Rocking chairs
Tightrope area marked on floor 
Floor games
Personal Area Verbal/Iingiiistic Area
Books
Dramatic posters 
Journal formats 
Mirrors
Model of the room 
Poems
Relaxation tapes 
Tape recorder diary 
Videos (Red Balloon) 
Postcards of famous people 
Chairs, cushions
Assorted books
Books or tapes of puzzles
Crossword puzzles
Dictionary software
Newspapers
Scrabble
Story-telling boxes 
Tape recorder 
Typewriter
Variety of magazines 
Word processor software
Spatial Area Musical Area
3D Tic Tac Toe 
Architectural blocks 
Basket weaving supplies 
Flow charts materials 
Jigsaw puzzles
Laminated graphs, charts, maps
Legos
Mazes
Mosaic patterns 
Optical illusion cards 
Origami supplies
Electric memory keyboard 
Rhythm instruments 
Score paper
Tape* Tccorder/headphones 
Tape»...of a variety of music 
Metronome
Reeds, straws, elastic bands
APPENDIX No. 11
SHOWING 7 YEAR OLD PUPIL BILLY'S SUBTRACTION WORK
6
r h ô r c .
-b  h
yy
APPENDIX No. 12
MATHEMATICS WORK PRODUCED 
BY AGED 10 YEARS
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APPENDIX No. 13
SAMPLES OF SAMANTHA'S MATHEMATICS WORK 
MONDAY, 21^ NOVEMBER, AGED 7 YEARS
f t f c a
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APPENDIX No. 14
Mathematics work samples from Billy (low achiever) and Wilson (high achiever), 
consistent with that from other dates and members of their Year 3 class, show that 
teaching method employed in this classroom was to first give instruction from the 
blackboard, which was then followed by questions to be copied and completed in the 
pupils' exercise books. Observation and interviews verified this type of teaching 
approach.
SAMPLE OF BILLY’S WORK - 27™ MARCH 1995
U
APPENDIX No. 14 ^continued)
SAMPLE OF WILSON'S WORK - 27™ MARCH 1995
1\\»3 i \ & y \
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APPENDIX No. IS
MATHEMATICS WORK SAMPLES PRODUCED
BY A LOW ABILITY BAND PUPIL, EMMA,
(9 YEARS OLD) ON 17™ AND 18™ JULY 1996
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APPENDIX No. 15 (continued)
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APPENDIX No. 16
MATHEMATICS WORK SAMPLES PRODUCED
BY AN AVERAGE ABILITY BAND PUPIL, SAM,
(9 YEARS OLD) ON 17™ AND 18™ JULY 1996
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APPENDIX No. 17
MATHEMATICS WORK SAMPLES PRODUCED
BY A HIGH ABILITY BAND PUPIL, SARA,
(9 YEARS OLD) ON 17™ AND 18™ JULY 1996
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APPENDIX No. 18
MATHEMATICS WORK PRODUCED
BY 9 YEAR OLD, SAM, ON 2”® JULY 1996
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APPENDIX No. 19
MATHEMATICS WORK PRODUCED
BY 9 YEAR OLD, EMMA, ON 2"® JULY 1996
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APPENDIX No. 20
ERROR PATTERNS AND TYPES MADE BY 
STUDYING PUPILS OVER A THREE YEAR PERIOD
Year 3 Year 4 Year 5 Year 5 Year 6 Year 6
PUPIL June 96 Oct. 96 Dec. 97 July 98 Sept 98 Feb. 99
A 3d 4m 3b 4u 3d 4u ok
B m d ok ok ok
C 3a 5b 5b
D ok mu ok ok ok
G 3a 5b b2d5p 3a 5b 2m m ok
I 2a 5bcm 5b 2c 3e 2bdu ok ok a
J 3a 5b 3a 5bf 3a 3m 2m
K ok ok d ok ok ok
L 3a 5b 3a 5b 2a 2a 5b ok ok
M 2a 5b 5d 2mp 2ad 2a 5bm la 5b a
N 2a 4b 2f 4n 2a 4b 2cde 5dm 5dm 2a 5dm
O 3a 5b 3a 3a 2b 3c 5u 2d 3a 4b 2b 2m 4p b
P 3a 3bdfrnu 2ab . ok ok 2m ok
0 3a 5bm 3a 5bm 2a 5b 2a 3m ok
R 3a 2b 2m ok P ok ok ok
S 3a 5b bp du ok ab ok
T b3d 3en 3a 5d3f 3ab 4d 2m
U 4bd 2em 3a 5b 2pm
W 3a 5b 3a 5d 3a 5ba 3bm
Y a5b 2m 2a 4bd 4u
Z 5d 6m 3bd4u 5d 2m 5b
BB 3a 5b 2m 3a 5b 3a 5bu 3a 5b
CC ok 2m m
DD 3a 5b 2m 3a 5b ok 3a 5b 2m
EE P m ok ok ok ok
FF 3a 2bm 3ab ad2m c
GO a2bc 3d 2em
HH 3a 5b m ok
LL 2m 3a 4d 2m ok ok
JJ ab3u
KEY:
a smaller from larger
b 0 -  N = N top digit 0
c N -  0 = 0 bottom digit 0
d 0 -  N = 0 top digit 0
e large digit from smaller recorded as 0
f N - N = N
m mathematicaleiror e.g. 7 -5  = 3
n not attempted
p procedural error
u error unclear
ok all completed and correct
blank pupil absence on day of test
NB: Errors a and b are o f a similar type.
YEAR 4 SATS - PAPER A
APPENDIX No. 21
PUPIL 6b 9 11 14a 14b 27 28 B43 LEVEL IQ
A V X X X X X V X 3 102
B X X V 9 X V X X 3 104
C V X X V X X X X 2 87
D 9 9 V V X V X X 3 97
G X 9 X X X X X X 2 89
I V 9 9 V X X X X 3 109
J
K V V V 9 9 X X X 4 126
L V 9 X X X X X X 3 106
M X X X X X NA NA NA 2 90
N AB AB AB AB AB AB AB AB
O AB AB AB AB AB AB AB AB
P V X V X X X V X 3 113
Q V V V X X X X NA 2 91
R
S V X V X X X V X 3 103
T
U X X V V X X X X 3 98
W X X X X X X X X 2 89
Y V 9 X V X X NA NA 2 88
Z
BB NA X X X X V NA NA Below 2 84
CC 9 V V V V NA NA X 2 101
DD X X X X X X X X Below 2 85
EE NA V V V X X V X 3 111
FF NA AB AB AB AB AB AB AB
HH V V V X X X X NA 2 92
JJ . 9 X V X X NA NA NA 2 90
LL X NA X X X X NA X 2 88
PP
TOTALV 13 10 12 9 2 3 4 17
TOTALX 6 11 10 13 20 16 12 0
NA Not attempted
AB Absent
APPENDIX No. 22
YEAR 5 SUBTRACTION RESULTS FOR SATS - 1998
PUPIL
Graph 
0 ,  lb Verbal 2 9a 9b
43 
Time Q LEVEL 10
A V X X V X 3B 106
B V V X X 3A 103
C X V 9 X X 3C 90
D V X 9 V X 3A 104
G V V X X 2A 93
I X 9 9 V X 3A 110
J V V X X X 3B 107
K a/ V X 9 9 4B 128
L V X ^l X X 3B 111
M V V 9 X X 2A 93
N X X X X X 90
0 X X 9 X X 3B 100
P V V 9 X X 3A 115
Q V X X X 2A 88
R V X X 4C 119
S V 9 V X 3C 98
T X X X NA X 75
U V V X X 3A 107
W V V X X 97
Y Left
Z /^ X X X X 90
BB X X X X X 2A 93
CC V V V X X 3A 110
DD V V X X X 3C 100
EE 9 X X 4C 118
FF X X V X X 3B 98
HH V X X X 3B 102
JJ Left
LL V X V X X 3C 96
PP X X X X X 2A 95
TOTAL9 20 16 17 6 1
TOTALX 8 12 11 21 27
NA Not attempted
APPENDIX No. 23
SUBTRACTION WORD PROBLEMS WITH NUMBERS LESS THAN 20
HESSE (1996) P.25
1 From 7 take 3. 2 From 7 take 4.
3 From 9 take 1. 4 Take 0 from 9.
5 Take 3 from 8. 6 Take 6 from 8.
7 From 9 take 2. 8 Take 5 from 9.
9 Take 3 from 10. 10 From 9 take 6.
11 Take 7 from 10. 12 From 10 take 2.
13 From 10 take 6. 14 Take 4 from 10.
15 Subtract 5 from 8. 16 Subtract 2 from 7.
17 Subtract 4 from 9. 18 Subtract 7 from 9.
19 Take 2 from 11. 20 From 9 take 3.
21 Subtract 3 from 11. 22 Subtract 4 from 11.
23 From 11 take 5. 24 Take 3 from 12.
25 Subtract 6 from 11. 26 From 11 take 7.
27 Take 8 from 10. 28 Subtract 7 from 10.
29 From 11 take 8. 30 Take 6 from 12.
31 Subtract 9 from 10. 32 Subtract 8 from 11.
33 8 minus 4. 34 10 minus 3.
35 9 minus 9. 36 11 minus 11.
37 11 minus 9. 38 11 minus 0.
39 Subtract 9 from 12. 40 12 minus 9.
APPENDIX No. 24
SUBTRACTION WORD PROBLEMS 
INVOLVING NUMBERS GREATER THAN 20 
HESSE (1996) P.26
o 1 From 88 take 35. 2 From 77 take 43.
3 Take 26 from 96. 4 Take 34 from 94.
5 Subtract thirty-one from 
seventy.
6 Subtract forty-nine from 
eighty.
7 Sixty-two minus thirty- 
three.
8 Ninety-one minus fifty- 
six.
9 By how many is ninety 
greater than fifty-one?
10 By how many is 372 
greater than 129?
11 By how many is 450 
greater than 208 ?
12 By how many is 690 
greater than 306 ?
13 Subtract one hundred 
and twenty from three 
hundred.
14 Subtract one hundred 
and thirty from four 
hundred.
15 How much less than 91 
is 25?
16 How many less than 309 
is 155?
17 How many less than 318 
is 175?
18 Five hundred and ten 
minus seventy.
19 By how many is 146 less 
than 526?
20 By how many is 394 less 
than 629 ?
21 By how many is five 
hundred and eighty-two 
greater than five hun­
dred and three?
22 By how many is eight 
hundred and six less than 
eight hundred and 
eighty?
APPENDIX No. 25
CAMBRIDGE MATHEMATICS
MODULE 4, BOOK 1
/dumber? pa
■ w i m
If 8 cars go, 
how many are left?
T U T u I u
03
T U  
3 2 
9
T U 
3 2
 9_
2 3
T U T U
5 2 5 2 5 2
-  7 -  1 7 -  2 7
Look for 0 pattern. What Is the next one?
I  U I  U
4 3 4 3 4 3
-  5 -  1 5 - 2 5
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APPENDIX No. 25 fcontinued)
CAMBRIDGE MATHEMATICS
MODULE 4, BOOK 1
There are 95 cars 
in the car park.
If 16 cars go, how 
many are left?
T U 
9 5 
-  1 6
T U
3 2 
4
i  s m .  .  pfm.
T U 
5 3 
8
T U
6 5 
2 7
T U 
8 4 
3 9
T U 
5 6 
3 8
T U
7 2 
2 6
T U
9 1 
6 7
T U
5 0 
1 6
3 Use dominoes. T U
What is the difference? 
Do the som e with
T U 
6 5
- 5 6
Find another domino to give the som e answer.
APPENDIX No. 26
The researcher placed one cube on the table and asked 14, Year 1, pupils to "wnte 
down how many cubes were on the table". This instruction was repeated for two, 
three and four cubes.
A typical response for 13 out of the 14 pupils was:
U
1 r
APPENDIX No. 27
Only one pupil was able to represent the cubes symbolically:
APPENDIX No. 28
MEMORY TEST FROM A LIST OF 12 WORDS
Score 2 points correct word and correct answer
1 point correct word in wrong order
PUPIL
Number of 
words in 
correct order
Number of 
correct words 
only
Total Points
Subtraction 
errors made 
in July 1998
A 5 5 15 3
B 3 4 10 0
D 2 7 11 0
G 3 5 11 2
I 2 8 10 0
J 2 8 10 Abs
K 3 8 14 0
L - 7 7 7
M - 5 5 8
N 2 4 8 6
0 - 11 11 7
P 2 6 10 0
Q 3 5 11 Abs
R 12 - 24 0
S 8 3 19 0
T - 6 6 Abs
U 4 2 10 1
w 2 5 9 4
Y 2 6 10 Abs
Z 2 6 10 Abs
BE - 7 7 0
CC 3 9 15 2
DD 2 3 7 0
EE 3 4 10 0
FF Abs Abs Abs Abs
HH 12 - 24 Abs
JJ 3 2 8 Abs
LL 12 - 24 2
Abs Absent
A p pend ix  N o. 29
SUBTRACTION ERRORS FOR 17, YEAR 5 PUPILS (1998)
TESTED ON MEMORY RETENTION 
OF PREVIOUSLY LEÀRNT SUBTRACTION POEM
PUPIL
Errors out of 
twenty
Whole poem 
remembered
Part poem 
remembered
None of poem 
remembered
A * 10 - - -
B 0 V
C 17 V
D 6
E * 10 - - -
F 0
G * 8 - -
H 0
I 0 -V
J 9 V
K 9 V
L 13 V
M 5 V
N • 6 V
0 11 V
P 0 V
Q 10 V
NOTE: new pupil; joined after poem was taught
APPENDIX No. 30
PUPILS - INTELLIGENCE TYPES -1999
re
YEAR 6
C D E
O  N u m b e r  o f  P u p i l s
14
12
10
8
6
4
2
0 a .
YEAR 3
1 3  Number of Pupils
Key
A Spatial
B Interpersonal
C Musical
D Intrapersonal
E Verbal
F Logical/Mathematical
G Kinaesthetic
APPENDIX No. 31
NOTES ON MARKING THE 1995, KEY STAGE 1,
TESTS AND TASKS IN MATHEMATICS
PRODUCED BY THE SCHOOLS CURRICULUM 
AND ASSESSMENT AUTHORITY
Marking the task : ^
Unlike the tasks in previous years, there are no statements of attainment listed for this 
task. Instead, the children are given marks for each activity they do. The level to be 
awarded is then decided from the total of these marks. This Group Record Sheet is 
provided for you to record the marks for 4 children.
Enter the children's names at the top of the 4 columns. Then, for each activity in the 
task, you will need to mark whether the child has shown the evidence of attainment listed. 
The marks available are already entered in each column. Circle the number if the child 
has shown evidence of attainment, and cross the number if not. In some cases, you are 
asked to circle 1, 2 or 3, according to the number of marks to be awarded. If the child has 
not shown sufficient evidence of attainment to be awarded any marks, cross all the 
numbers for that section.
Finding the level
When the children have completed Part A, add up the total marks for that part and enter 
the number in the box at the bottom of the page. When they have completed Part B, enter 
the total for that part. Then add together the totals for Parts A and B to get the total mark 
for the two parts. Enter the total mark in the box, and consider whether the child should 
go on to Part G (see page 16).
If the child is not going on to Part C, use the table below to identify the level attained. 
Record this level in the box provided. Children who have not achieved Level 1 will still 
have attained a score on the task. The level attained on this task is the task level for 
mathematics. It is not a level for any separate attainment target, unlike in previous years.
If the child attempts Part C, enter the total for that part in the box provided. Then add 
together the total marks for Parts A, B and C. Enter the total mark in the box provided. 
Use the table below to identify the level attained. Record the level in the box provided. 
Children who achieve very highly across all three parts of the task may be read\ to 
attempt the Level 2 mathematics test in May.
Total marks Task level for mathematics
0- 11 Working towards Level 1
12- 19 LEVEL 1
18-19 .ludge whether the child should attempt Level 2
APPENDIXNo^
REPORT ON THE 1995, KEY STAGE 1, 
TESTS AND TASKS IN MATHEMATICS
PRODUCED BY THE SCHOOLS CURRICULUM 
AND ASSESSMENT AUTHORITY NOVEMBER 1995
~ ~  H  Ji*^A " T " l  1 ^ ^  .^Y^" ^
. 1 ..'T i~_ MHAi. M C  iVi A I  j  U_0 ,y  : r : ,j' 
The 1995 task and test
In 1995 the task and test for mathematics at Key Stage 1 covered elements of Number, 
Algebra, Shape and Space and Handling Data.
There was;
• a task for mathematics at Level 1 for children judged by their teacher to be 
working towards or within Level 1. The task was intended to be presented to 
individuals or small groups. For the first time there was a task with marks for 
Level 1 and an optional section which provided evidence of achievement towards 
Level 2.
• a test for mathematics at Levels 2 and 3 including grades (A-C) for Level 2. The 
test contained thirty questions and focused on Number as in previous years, but 
also tested elements of Algebra, Shape and Space, and Handling Data. It 
provided an overall mathematics test outcome rather than individual attainment 
target levels.
The Level 1 mathematics task
The Level 1 task for mathematics consisted of three sections. Part A allowed for 
children s skills in sorting and patterning to be assessed, through the use of coloured 
plastic shapes. Part B assessed counting and addition and subtraction skills, using and 
understanding numbers under ten. Part C gave children the opportunity to 
demonstrate a higher level of understanding, using numbers up to twenty and simple 
coins. Children were awarded marks for each of their achievements within the task. A 
maximum of 19 marks was available and recorded on a Group Record Sheet.
The Level 1 mathematics task was generally well received and teachers welcomed the 
opportunity to work with a group of children. More than 80% of the teachers in the 
evaluation sample felt that the task was manageable, suitable for the age group and a 
valid assessment of mathematics. A number of teachers recorded that they were 
surprised by both the extent to which the children enjoyed the task and the results they 
achieved. However, a minority of teachers would have preferred to set their own 
assessment. A small number ot teachers identified a problem of children copying 
patterns and as a consequence administered the task individually, which was time 
consuming.
In response to concerns from teachers, the task was more broadly focused than in 1994 
with 70% ot the marks on Number and 30% in total on Algebra, Shape and Space, and 
Handling Data.
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More than 80% of the teachers felt that all children were able to show their attainment 
in this task including those who did not go on to achieve a Level 1. Task results of the 
evaluation sample of 444 children entered for Level 1 were analysed. 81% of these 
children achieved at least the 12 marks required for Level 1 and the overall scores were 
well distributed. This implies that the range of difficulty of the task was reasonable 
although some of the teachers in the case study schools thought that the task was a 
relatively easy assessment of Level 1. In the SCAA evaluation conferences teachers 
generally welcomed the optional section but expressed concern that the gap between 
the Level 1 task and the Levels 2-3 test appeared large.
The Levels 2-3 mathematics test
Most teachers commented that they found the test manageable, easy to administer and 
flexible enough to allow children to work at their own pace. In the evaluation study a 
majority of teachers rated the test as satisfactory or better in terms of approach to the 
curriculum, children’s interest and enjoyment of the test and its suitability for the age 
group. It can be concluded, therefore, that teachers’ high ratings for the manageability 
of the test (around 85% satisfactory or better) were not in isolation; teachers appear 
from the data to have found the test not only easy to administer, but also inherently 
satisfactory. However, it was noted that some children, especially those with reading 
difficulties, found the amount of material daunting. Some teachers decided to address 
this difficulty by splitting up the test into two or more sections. Others administered it 
to small groups. This sometimes had the effect of causing very long completion times. 
The majority of teachers in the sample indicated that, working in this way, the test took 
longer than the expected 40 minutes to administer.
There was a concern from some teachers that the combination of Level 2 and 3 into 
one booklet was not helpful and these teachers would welcome Level 2 and Level 3 in 
separate booklets with more practice questions to build confidence in the Level 2 
booklet. Some teachers clearly felt that the test should continue to be graduated in 
difficulty with easier questions at the beginning of the paper, but that an exit point 
between Level 2 and Level 3 should be provided. This suggestion is being investigated 
further in the development of the test for 1996. However, some of the evidence 
provided by this year’s evaluation data indicates that the issue may be more complex 
than at first appears.
There is evidence in this year’s evaluation data that the provision of an exit point may 
exclude children who could score one or more marks on later questions. A sample of 
one hundred and eleven children whose score was eight out of thirty (the minimum 
required for Level 2) was analysed to see which eight items they answered correctly. 
It can be seen from the graph on the following page that whilst there were some 
questions that had a high success rate, marks were obtained across the whole paper 
and had children been withdrawn at question 20 (a potential exit point), some children 
may not have been awarded Level 2C.
Performance of Children Scoring Eight Marks
I
a 1
0 10 20 30 40 so 9070 8060
Percentage of Children
Specific examples of children scoring marks on later questions include a child who 
answered question 28 and when asked to explain said;
‘7 added up on my fingers and it was 3. I  took that away and it was 30p. ”
Tim had £3.00.
He bought 3 pots o f daffodils. 
How much change  d id he get?
P
Pot o f daffodils 
90p
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Another child was successfiil in answering question 30.
Steven put a cake in the oven at this time.
He took it out of the oven at this time.
How long was the cake in the oven?
minutes
When asked to explain how he had completed the question he said I  went roundsaid
5, JO, 15^20, 25 ,30, 35, 40 and 45, " pointing to the five minute intervals on 
the clock face from 1.25 to 2.05. Further questioning revealed that this was a skill that 
had probably been learnt at home. It had not been part of a planned curriculum covered
ti
by the child.
Effective use of apparatus
The possibility of using apparatus was welcomed by the teachers. It had been a major 
concern following the technical pilot of the optional number grading test in 1994 when 
apparatus was not allowed. Teachers in the evaluation sample expressed appreciation 
that their views had been considered. However, there was agreement that instructions 
concerning the range and use of apparatus should be made much clearer.
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Teachers expressed surprise at the dexterity and adaptability of the children in their use 
° 3- manipulation of apparatus slowed down the administration of the
.1! counterbalanced by children not drawing or writing their own 
ethods on the test paper. The drawback for teachers who would have liked to 
complete their own error analysis, was that without the concrete evidence of the 
approach adopted by the children, the only way to access this information was to make 
detailed observational notes during the administration. This was not practical in most
apparatus’ to include any resource that
a n n .r .f  P^Wems. The range of ‘counting
apparatus some children were allowed to use included: cubes, counters, coins, abaci
n  '  I T T ’ “ commercially produced stnictural apparatus
aboutThi^r®*! K ° Cuisenaire rods and clock faces. More detailed guidance 
about the accept^le range of apparatus for use with the test for 1996 will be provided 
in the leacher s Guide.
S r T n ‘*°"H during the administration of the test indicate that
children used a range of apparatus, including fingers, in a variety of ways.
There were those children who needed to count one to one or to count on. In 
these situations fingers, cubes or counters were manipulated.
‘7 counted out 9 cubes then 4 cubes. It's 13. ”
Other children who were more confident with number bonds used a number line
or number square to count on, to count back, or check an answer or identify a 
pattern. ^
/  used a number line as I  thought that one was quite hard. " (22 + 9 = )
/  used the number line, put my finger on 36 and counted back 15. It was 21. ”
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Using the results of the mathematics test
Evidence suggests that schools have used the results to inform their future planning, 
monitor performance and to identify common errors.
Some schools also considered results of children just attaining Level 2 and analysed the 
range of successful responses for this particular group of children to find out how the 
results ranged across the whole set of questions and how the results matched with the 
teachers’ knowledge of these children.
Another area for further investigation could be a comparison between the range of 
successful responses for those children who attained Level 2 and those who attained 
Level 3. Were there any surprises? Did the Level 2 results show success in any 
questions that were generally not successfully answered by children attaining Level 3?
Children’s choice of strategies
A study of a small group of children was carried out to investigate some of the 
strategies they used when completing the mathematics test.
There was evidence, even in this small group, of children employing a broad range of 
mathematical strategies to answer the questions.
One strategy identified was taking the larger number first;
10 .
Jenny has £1.47.
Put o  circle round oil th e  coins she has.
'‘You start with the pound then twenty and twetity wakes 11.40, 5 ' 2  ^7. It 
cow es to £1.47."
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Another successful strategy was to change the format of the question.
3 6 - 5  =
‘7 put the fifteen under the thirty six. Took away the tens first then the units., ”
Whilst another child answered this question by 'figuring it out with my fingers”, 
indicating a one to one counting back from thirty six starting with the left hand then 
right and continuing with the right hand whilst counting back aloud.
Another successful strategy was employed on question 21 when a child included the 
illustrated box of six eggs in her count and proceeded to draw four more and check by 
sub-totalling.
Pam has 30 eggs.
She puts 6 eggs in each box.
00Û
U
How many boxes can she fill? 0  boxes
This proved to be a more successful strategy than the child who counted out her cubes 
and miscounted by one.
”30 cubes - pretended they were .sort o f ha.skets and they could fill a box but 
the fast one couidn 't fill a box. ” (She had counted out 31 cubes.)
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Children’s strategies were successful when they matched the apparatus to the task and 
knew the most appropriate way to either check or to set about the solving of a problem. 
They were also successful when they made a decision to use the space provided to 
adapt or complete a question. There was little evidence of children using interlocking 
cubes in pairs, fives or tens as a strategy for more accurate counting, although one child 
checked the division question 23 by making pairs.
"You see which ones split into 2. ”
The child put the cubes together in twos. He then split the line of cubes into two and 
put each one of the pairs side by side and checked to see that each ‘tower’ was the 
same length.
Gommon areas of difficulty
An error analysis undertaken as part of the evaluation process with a large sample of 
children identified some common areas of difficulty.
Reading information from graphs caused many children difficulties. Questions 14, 15, 
16, 25 and 26 had high omission rates. Between 16% and 30% of children omitted one 
or more of these questions. These questions are challenging. The combination of 
having to read the question, read data, work a transformation and process an operation 
sequence requires a multi-stage, ordered strategy. The fact that some of the questions 
had more than one variable appeared to make it difficult for some children to tackle the 
question in an appropriate order .
When asked about the question on the follov/ing page one child wanted to know “Is 
this weight or height?” another said “ I thought it wanted how many weighed less” 
another unsure asked the researcher “Is James the heaviest?”. In addition some 
teachers commented that there was a lot to take in visually in these questions 
particularly 14, 15 and 16.
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The illustration below indicates a misreading of the columns in question 16. The child 
has subtracted the weights and has read the height column.
Some children m easured their weights and heights.
w eight ®  
(kilograms)
height 0  
(centim etres) ^  :
Emma 19 110
Jam es 28 125
Pam 24 120
Tariq 26 130
Steven 22 125
Who is the tallest child in the 
group?
How much taller is Pam than 
Emma?
How many chiidren weigh  
more than Steven?
a
(IJ
S ' centim etres
Tcir
Another area of difficulty was the interpretation of question 7, How many tens in 45? 
A common error was to write forty instead of 4. The 5 units may have bothered some 
children. One child wrote
T
4
U
1
showing that he or she knew how many tens were in 45, also demonstrating that there 
were more than just the tens, but writing the answer for units incorrectly.
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There was also some concern expressed by teachers regarding questions 23 and 24.
S o m e  o f  t h e s e  n u m b e r s  c o n  b e  d i v i d e d  e x a c t i y  b y  2.
7 16 29 15 20 12
W r ite  t h e m  in h e r e .
can be divided 
exactly by 2
S o m e  o f  t h e s e  n u m b e r s  c a n  b e  d i v i d e d  e x a c t l y  b y  5 .
10 25 40 36 15 52
W r ite  t h e m  in h e r e .
can be divided 
exactiy by 5
These questions required the children to understand the concept of division which the 
results suggest was a n  unfamiliar term to many of them.
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/  Implications for assessment in 1996
In discussing the school’s results in the tasks and tests in 1995, and when considering 
assessment of the revised curriculum including tasks and tests in 1996, it may be useful 
to:
• provide sufficient opportunities for children to interpret data in a range of 
different contexts, representations and with at least two criteria. The revised 
National Curriculum is quite specific in its reference to the use of handling data in 
the programme of study;
give children sufficient opportunities to read, write and order numbers;
give children opportunities to develop strategies for working things out in 
different ways and to record results in a variety of ways;
develop a programme for teaching all operations of number leading to the use of 
precise mathematical language including words such as divide etc;
encourage children to use number apparatus effectively and to choose when it is 
and when it is not necessary in order to help solve problems;
ensure children encounter a broad enough range of activities and ways of 
presenting them to ensure that they know what to do and can carry it out;
encourage children to check what they do and correct it if necessary.
Working on all or any of these aspects will help teachers to ensure that children are 
given appropriate opportunities to meet the requirements of the revised Order for 
mathematics.
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Level 2/3 Mathematics Test
Question Percentage of correct answers
1
2
3
4
5
6
7
8
9
10 
11 
12
13
14
15
16
17
18
19
20 
21 
22
23
24
25
26
27
28
29
30
90%
89%
84%
89%
76%
80%
75%
55%
75%
52%
67%
80%
36%
52%
23%
46%
38%
54%
44%
45%
45%
50%
31%
20%
18%
11%
16%
8%
22%
12%
Based on data for 1124 children
with teacher assessment Level 2 or above,
or with high score in Level 1 task
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APPENDIX No. 36
SAMPLE QUESTIONS FOR FAMILIARISING 
THE PUPILS WITH MATHEMATICAL TERMS
I have 2, multiply me by 2 I have 11, multiply me by 2
I have 4, multiply me by 10 I have 22, add 6
I have 40,divide me by 5 I have 28, divide me by 4
I have 8, multiply me by 3 I have 7, square me
I have 24,divide me by 2 I have 49, take away 4
I have 12, add 8 I have 45, take ayvay 20
I have 20, divide me by 4 I have 25, add 1
I have 5,multiply me by 10 I have 26, divide me by,2
I have 50, divide me by 5 I have 13, add 4
I have 10, multiply me by 3 I have 17,multiply me by 2
I have 30, divide me by 2 I have 34, take away 1
I have 15,divide me by 5 I have 33, take away 10
I have 3, square me I have 23, multiply me by 2
I have 9, multiply me by 2 I have 46, take awav 19
I have 18, take away 2 I have 27, take away 8
I have 16, take away 10 I have 19. The End!!
I have 6, add 5
APPENDIX No. 36 (continued)
SAMPLE QUESTIONS FOR FAMILIARISING 
THE PUPILS WITH MATHEMATICAL TERMS
I have 2, double me I have 23, take away 20
I have 4, add 10 I have 3, add 15
I have 14, take away 5 I have 18, plus 4
I have 9, add 11 I have 22, add 9
1 have 20, add 10 I have 31, take away 3
I have 30, half me
I have 15, take away 5
I have 10, add 6
I have 28, add 10 
I have 38, less 9^11 
I have 27, take away 6
I have 16, subtract 15 I have 21,add 5
I have 1, add 23 I have 26, take away 7
I have 24, add 5 I have 19, minus 6
I have 29, take away 4 I have 13, take away 2
I have 25, minus 8 I have 11, less 11
I have 17 ,add 6 I have 0, the endlllll
APPENDIX No. 37
METHOD USED TO SHOW 9 YEAR OLD PUPDLS 
HOW TO PERFORM SUBTRACTION BY THE USE OF THE 
DECOMPOSITION METHOD
1. Each child was given a pile of unifix cubes and an A3 size piece of paper with
tens and units written at the top, dividend by a line down the middle.
2. The teacher then wrote:
35
-19
on the blackboard and asked the children what the top line meant.
3. Next they were asked to use their unifix cubes to represent the number 35.
When they had set this out correctly as 3 tens and 5 units, they were asked to 
place the tens and units in the correct columns on their sheets of paper.
4. The lesson proceeded by asking the class to take away 19. Teacher led
discussion established that it was not possible to take away 9 unifix cubes 
from the 3 tens and 5 units with reconstructing it to show 2 tens and 15 units. 
To reinforce that 2 tens and 15 units held the same value as 35, this process 
was repeated several times.
5. The teacher then showed how this could be represented on paper by crossing 
out the 3 tens and replacing with 2 tens and then changing the figure 5 to read 
15 units.
eg 35
-19
6. The next step was to take away nine cubes from the fifteen and one ten from 
two tens. The class was agreed that the one ten and six units remaining 
represented the answer. This process was then linked to the pen and paper 
method.
7. Other examples, some requiring the use of decomposition and some not, were 
also given to show that decomposition was not always necessary.
8. The final stage was to set both types of subtraction problems for the children 
to solve with or without the aid of unifix blocks. The teacher then moved 
about the classroom giving help where it was required. Points raised during 
this time were dealt with by instruction from the teacher during the last ten 
minute period of the lesson.
